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THE RISE AND FALL OF F2 AT LOW xA.M. Cooper-Sarkar and R.C.E. DevenishDepartment of Physi
s, University of OxfordDenys Wilkinson Bldg, Keble Rd, Oxford OX1 3RH, UK(Re
eived April 22, 2003)Dedi
ated to Jan Kwie
i«ski in honour of his 65th birthdayA short personal a

ount is given of the impa
t of HERA data and thein�uen
e of Jan Kwie
inski on low x physi
s.PACS numbers: 13.60.Hb, 12.38.Qk1. Introdu
tionThat HERA data was to 
hange our understanding of pQCD was an-noun
ed at the Durham Phenomenology Workshop on HERA Physi
s in1993 (the �rst of three devoted to HERA Physi
s, all with a large inputfrom JK). Albert De Roe
k presented the �rst preliminary H1 data fromHERA on F2 measurements at x < 0:01, below the �xed target region.Within large errors that data showed a rising F2 as x de
reased � the qual-ity of the data may be judged from Fig. 1 showing 
omparable ZEUS data.The result was the major talking point of the 1993 HERA workshop and dis-
ussion has 
ontinued almost unabated sin
e then. One gets a sense of whythe result was surprising by 
omparing Fig. 1 with Fig. 2. The latter plotshows a range of predi
tions from a paper by Askew, Martin, Kwie
inski &Sutton (AKMS) [2℄ with F2 data from the NMC and BCDMS experimentsfor x > 0:01. The least model-dependent extrapolation from the measureddata would appear give a `�at' F2 as x ! 0 as shown by the dash-dotted
urve, but what do the rising 
urves represent?2. F2 in pQCDA rising F2 at small-x is predi
ted by pQCD, but the predi
tions do notgive a s
ale in either x or Q2 at whi
h one might expe
t to see su
h e�e
ts.In the DGLAP1 formalism at leading order the gluon splitting fun
tions1 Dokshitzer, Gribov, Lipatov, Altarelli & Parisi, 
ollinear fa
torization.(2911)
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Fig. 1. The �rst ZEUS F2 data from HERA, published 1993 [1℄.Pgq ! 43z ; Pgg ! 6z (1)are singular as z ! 0. Thus the gluon distribution will be
ome large asx ! 0, and its 
ontribution to the evolution of the parton distributionbe
omes dominant. In parti
ular the gluon will `drive' the quark singletdistribution, and hen
e the stru
ture fun
tion F2, to be
ome large as well,the rise in
reasing in steepness as Q2 in
reases. Quantitatively,dg(x;Q2)d lnQ2 ' �s(Q2)2� 1Zx dyy 6z g(y;Q2) (2)may be solved subje
t to the nature of the boundary fun
tion xg(x;Q20).Inputting a non-singular gluon at Q20, the solution is [4, 5℄xg(x;Q2) ' exp 2 ��(Q20; Q2) ln 1x�1=2! ; (3)
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Fig. 2. Cal
ulations from AKMS [2℄ of the behaviour of F2 and FL at low x basedon the BFKL equation. The di�eren
e between the upper and lower 
ontinuous
urves is in the 
ut-o� imposed to 
ontrol di�usion in transverse momentum (k20 =1 ; 2GeV2 for the upper, lower 
urves respe
tively. The dashed 
urves show thee�e
t of in
luding shadowing e�e
ts with a proton radius of R = 5; 2GeV�1. Thealmost �at dash-dotted 
urves are the 
ontributions ex
luding the BFKL e�e
ts.where �(Q20; Q2) = Q2ZQ20 dq2q2 3�s(Q2)� : (4)Given a long enough evolution length from Q20 to Q2, this will generate asteeply rising gluon distribution at small x, starting from a �attish behaviourof xg(x;Q2) at Q2 = Q20.Over the x;Q2 range of HERA data this solution mimi
s a power be-haviour, xg(x;Q2) � x��g , with�g = �12�0 ln(t=t0)ln(1=x)�1=2 ; (5)



2914 A.M. Cooper-Sarkar, R.C.E. Devenishwhere t = ln(Q2=�2), t0 = ln(Q20=�2). This steep behaviour of the gluongenerates a similarly steep behaviour of F2 at small x, F2 � x��, where� = �g � �.So why was the observed rise of F2 unexpe
ted? Be
ause, before the ad-vent of HERA data, the starting s
ale for perturbative evolution had alwaysbeen taken to be Q20 >� 4GeV2, to be sure that a perturbative 
al
ulationwould be valid. The evolution length from Q2 of 4 to 15GeV2 is not largeenough to generate a steep slope from a �at input.However Jan Kwie
inski together with Martin, Roberts and Stirling [3℄had already been 
onsidering alternatives to `
onventional' DGLAP with �atinput distribution. The KMRSB0 and KMRSB� parton distribution fun
-tions of 1990 [3℄ were both 
ompatible with the data: KMRSB0 had a 
on-ventional �at gluon distribution input at Q20 = 4GeV2; whereas KMRSB�had a singular gluon distribution x�0:5, even at low Q2(= Q20).Why should one 
onsider a steep input gluon? Be
ause at small x termsin ln(1=x) are be
oming large and the 
onventional leading lnQ2 summationof the DGLAP equations does not a

ount for this. It may also be ne
essaryto sum leading ln(1=x) terms. Su
h a summation is performed by the BFKL2equation. To leading order in ln(1=x) with �xed �s, this predi
ts a steeppower law behaviour xg(x;Q2) � f(Q2) x��g ; (6)where �g = 3�s� 4 ln 2 ' 0:5 (7)(for �s ' 0:2, as appropriate for Q2 � 4GeV2).These ideas were taken further in the paper by AKMS, see Fig. 2, inwhi
h BFKL evolution was in
orporated dire
tly into the 
al
ulation of theparton densities. The rising 
urves show di�erent 
al
ulations of F2 andFL from the BFKL equation, the dashed 
urves show the e�e
t of in
ludingsome damping by shadowing whi
h will be dis
ussed later. The dash-dotted
urve is the predi
tion for the stru
ture fun
tions without BFKL e�e
ts.Thus the observation of a steep behaviour in F2 at a relatively low Q2was seized upon by those who saw this as eviden
e for BFKL. On the otherhand it was qui
kly realised that by lowering the starting s
ale in the DGLAPapproa
h (to Q20 � 1GeV2) one 
ould also �t the data without a singulargluon input distribution. This later approa
h owed mu
h to the work ofGlü
k, Reya and Vogt (GRV) [6℄. Higher statisti
s data taken during 1993showed that an e�e
tive power �g � 0:5 was a
tually too steep.2 Balitsky, Fadin, Kuraev & Lipatov, kT fa
torization.
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inski was involved with many of the approa
hes to �nd a 
rediblephenomenology of the BFKL equation. One of the most signi�
ant of theseis the need for a `kinemati
 
onstraint' to 
ontrol the di�usion of transversemomentum down the `gluon ladder' in the BFKL approa
h (see Fig. 3).

Fig. 3. The BFKL gluon ladder diagram for deep inelasti
 s
attering with a quarkbox at the top 
onne
ting to the 
� and the proton at the bottom.Unlike the DGLAP summation in whi
h the kT of the ladder are stri
tlyordered, those in the BFKL summation are not and 
an di�use downwardsinto the non-perturbative region. Consider a link in the gluon 
hain wherethe longitudinal momentum fra
tion de
reases from x=z to x and the trans-verse momentum k0T 
hanges to kT, with emission of a gluon of transversemomentum qT. One requires k2Tz > q2T (8)in order that the virtuality of ex
hanged gluons is 
ontrolled by their trans-verse momenta. This implies that k2T=z > k02T , for any given value of kT.If one 
onsiders the e�e
t of this 
onstraint on the solutions for the BFKLequation one �nds that it modi�es the asymptoti
 solution x��g , su
h that�g is redu
ed from �g � 0:5 to �g � 0:3. These ideas were built into an am-bitious approa
h by Kwie
inski, Martin and Stasto [8℄ to 
ombine the BFKLand DGLAP approa
hes in a single model to be applied to the HERA and�xed target data. The key idea was to use the BFKL kernel, with the kine-mati
 
onstraint, applied to the unintegrated gluon density (i.e. di�erentialin kT as well as x) to give an input gluon density to DGLAP evolution. This
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Fig. 4. The 
ombined BFKL-DGLAP model of KMS �t to F2 data from ZEUS,E665, BCDMS & NMC. From [8℄.gives rise to a pair of 
oupled equations for the gluon and q�q sea whi
h 
anbe solved numeri
ally. The small valen
e quark 
ontribution was taken fromthe leading order GRV set [9℄ to give a 
omplete model for F2, F 
harm2 andFL. Only two parameters were needed to des
ribe xg(x; k20) at the startings
ale. A very good �t to the HERA 1994 F2 data together with data fromE665, BCDMS and NMC was obtained, as shown in Fig. 4.During the period 1994�1996 the 
onventional DGLAP NLO QCD global�ts were also re�ned and gave very good �2 �ts to the HERA data, startingwith a 
onventional �at gluon input, provided that a low starting s
ale,
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Fig. 5. Gluon and sea quark momentum distributions 
ompared. From a NLOQCD �t by ZEUS using the full HERA-I data sample [7℄.Q20 = 1GeV2, was used. In 1996 the HERA data from the 1994 run werepublished, showing that that the steep slope of F2 extended as far down inQ2as Q2 � 1:5GeV2. The pre
ision of the data had now in
reased su�
ientlythat the low-x behaviour of the sea and the gluon distributions 
ould be�tted separately. These results led to a new kind of surprise sin
e it be
ame
lear that the �at input whi
h had been used for both the sea and the gluon
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tually a 
ompromise between a sea distribution whi
hremains steep, �S � 0:2 down to Q2 � 1 GeV2, and a gluon distributionwhi
h is be
oming valen
e-like, �g < 0 at low Q2. Fig. 5 shows a re
entresult from a ZEUS global �t using the 
omplete HERA-I data sample [7℄.

Fig. 6. ZEUS F2 data at low Q2 
ompared to the ZEUS-S pQCD �t [7℄.
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ontradi
ts the original argument that the steep behaviourof the gluon distribution is driving the steep behaviour of the sea whi
h ismeasured in F2.These 
on
lusion were strengthened when the data from the 1996/7 runswere published in 2000/2001. It be
ame possible to make detailed analysesof the experimental un
ertainties on the parton distributions and thus putlimits on the kinemati
 range of appli
ability of the DGLAP formalism. ForQ2 <� 1GeV2 the gluon distribution be
omes negative at small x (see Fig. 5)and the �t 
an no longer des
ribe the data, see Fig. 6. Furthermore, eventhough the DGLAP formalism works for Q2 >� 1 GeV2, doubts remain aboutits appli
ability when �g < �S . With only one observable measured withhigh pre
ision and all models depending on parameters �t to data, one hassu�
ient �exibility to get good des
riptions in both the pure DGLAP and`BFKL enhan
ed' approa
hes. The striking rise in F2 does begin to abatefor Q2 below 2GeV2 as Fig. 6 illustrates. At this point it is useful to bringin data on the slopes or derivatives of F2.3. F2 slopesThe behaviour of F2 may be 
hara
terized in terms of two slopes, withrespe
t to lnQ2 and ln(1=x), respe
tively. The latter has already been usedin the dis
ussion of the gluon density at low x, here �(Q2) = �F2� ln(1=x) orF2(x;Q2) � x��(Q2). At low x the form of the DGLAP equations is su
hthat at LO one has (very roughly)F2(x;Q2) � x� (x;Q2); and �F2(x;Q2)� lnQ2 � Pqg 
 xg(x;Q2):Thus the behaviour of �F2=� lnQ2 may 
ome from either the gluon den-sity or the splitting fun
tion or both. If it 
ould be shown that any un-
onventional behaviour was attributable to Pqg then this would indi
ate theneed for an alternative evolution equation. In any 
ase it is well worthwhilethe experimental groups 
al
ulating the two slopes with a proper treatmentof systemati
 errors. �F2� lnQ2 � the `Caldwell plot' 3 as a fun
tion of xis shown in Fig. 7. This is another result from HERA that 
aused a lotof interest and dis
ussion! The plot shows the slopes 
al
ulated from theF2 shown in Fig. 4. An important detail to note is that be
ause of thestrong 
orrelation between x and Q2 inherent in deep inelasti
 kinemati
s,3 A preliminary version of this plot was �rst shown by Allen Caldwell at the 1997DESY Theory Workshop.



2920 A.M. Cooper-Sarkar, R.C.E. Devenishthe slopes are not evaluated at a �xed values of Q2, but rather at the meanvalues shown along the top of the plot for ea
h data point. The plot showsthat the rate of rise of F2 as a fun
tion of Q2 is starting to abate as x < 10�3and Q2 < 8GeV2. To understand what the plot might indi
ate and why oneis also very interested in where and how F2 stops rising at low x it is helpfulto look at the HERA data from another point of view.
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tion of x from ZEUS 1994/5 HERA data.From [10℄. 4. �(
�p) and saturationThe strong rise of F2 at low x was unexpe
ted for another reason. Atsmall x, F2 is related to the 
ross-se
tion for 
�p s
attering by�
�p(W 2; Q2) � 4�2�Q2 F2(x;Q2); with W 2 � Q2x ; (9)where W is the 
�p 
entre of mass energy. This relation implies that a riseof F2 at small-x 
orresponds to a rising 
�p 
ross-se
tion with W 2. The re-lationship above suggests another approa
h to understanding the behaviourof F2 at low x and that is the framework of Regge theory used to explainthe high energy behaviour of hadroni
 total 
ross-se
tions. Regge theory
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ts that the high energy behaviour of hadroni
 s
attering amplitudes isImA(ab ! 
d) �Xi �is�i , where �i is the inter
ept of a Regge traje
torywhi
h has the right quantum numbers for an ex
hange in the 
rossed 
han-nel a�
 ! �bd. Using the opti
al theorem, a total 
ross-se
tion will vary as�tot(ab) �Xi �is�i�1. For the 
orresponding forward elasti
 s
attering am-plitude, the leading Regge traje
tory has the quantum numbers of the va
-uum and is known as the Pomeron, for whi
h the value �P � 1:08 has beendetermined from hadron�hadron data. This predi
tion also des
ribes thehigh energy behaviour of photoprodu
tion 
ross-se
tion measurements su
-
essfully. The model was extended to des
ribe virtual-photon proton s
atter-ing by Donna
hie and Landsho� [11℄ who assumed that the Q2 dependen
ewould reside in the residue fun
tions �i(Q2) only and that the inter
epts, �iwould be independent of Q2. Through Eq. (9) this approa
h then predi
tsa �attish input for the gluon and sea PDFs, sin
e �(
�p) � s�i�1 impliesF2 � x1��i = x�0:08. While the DL approa
h su

essfully des
ribed thepre-HERA low x data for Q2 values up to about 10GeV2, it 
annot des
ribethe steeply rising F2 data measured at HERA. The problem is summarisedgraphi
ally in Fig. 8 whi
h shows �(Q2) = � lnF2� ln(1=x) or F2 � x��(Q2), atlow x. For Q2 values less than 1GeV2 or so, the value of � is 
onsistent withthat from hadroni
 Regge theory, whereas for Q2 > 1GeV2 the slope risessteadily to rea
h a value greater than 0:3 by Q2 � 100GeV2. This larger
H
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Fig. 8. The e�e
tive slope of F2 at low x, F2 � x��(Q2). From [13℄.



2922 A.M. Cooper-Sarkar, R.C.E. Devenishvalue of � is not so far from that expe
ted using BFKL ideas. Indeed theBFKL equation 
an be viewed as a method for 
al
ulating the hard or per-turbative Pomeron traje
tory � in 
ontrast to the soft or non-perturbativePomeron of hadroni
 physi
s with inter
ept around 1:08. Donna
hie andLandsho� [12℄ have extended their Regge model by the addition of a hardPomeron with inter
ept 1:44, whi
h allows them to des
ribe the low x HERAdata up to Q2 values of a few hundred GeV2. Theirs is one of many attempts,using ideas from Regge theory, to model the `transition region' from realphotoprodu
tion through to deep inelasti
 s
attering with Q2 � 1GeV2.Either 
onsidering the rise of F2 as x! 0 or the steep energy dependen
eof �(
�p) at large Q2, su
h behaviour will eventually violate the Froissartbound. If the origin of the rise arises from a high gluon density then thisproblem may be avoided be
ause the gluons 
an shadow ea
h other fromthe 
�. At even higher densities the gluons will `re
ombine' via the pro
essgg ! g � the inverse of gluon splitting � and the gluon density andhen
e F2 will saturate. These ideas have been formalized by Gribov, Levin& Ryskin by the addition of a non-linear term to the equation for gluonevolution d2xg(x;Q2)d lnQ2d ln(1=x) = 3�s� xg(x;Q2)� 81�2s16Q2R2 �xg(x;Q2)�2 : (10)When xg(x;Q2) � �Q2R2=�s(Q2) the non-linear term 
an
els the linearterm and evolution stops, this is saturation. Shadowing e�e
ts were in
ludedin the 
al
ulations by AKMS shown in Fig. 2 and in the KMRS partondensities.The various evolution equations appli
able a
ross the x;Q2 plane aresummarised s
hemati
ally in Fig. 9 4. Note the appearan
e of the `
riti
alline' above whi
h the gluon density is high enough for non-linear e�e
ts to beimportant. In this region and for large enough Q2 one has the possibility that�s will be small enough for weak-
oupling but non-perturbative methods tobe appli
able, of whi
h the GLR equation 
ould be a �rst approximation.Again no s
ales are given and another of many hotly argued questions raisedby the HERA data � for example in the 
ontext of the Caldwell plot (Fig. 7)� is: does HERA have the rea
h to see saturation e�e
ts and have they beenseen?Dipole models have proved to be a very fruitful approa
h in exploring thisquestion and modelling the behaviour of F2 or �(
�p) through the transitionregion towards Q2 = 0. The idea is that the virtual photon splits into a q�qpair5 (a 
olour dipole) with a transverse size r � 1=Q, the splitting o

urring4 An early version of this �gure was shown by JK in his plenary talk on low x QCD atthe 1993 Durham Workshop [14℄.5 As for example shown by the quark box at the top of Fig. 3.
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hes to physi
s at low-x. Courtesy of A.D. Martina `long' time � 1=(mx) before the dipole intera
ts with the proton. Thedipole then s
atters 
oherently from the proton in a time whi
h is short in
omparison to � 1=(mx). The 
� ! q�q pro
ess is des
ribed by QED andthe strong intera
tion physi
s is then 
ontained in the 
ross-se
tion, �̂, forthe dipole�proton intera
tion.Many authors have worked on these models in the 
ontext of DIS pro-
esses both in
lusive and for di�ra
tion. Here the dis
ussion will fo
us onthe model of Gole
-Biernat and Wüstho� (GBW) [15℄. The original GBWmodel provides a simple parameterization of �̂ with expli
it saturation, inthe sense that �̂ ! �0 (a 
onstant) as r be
omes large, but in su
h a waythat the approa
h to saturation is x dependent, 
ontrolled by the `saturationradius', R0. Expli
itly the dipole 
ross-se
tion is given by�̂(x; r2) = �0(1� exp(�r̂2)); r̂ = r2R0(x) ; (11)where �0 is a 
onstant, andR0(x)2 = 1Q0 � xx0�� ; (12)R0(x)2 is understood to be inversely proportional to the gluon density (� ��g), so that R0 is a measure of the transverse separation of the gluons inthe target. Thus when the dipole separation is large 
ompared to the gluonseparation (small Q2 and small x) the dipole 
ross-se
tion saturates, �̂ � �0,and �(
�p) also tends to a 
onstant, giving F2 / 1=Q2 from Eq. (9). Whenthe dipole separation is small 
ompared to the gluon separation (high Q2



2924 A.M. Cooper-Sarkar, R.C.E. Devenishand large x), �̂ � �0=(Q2R20) and �(
�p) varies as 1=Q2, so that F2 exhibitsBjorken s
aling. Be
ause of the x dependen
e of R0, �̂ saturates for smallerdipoles sizes as x de
reases.Looking at Fig. 10, whi
h shows F2 as a fun
tion of Q2 at �xed y =Q2=sx, one sees that the data do exhibit these features. There is a 
lear
hange in behaviour around Q2 � 1GeV2, whi
h might then be taken as arough estimate of the saturation s
ale for HERA data. However, one needs tobe somewhat 
areful before jumping to the 
on
lusion that the GBW dipolemodel shows that saturation e�e
ts have been seen at HERA. Given Eq. (9),
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The Rise and Fall of F2 at Low x 2925F2 � 1=Q2 at low Q2 is required in any model sin
e the photoprodu
tion
ross-se
tion is �nite and slow, logarithmi
 s
ale breaking at high Q2 isrequired by pQCD. Thus the real 
hallenge is not in des
ribing the generalbehaviour but in des
ribing the exa
t shape of the data a
ross the transition,now that high pre
ision data are available. It should also be noted that thereare other dipole models that �t the same data as su

essfully without anexpli
it x dependent saturation s
ale.Although it gave a good des
ription of F2 at low Q2, the original GBWmodel did not in
lude QCD evolution in Q2 and this limited its su

ess atlarger Q2. This de�
ien
y was 
orre
ted in a se
ond version [16℄ in whi
h�̂ was related to the gluon density. Results from both versions are shownin Fig. 10. Another feature of saturation models whi
h is illustrated in theGBW model is the dependen
e of the dipole 
ross-se
tion on a s
aled vari-able, here r=R0(x). Stasto, Gole
-Biernat and Kwie
inski [17℄ have madethe interesting observation that this leads to a new s
aling property of
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�p). At low x, �(
�p) should depend only on the dimensionless vari-able � = Q2R20. What is more, su
h a s
aling property seems to be satis�edby HERA data. One expe
ts�(
�p) � �0 (� small)! �(
�p) � �0=� (� large) :Fig. 11 shows HERA data with x < 0:01 as a fun
tion of � . Not onlydo the data show this s
aling very 
learly, but also the expe
ted 
hange inbehaviour indi
ated above seems to o

ur around values of � � 1. This news
aling � geometri
al s
aling � holds for Q2 values up to about 400GeV2but only for x < 0:01. Again, though it is not a proof, the remarkabledemonstration of geometri
al s
aling by the low x HERA data does showthat they have many of the attributes of a saturated system.5. SummaryThe low x data from HERA have produ
ed many surprising and interest-ing results that 
an be understood in the perturbative dynami
s of a gluonri
h system, although details su
h as exa
tly how to in
lude BFKL e�e
tsare as yet unde
ided. Whether saturation e�e
ts have been demonstratedat HERA is 
ontroversial, but whatever the answer to this question one 
an-not deny the importan
e of the measurements in stimulating a
tivity in thisarea. Parti
ularly en
ouraging are the attempts to des
ribe high densitygluon dynami
s in terms of semi-
lassi
al models � the so-
alled `
olourglass 
ondensate', whi
h 
ould be important for understanding data fromheavy ion 
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tive in most of these �elds and his work 
anbe seen as an attempt to understand and set s
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