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AN INTUITIVE SEMICLASSICAL PICTUREOF PROTON STRUCTURE AT SMALL xGösta GustafsonDepartment of Theoreti
al Physi
s, Lund UniversitySölvegatan 14A, S-22362 Lund, Sweden(Re
eived April 17, 2003)Dedi
ated to Jan Kwie
i«ski in honour of his 65th birthdayA semi
lassi
al des
ription of stru
ture fun
tions in DIS at small x ispresented. It gives an intuitive pi
ture of the transition from the Dou-ble Leading Log approximation at large Q2, to the powerlike dependen
eon x in the BFKL region at limited Q2. Formal derivations from pertur-bative QCD, e.g. in the BFKL or the CCFM formalisms, are te
hni
ally
ompli
ated, and therefore su
h an intuitive pi
ture may be valuable andpossibly helpful in the work towards a better understanding of DIS, and ofthe strong intera
tion in general.PACS numbers: 12.38.�t, 13.60.Hb1. Introdu
tionExperiments whi
h study deep inelasti
 ep s
attering (DIS) have givende
isive information about the basi
 stru
ture of matter. Results from thelinear a

elerator at SLAC [1℄ gave the �rst eviden
e for a pointlike substru
-ture in the proton. At the higher energies available at the HERA 
olliderat DESY it has been possible to penetrate still deeper into the proton. DIShas the advantage over e.g. e+e�-annihilation and hadroni
 
ollisions, thatthere are two di�erent s
ales, the total hadroni
 energy W and the photonvirtuality Q2, whi
h 
an be varied independently. This o�ers a unique possi-bility to study the interplay between the perturbative and non-perturbativeregimes in strong intera
tion.A remarkable result at HERA is the observation that for a �xed limitedvalue of Q2, the 
�p 
ross se
tion grows very rapidly for large W or smallxBj � Q2=(W 2 + Q2), approximately proportional to x��Bj � (W 2)� with� � 0:3. Su
h a strong in
rease, whi
h is signi�
antly stronger than the 
or-responding growth of the pp 
ross se
tion at similar energies, was predi
ted(2963)
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hange of perturba-tive gluon 
hains. Indeed, in leading logarithmi
 order the BFKL equationpredi
ts an even stronger in
rease than what is experimentally observed.The signi�
an
e of the BFKL result is somewhat redu
ed by the fa
tsthat �rst the next to leading order 
orre
tion is very large, se
ondly theintrodu
tion of a running 
oupling would favour 
hains 
lose to the non-perturbative region, whi
h makes the result sensitive to a ne
essary soft
uto�. Both of these e�e
ts make the perturbative expansion less reliable.Although the experimental results do indi
ate that some hard perturbativeme
hanism is at work, it has also been possible to �t the data without theBFKL me
hanism, provided the soft nonperturbative input gluon distribu-tion grows su�
iently rapidly for small xBj. Measurements of the total 
rossse
tion, des
ribed by the stru
ture fun
tion F2, 
annot separate between thedi�erent me
hanisms. Further experimental studies of the properties of the�nal states are needed, in parallel with theoreti
al work to distinguish be-tween di�erent possibilities.The derivation of the BFKL equation, and also of the CCFM equation [3℄whi
h interpolates between the �nite-Q2-BFKL and the large-Q2 regimes,are te
hni
ally quite 
ompli
ated. A semi
lassi
al des
ription, whi
h 
angive an intuitive pi
ture of the results, may therefore be valuable and possiblyhelpful in the work towards a better understanding of DIS, and of the strongintera
tion in general. An attempt for su
h a pi
ture will be presented inthe Se
tions 2�5 below.The Linked Dipole Chain model (LDC) [4℄ is a reformulation and gener-alization of the CCFM model. The formalism in the LDC model has greatsimilarities with the des
ription in the semi
lassi
al model presented here,and thus it o�ers a quantitative motivation for the qualitative results in ourintuitive pi
ture. A very brief des
ription of the LDC model is presentedin Se
tion 6, in
luding also a dis
ussion of possible appli
ations to hadroni

ollisions.In this arti
le I want to emphasize the similarities between QCD andQED, and have therefore repeated well known results from ele
trodynam-i
s. Large parts may therefore appear rather trivial to many readers, who
onsequently may omit these se
tions.2. Bremsstrahlung in ele
trodynami
s2.1. Photon emissionLet us study a 
harged parti
le with momentum p1, whi
h emits a pho-ton with momentum q, and after re
oil has obtained momentum p2 = p1 � q,see Fig. 1. The intera
tion between a 
harged s
alar parti
le and the ele
-
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ture at Small x 2965p1 p2q�Fig. 1. A parti
le with momentum p1 emits a photon with momentum q, andobtains after re
oil momentum p2 = p1 � q.tromagneti
 �eld is des
ribed by the intera
tion term� ej�A� � e(p1 + p2)�"� : (1)This 
ontribution depends only on the traje
tory of the 
harged parti
le, and
orresponds to what is 
alled the �eikonal 
urrent�. The resulting emissionspe
trum 
an be presented in di�erent equivalent formsdn � �d�2�2 dq0q0 � �dq2?q2? dzz � �dq2?q2? dy ; (2)where z = q0=p1;0 is the fra
tion of the parent energy given to the photon,and y = 12 ln q0+qLq0�qL . �� (1)
�+ (2)
 (3)

Fig. 2. e+e�-annihilation into a �+�� pair and a photon.As an example we look at e+e�-annihilation into a �+�� pair and aphoton, see Fig. 2. If the s
aled energies of the ��, the �+, and the photonare denoted x1, x2, and x3, respe
tively, the 
ross se
tion is given bydn � � dx1dx2(1� x1)(1 � x2)(x21 + x22) : (3)



2966 G. GustafsonWith a suitable de�nition of a longitudinal dire
tion we haveq2? = s(1� x1)(1� x2); y = 12 ln�1� x11� x2� : (4)With this de�nition the fa
tor dx1dx3=(1�x1)(1�x3) in Eq. (3) is identi
alto the expression in Eq. (2), (dq2?=q2?)dy. The last fa
tor in Eq. (3) is a
orre
tion fa
tor due to the muon spin.For 
ollinear emission q? ! 0. The squared propagator gives a fa
tor� 1=q4?, but for su
h emissions we have (p1 + p2) jj q? ", whi
h implies asuppression su
h that the net result is proportional to the fa
tor dq2?=q2? inEq. (2). Thus we note that the ve
tor nature of the photon is essential.2.2. Ordered 
as
adesSudakov form fa
torsThe total emission probability in Eq. (3) diverges, whi
h thus gives anin�nite 
ross se
tion. To order � this in�nity is 
ompensated by virtual
orre
tions to the probability for no emission, whi
h is a negative 
ontribu-tion. Thus in leading order a 
uto� is needed in q? or in invariant massesM�+;
 and M
;�� . With su
h a 
uto� the 
ross se
tions for zero and oneemission are both positive, and their sum, the �rst order result for the total
ross se
tion, is approximately the same as the zero's order expression. Thisresult 
an be generalized to higher orders. In higher orders the probabilityto emit an extra photon is also 
ompensated by a redu
ed probability forno emission, in su
h a way that the total 
ross se
tion is (approximately)una�e
ted. Thus the annihilation pro
ess 
an be separated into two inde-pendent phases, the initial produ
tion of the �+�� pair, and the subsequentphoton bremsstrahlung.Soft emissions, for whi
h the re
oils 
an be negle
ted, are also fully un-
orrelated, and the probability to emit a �xed number of photons in a givenphase spa
e region is given by a Poissonian distribution. This implies thatthe probability for no photon emission in a 
ertain ex
luded region expo-nentiates, and is proportional to the �Sudakov form fa
tor�S = exp0B�� Zex
l: region dn1CA : (5)This result is quite general. For pro
esses in whi
h an emission does not
hange the total rea
tion probability, the emission probability is normallyasso
iated with su
h a Sudakov form fa
tor. We will in the following seeseveral examples of this.
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ture at Small x 2967Formation timeAssume that the 
harged parti
le moves along a 
urved and twisted tra-je
tory. The emission probability is proportional to����Z j(x)eiqx����2 : (6)From this expression we see that only short wavelengths 
an be sensitive tosmall deviations in the traje
tory on a small times
ale. For long wavelengthsthe integral gives the average over a larger region in spa
e and time. Thisaveraging implies that it takes a �nite time to determine that a photon hasbeen emitted, whi
h 
an be formulated in terms of a (Landau�Pomeran
huk)formation time � � 1q? : (7)Ordered emissionsThe result in Eq. (7) implies that in e.g. an e+e�-annihilation event thephotons with large q? are emitted rapidly, dire
tly after the annihilation,whereas those with smaller q? are emitted afterwards over an extended timeperiod. When many photons are emitted, the ordering in q? also 
orrespondsto an ordering in time.Looking for the �rst emission in time means looking for the emission ofthe photon with largest q?. The probability that no photon is emitted withtransverse momentum larger than q? is determined by a Sudakov form fa
-tor. Thus the probability for emitting a photon with transverse momentumq? as the �rst emission is given bydn � � dx1dx2(1� x1)(1� x2) (x21 + x22)S(q?); (8)where the integral in S(q?) extends over all transverse momenta largerthan q?: S(q?) = exp0B�� Zq0?>q? dn1CA : (9)Similarly, if �rst a photon with transverse momentum q?;1 is emitted,a se
ond emission of a softer photon with transverse momentum q?;2 isasso
iated with the form fa
tor S(q?;1; q?;2), de�ned byS(q?;1; q?;2) = exp0B�� q?;1Zq?;2 dq? dndq?1CA : (10)
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ess 
an be repeated to give a q?-ordered 
as
ade of emitted pho-tons.Spa
elike 
as
ades
q1 q2 qn

Fig. 3. A spa
elike photon 
as
ade.In spa
elike 
as
ades we have bremsstrahlung both as initial and as �nalstate radiation, as indi
ated in Fig. 3. Final state radiation is very similarto the emission in e+e�-annihilation dis
ussed above. The ordering due toformation time implies that also the initial radiation 
as
ade is q?-ordered:q2?;1 < q2?;2 < : : : < q2?;n < Q2 : (11)As mentioned earlier, negle
ting re
oils all photon emissions are un
orre-lated, and therefore the ordering between them is not relevant. The orderingis only important when the re
oils 
annot be negle
ted, and therefore the
urrent is modi�ed for the subsequent emissions. However, as we will dis-
uss more in the following, the ordering is very essential in QCD, where theemitted radiation is not neutral, but 
arries 
olour 
harge. This implies thatan emitted gluon 
hanges radi
ally the 
urrent, whi
h determines later (i.e.softer) radiation. Therefore the order of the emissions be
omes important,and is an essential feature of the evolution pro
esses.We also note that the separation between initial and �nal state radiationin Fig. 3 is gauge dependent. This separation is not determined by nature,but depends on the formalism used.3. Bremsstrahlung in QCD, e+e�-annihilation3.1. Gluon emissionIn QCD the gluons 
arry 
olour 
harge, and therefore radiate, or splitinto two gluons. The dominant intera
tion is the triple-gluon 
oupling (fornotation 
f. Fig. 4; "3 denotes the polarization ve
tor for the �emitted� gluonwith momentum q):g f[(p1 + p2)"3℄ ("1"2)� [(q + p1)"2℄ ("3"1)� [(p2 � q)"1℄ ("2"3)g : (12)
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ture at Small x 2969p1; "1 p2; "2q; "3Fig. 4. Triple gluon vertex.The �rst term is an eikonal 
ontribution similar to the bremsstrahlung froma quark or the ele
tromagneti
 radiation from an ele
tron in Eq. (2). Thefa
tor "1"2 implies that the re
oiling parent keeps its polarization, and itgives an emission density proportional to�sdq2?q2? dy : (13)This term dominates for soft emissions. The se
ond and third terms inEq. (12) 
orrespond to non-eikonal 
urrents, in whi
h the polarization ve
torfor the emitted gluon, "3, is multiplied by the polarization ve
tor for theparent gluon, either before or after the re
oil.3.2. Colour 
oheren
eStudy as an example the rea
tion in Fig. 5(a), where a blue�antibluequark�antiquark pair is produ
ed, and the blue quark emits a blue�antiredgluon and be
omes red. An identi
al �nal state 
an be obtained from the
b �b

r �rb
(a) �r �b

r �rb
(b)Fig. 5. A quark and an antiquark emit gluons 
oherently by diagrams (a) and(b). In the angular region between the quark and the gluon the red and theantired 
harges radiate softer gluons approximately independently, forming a r�r
olour dipole. At larger angles the emission from the red and the antired interferedestru
tively, and the quark�gluon system radiates as a single blue 
harge. Thusin this region the emission 
orresponds to a b�b dipole.



2970 G. Gustafsondiagram in Fig. 5(b), where the gluon is emitted from an initially red an-tiquark, whi
h be
omes blue. The two diagrams interfere, and it is notpossible to tell who is the parent to the emitted gluon. It therefore makessense to regard the quark and the antiquark as a 
olour dipole, whi
h emitsgluons 
oherently. The emission probability is given by the 
orrespondingexpression for photon emission in Eq. (3), with � repla
ed by �s.In the region between the quark and the gluon, the separation of red andantired 
harges will give radiation of softer gluons. However, in dire
tionsfurther away from these parti
les the emission from red and antired interferesdestru
tively. Thus in these dire
tions the emission 
orresponds to the blueand antiblue 
harges of the initial q�q pair, i.e. the emission from a b�b 
olourdipole. This interferen
e e�e
t is generally 
alled angular ordering [5℄. In therestframe of the quark and gluon, the emission of softer gluons 
orrespondsjust to a r�r dipole. Thus the emission of softer gluons 
orresponds to twoindependent 
olour dipoles. 3.3. Gluon 
as
adesIt is possible to des
ribe a parton state in two equivalent (dual) ways [6℄,either in terms of momenta, qi, and spins, si, for the gluons, or in terms ofmomenta, pi, and dire
tions, di, for the dipoles. Thus gluon emission 
anbe des
ribed as a pro
ess in whi
h one dipole is split into two dipoles, whi
hare split into four, et
., as shown in Fig. 6. This formulation is used in theDipole Cas
ade Model [6, 7℄. It is the basis for the Ariadne MC [8℄, whi
hhas been very su

essfully applied to e+e� annihilation data, 
f. e.g. Ref. [9℄.
Fig. 6. A 
olour dipole 
as
ade.The dipole formalism is also 
onvenient for analyti
 studies of the prop-erties of QCD 
as
ades, and we also note that the resulting 
hain of 
olourdipoles gives a very natural 
onne
tion to the Lund String Fragmentationmodel [10℄.
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ture at Small x 29714. DIS, DGLAP evolution4.1. NotationsThe density of quarks and gluons within the proton is des
ribed by �par-ton distribution fun
tions� fq(x) and fg(x), where x is the fra
tion of theproton momentum 
arried by the parton. We will use 
apital letters to de-note the densities in the variable ln 1=x, and for simpli
ity we will write F (x)and G(x) to denote xfq(x) and xfg(x), respe
tively.The ele
tron�proton 
ross se
tion is expressed in terms of stru
ture fun
-tions F1 and F2. In the parton model these fun
tions are related to ea
hother, and to the quark density. The ex
hanged photon is absorbed by aquark, whi
h after the absorption stays on the mass shell. If q
 and pp denotethe momenta of the photon and the proton, respe
tively, energy�momentum
onservation is implemented by a delta-fun
tion Æ(x � Q2=2pp q
), whereQ2 = �q2
, and the e p s
attering 
ross se
tion 
an (negle
ting less impor-tant kinemati
 fa
tors) be writtend2�e pdQ2 dln 1=x � �2Q4F2(x) = �2Q4 Xq e2q x fq(x); (14)where x = xBj � Q2=2pp q
 , the sum runs over quark spe
ies q, and eq isthe 
orresponding quark ele
tri
 
harge (in units of the elementary 
harge).The quantity �Q2F2 
an also be interpreted as the total 
�p 
ross se
tion.In the distribution fun
tions F (x) and G(x) the parton densities areintegrated over transverse momenta. In the following we will also dis
uss�non-integrated� parton distributions, whi
h depend also on k?, and whi
hwe will denote by 
urly letters, F(x; k2?) and G(x; k2?) for the quark andgluon densities, respe
tively.4.2. Ordered laddersIn the parton model the stru
ture fun
tion F2 and the parton distribu-tions are fun
tions of x only, but in QCD they also re
eive a dependen
eon Q2. Assume that a quark with momentum p0 = x0p emits a gluon withmomentum (1� z)p0 before intera
ting with the photon, as shown in Fig. 7.This implies that x = Q2=2pq
 = zx0. The 
ontribution to the 
ross se
tionfrom the eikonal 
urrent is then determined by the emission probabilityProb: � 4�s3� dz1� z dq2?q2? Æ(x� z x0): (15)
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p x0p xp = zx0p(1� z)x0pFig. 7. A quark with momentum p0 = x0p emits a gluon with momentum (1� z)p0before intera
ting with the photon.

p0 k1 k2 q1 q2(a) (b)Fig. 8. (a) A 
hain formed by initial state radiation. (b) To des
ribe propertiesof ex
lusive �nal states �nal state radiation has to be added. Note that a soft�nal state gluon also 
an be emitted from a virtual link, if the re
oil is small.Su
h emissions, like the one emitted from the link k2 in this �gure, will be furtherdis
ussed in Se
tion 5.5.When many gluons are emitted as in Fig. 8(a) we again obtain an orderedemission determined by the formation times:q2?1 < q2?2 < : : : q2?n < Q2 : (16)Thus the 
ontribution to the stru
ture fun
tion F from a 
hain with n linksis given by a produ
t of n fa
tors4�s3� dzi1� zi dq2?iq2?;i ; (17)where x = (Qn zi)x0, and the transverse momenta satisfy the ordering 
on-dition in Eq. (16).Although many gluons are emitted in the pro
ess in Fig. 8(a), there isstill only one quark, whi
h 
an be hit by the photon. When Q2 is large,the many gluons, whi
h 
an be emitted before the 
q intera
tion, imply a
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ed probability to 
ollide without gluon emission. The fa
tor in Eq. (17),whi
h determines the probability to emit a gluon, must then be multiplied bya Sudakov form fa
tor, S, whi
h des
ribes the probability that no emissionhas o

urred between q?;i�1 and q?;i. Thus we have to make the followingrepla
ement in Eq. (17):11� zi dq2?;iq2?;i ! �(1� "� zi)1� zi dq2?;iq2?;i S(q2?;i; q2?;i�1) ; (18)where S(q2?;i; q2?;i�1) = exp2664� q2?;iZq2?;i�1 4�s3� dq2?q2? 1�"Z0 dz1� z3775 : (19)We have here introdu
ed a 
uto� ", whi
h in a MC must be kept di�erentfrom zero, sin
e "! 0 implies that S ! 0. A small " gives a more a

urateresult, but also a slower program.4.3. DGLAP evolution for large xSummarizing the results in the previous subse
tion, and summing overthe number of links, n, in the 
hain, we �nd the following expression for thestru
ture fun
tion:F � Xn nYi (Z 4�s3� dzi1� zi dq2?iq2?;i S(q2?;i; q2?;i�1)�(q?;i � q?;i�1))�Æ0�x� nYj zj x01A �(Q2 � q2?;n) : (20)We note that in this result most of the z-values are 
lose to 1. We alsonote that, due to transverse momentum 
onservation and the ordering inEq. (16), the transverse momentum of the (quasi)real emissions, q?;i, areapproximately equal to the transverse momentum of the virtual links, whi
hin Fig. 8(a) are denoted k?;i. Thus the variables q?;i in Eq. (20) 
an to thegiven a

ura
y be repla
ed by the link variables k?;i.It is also possible to in
lude the e�e
ts of the spin of the quarks by theex
hange 11� z ! 12 (1 + z2)1� z : (21)Here the numerator 
orresponds to (half) the fa
tor (x21+x22) in Eq. (3), anddoes not 
hange the behaviour near the dominating singularities at zi = 1.



2974 G. GustafsonTaking the derivative of Eq. (20) with respe
t to lnQ2 gives the followingdi�erential-integral equation (the DGLAP evolution equation):�F (x;Q2)� lnQ2 = 4�s3� Z dz dx0P̂ (z)F (x0; Q2)Æ(x� zx0) : (22)It has here been possible to take the limit " ! 0, and thus remove thedependen
e on the 
uto�. The �splitting fun
tion� P in Eq. (21) is thenrepla
ed by P̂ :P = 12(1 + z2)1� z ! P̂ = 12(1 + z2)(1� z)+ + 32Æ(1 � z) ; (23)where the de�nition of the �+ pres
ription� is given byZ dz(1� z)+ f(z) � Z dz f(z)� f(1)(1� z) (24)for an arbitrary fun
tion f(z). We note in parti
ular that this de�nitionimplies that Z P̂ (z)dz = 0 ; (25)whi
h guarantees that the number of quarks is 
onserved.4.4. Ex
lusive �nal statesWe want to emphasise that Eq. (22) only des
ribes the probability for anintera
tion, that is the total photon�proton 
ross se
tion expressed in termsof the stru
ture fun
tion F2. To �nd the properties of ex
lusive �nal statesit is ne
essary to add �nal state radiation within angular ordered regions, asindi
ated in Fig. 8(b). Just as the �nal state emission in e+e�-annihilation,these emissions do not a�e
t the total 
ross se
tion, and should thereforealso be asso
iated with appropriate Sudakov form fa
tors.4.5. Gluon rungs and small xAlso gluons 
an emit gluon radiation. Study the emission of gluon q2 inFig. 9. With the notation in this �gure the eikonal 
urrent 
orrespondingto the �rst term in Eq. (12) gives g (k1 + k2)"q2 ("k1"k2). This term givesa 
ontribution similar to that for emission from a quark in Eqs. (17), (18).In
luding now only the term singular at z = 1 we get3�s� dzi1� zi dq2?iq2?;i �(q?;i � q?;i�1)S : (26)
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k0 k1 k2 k3 q1 q2 q3

Fig. 9. A gluon ladder starting from a quark k0. The quasireal emissions havemomenta qi, while the virtual links are denoted ki.The spin fa
tor "k1"k2 implies that the gluon spin is 
onserved along theverti
al line in the ladder in Fig. 9. We also note that, just as for quarkemission, the pole at z = 1 implies that z-values 
lose to 1 dominate. Thusgluon k2 
an be regarded as identi
al to the re
oiling parent k1; it inheritsboth the spin and most of the energy, while the gluon q2 has to be regardedas a newborn soft gluon.The non-eikonal 
ontribution to the 
urrent is proportional to the re-maining terms in Eq. (12), �(k1 + q2)"k2 ("k1"q2) � (q2 � k2)"k1 ("k2"q2).Here the �rst term dominates (for a 
onventional gauge 
hoi
e), and gives a
ontribution � dzi=zi: 3�s� dzizi dq2?iq2?;i �(q?;i � q?;i�1) : (27)Thus the �soft� gluon goes up the ladder, and it is the (quasireal) gluonq2, whi
h takes over both the spin and most of the energy of the parent k1.The soft daughter does not repla
e the mother, and therefore there is noSudakov form fa
tor in leading order.We note that soft gluon links 
an also be emitted from quark legs, as alsoindi
ated in Fig. 9. The probability for this pro
ess has a di�erent 
olourfa
tor, and is proportional to 4�s3� dzz dq2?q2? ; (28)and also in this 
ontribution there is no Sudakov form fa
tor to leadingorder.For gluoni
 
hains the sum of the expressions in Eqs. (26) and (27) repla
ethe 
orresponding fa
tor in Eq. (20). The non-eikonal terms in Eq. (27) givethe dominant 
ontributions for small z-values, and therefore also for smallx = (Q zi)x0. Thus gluon ladders are most important for the growth of the
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ture fun
tions for small x, and to leading order in ln 1=x and lnQ2 thegluon density 
an be writtenG(x;Q2) � Xn nYi (Z 4�s3� dzizi dq2?iq2?;i �(q?;i � q?;i�1))�Æ0�x� nYj zj x01A �(Q2 � q2?;n) : (29)The gluon ladder may start from an initial quark with the 
oupling inEq. (28), and in DIS it must also have a quark link at the end, as the photononly 
ouples to the ele
tri
ally 
harged quarks. It is, however, the propertiesof the dominating gluoni
 ladder, whi
h determines the asymptoti
 growthrate for small x. 4.6. Double Leading Log approximationAssume that both Q2 and 1=x are very large. We introdu
e the notationxi = kipproton = iYj zj ; (30)�� � 3�s� ; (31)�i � ln q2?;i�2 ! ; (32)li � ln� 1xi� : (33)For a �xed 
oupling ��, we then �nd from Eq. (29)G � Xn 8><>: nYi lnQ2Z ��d�i�(�i � �i�1) nYi ln 1=xZ dli�(li � li�1)9>=>;= Xn ��n (lnQ2)nn! (ln 1=x)nn!= I0(2p�� lnQ2 ln 1=x) � exp�2p�� lnQ2 ln 1=x� ; (34)where I0 is a modi�ed Bessel fun
tion. This result 
orresponds to the DoubleLeading Log (DLL) approximation.
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ture at Small x 2977For a running �s we de�ne the parameter �0 by the relation�� � �0ln(q2?=�2) : (35)We then have instead of dq2?;i=q2?;i = d�i a fa
tor d�i=�i = d ln�i, whi
hgives the result G � exp�2p�0 ln lnQ2 ln 1=x� : (36)5. Small x, the BFKL region5.1. Non-ordered laddersNow assume that Q2 is not large, while x is still kept small. In this 
asethe q?-ordered phase spa
e is small. Therefore q?-non-ordered 
ontributionsare important, even if they are suppressed.We mentioned after Eq. (20) that for a q?-ordered 
hain the transversemomentum of the (quasi)real emissions, q?;i, are approximately equal tothe transverse momentum of the virtual links, denoted k?;i in Figs. 8 and9. Therefore the variables q?;i in Eqs. (20) and (29) 
ould be repla
ed bythe link variables k?;i. This is no longer the 
ase for non-ordered 
hains.Transverse momentum 
onservation implies that q?;i = k?;i�1 � k?;i, andtherefore we have, provided k?;i�1 and k?;i are not approximately equal,q2?;i � max(k2?;i; k2?;i�1) : (37)Emissions for whi
h k?;i�1 � k?;i will be dis
ussed in Se
tion 5.5. Theygive no 
ontribution to the stru
ture fun
tions, and 
an be treated as �nalstate radiation. For other emissions Eq. (37) implies that if e.g. k?;i is largerthan the neighbouring links (k?;i�1 and k?;i+1), then q?;i � q?;i+1 � k?;i.If on the other hand k?;i is smaller than its neighbours, then its value is not
lose to any of the transverse momenta q?. Thus the quasi-real momentaq?;i are approximately determined by the virtual links k?;i, but the reverseis not true (without the knowledge of the azimuthal angles of all the ve
torsq?;i). To spe
ify the 
hain we therefore have to spe
ify the link variablesk?;i, and the distin
tion between q?;i and k?;i is essential.Classi
al bremsstrahlung due to a short impulse during a time �t � 1=Q
ontains the fa
tor� ������� 1=QZ0 dtei!t�������2 = ���� 1! (ei!=Q � 1)����2 = � 1Q2 ; for ! � Q ;� 1!2 ; for ! � Q : (38)



2978 G. GustafsonThus for ! � Q there is a relative suppression by a fa
tor Q2=!2. In arelativisti
 
al
ulation we should make the repla
ement ! ! q?. We then�nd that for q2? > Q2 the emission is not totally ex
luded; it is only redu
edby a suppression fa
tor Q2=q2?.Assume that we have an ordered 
hain up to the last link with k2?;n �q2?;n, whi
h 
an be smaller or larger than Q2. We then �nd for these two
ases:� k2?;n < Q2.In this ordered 
ase we have Q2 > q2?;n � k2?;n > k2?;n�1, and no extrasuppression. A

ording to Eqs. (20) and (29) the 
ontribution to thestru
ture fun
tion from these 
hains 
ontain a fa
tor 1=q2?;n. Thereforewe have � � 1Q2 F � 1Q2q2?;n : (39)� k2?;n > Q2 .This implies Q2 < q2?;n � k2?;n > k2?;n�1, and in this situation there isa suppression fa
tor Q2=q2?;n. Thus we have� � 1Q2 1q2?;n Q2q2?;n � 1k4?;n : (40)In the latter 
ase we see that the pro
ess 
an be interpreted as a hardsub
ollision between the probe and the gluon kn�1, 
f. Fig. 10(a). (Insteadof a photon we imagine here a hypotheti
al 
olour neutral probe, whi
h 
anintera
t dire
tly with gluons.) We re
ognize the expe
ted result from a hards
attering with momentum ex
hange t = �k2?;n, whi
h is then the largestvirtuality in the pro
ess.Assume now that we have a situation where the last but one gluon link,kn�1, has the largest transverse momentum, whi
h implies:� Q2 < k2?;n < q2?;n�1 � k2?;n�1 � q2?;n�2 > k2?;n�2.We expe
t here a suppression fa
tor Q2=q2?;n�1 � Q2=k2?;n�1. This fa
-tor 
an be written as a produ
t of two separate fa
tors, one for ea
h stepdownwards in k?: Q2k2?;n�1 = k2?;nk2?;n�1 Q2k2?;n : (41)As illustrated in Fig. 10(b), this pro
ess 
an be interpreted as a hard sub-
ollision between the links kn (now 
oming from above) and kn�2, with



An Intuitive Semi
lassi
al Pi
ture of Proton Stru
ture at Small x 2979
kn�1kn qnqn+1Q2

(a) kn�2kn�1kn qn�1qnqn+1Q2
(b) p

k?;max

�

(
)Fig. 10. (a) A situation where k2?;n is larger than the virtuality Q2 of the probe
an be interpreted as a boson�gluon-fusion event, i.e. a hard sub
ollision betweenthe probe and gluon kn�1. (b) If k2?;n�1 is the largest virtuality, we have a hardsub
ollision between gluons kn�2 and kn. (
) When the gluon with the largesttransverse momentum is lo
ated in the middle of the 
hain, it 
orresponds to ahard sub
ollision between a proton and a resolved photon.momentum transfer k2?;n�1. The outgoing gluons have approximately equalbut opposite transverse momenta, q?;n�1 and q?;n, and the 
ross se
tionsatis�es the expe
ted relation � � 1=k4?;n�1.These results 
an be generalized to the situation in Fig. 10(
), wherek? in
reases 
ontinously from the proton, up to a maximum value k?;max,and then de
reases in k? down to the virtuality, Q2, of the photon. Thispro
ess has a weight with a fa
tor 1=k2?;i for every links ex
ept kmax, whi
hinstead gives a fa
tor 1=k4?;max. We note here that, although upwards anddownwards steps are treated di�erently, the �nal result is symmetri
 in thesense that we 
ould equally well have started the 
hain from the photonend, and pro
eeded towards the proton. Therefore it is identi
al to theresult obtained from a DGLAP evolution for both the proton in one endand a resolved photon in the other end, up to a 
entral hard s
attering, withmomentum transfer k?;max.With enough energy it is apparently also possible to have ladders inwhi
h the transverse momentum goes up and down with two or more lo
almaxima. When expressed in the virtual links k?, ea
h step downwards
orresponds to a suppression fa
tor k2?;i=k2?;i�1. The net result is a fa
tor1=k4? for every lo
al maximum k?, but no k?-power for links 
orrespondingto a lo
al minimum.



2980 G. GustafsonWe formulated the result in terms of the link variables k2?;i, be
ausethese 
ould be interpreted as independent variables. Transverse momentum
onservation implies that the quantities q?;i are not independent, but 
on-strained by the relation q2?;max � q2?;max+1, and they do not �x the value ofk2? for a link whi
h represents a lo
al minimum. We note, however, that theweight for the 
hain 
orresponds exa
tly to the produ
t Qni q�2?;i. The fa
torq�2?;max q�2?;max+1 gives the fa
tor 1=k4?;max, and the k? for a lo
al minimum,whi
h does not equal any q?, does not appear in the weight.We further note that, if the azimuthal angles are not averaged over, butproperly a

ounted for, we have d2k?;i = d2q?;i. As a 
onsequen
e we seethat our result exa
tly 
orresponds to the ordered result in Eq. (29), if wemake the repla
ement dq2?;iq2?;i ! d2q?;i�q2?;i ; (42)omit the ordering �-fun
tions and instead in
lude a fa
tor�(q?;i � min(k?;i; k?;i�1)). This fa
tor ex
ludes soft emissions for whi
hk?;i � k?;i�1, as mentioned above and is further dis
ussed in Se
tion 5.5.Thus the expressionG�Xn nYi (Z 4�s3� dzizi d2q?i�q2?;i �(q?;i �min(k?;i; k?;i�1)))Æ0�x� nYj zj x01A(43)gives a proper des
ription, both for large Q2 and ordered 
hains, and for lim-ited Q2 when non-ordered 
hains are important. To get the non-integrateddistribution fun
tion G, we just have to add a fa
tor Æ(k?;n +Pnj q?;j),whi
h follows from 
onservation of transverse momentum.This result also demonstrates the symmetry dis
ussed above. An im-portant 
onsequen
e of this symmetry is that the formalism also is suitablefor des
ribing hard sub
ollisions in hadroni
 
ollisions. This will be furtherdis
ussed in Se
tion 6. 5.2. E�e
tive phase spa
eWith more than one lo
al maximum in the k? 
hain, we �nd for ev-ery step down from k2?;i�1 to k2?;i a suppression fa
tor k2?;i=k2?;i�1. Ex-pressed in the logarithmi
 variable � = lnk2?, this 
orresponds to a fa
torexp[�(�i�1 � �i)℄. This implies that the e�e
tive range allowed for down-ward steps 
orresponds to approximately one unit in �. Consequently we �ndinstead of the phase spa
e limits in Eq. (16), the following boundaries (re-
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ing q2?;i by k2?;i, whi
h are the relevant variables for non-ordered 
hains)lnk2?;i & lnk2?;i�1 � 1 : (44)This modi�
ation 
hanges the DLL result in Eqs. (34) and (36) in a quali-tative way, as des
ribed in the following subse
tions.5.3. Fixed �sFor a �xed �s, and writing � for lnQ2, we then �nd for the transversemomentum integrals in Eq. (34) instead of�Z0 nYi d�i�(�i � �i�1) = �nn! ; (� = lnQ2) (45)the following result �Z0 nYi d�i�(�i � �i�1 � 1) � (�+ n)nn! : (46)When � is very large we re
over the DLL result in Eq. (34), but forsmaller values of � we �nd instead using Sterling's formula� small ) (�+ n)nn! � nnn! � en (47)whi
h implies G �Xn [�� e ln(1=x)℄nn! = ee �� ln(1=x) = 1x� (48)with � = e �� � 2:72 �� : (49)To obtain the non-integrated distribution G(x; k2?), we add the fa
torÆ(k? � k?;n), but this does not modify the qualitative result, if � nowdenotes lnk2?.The result in Eq. (48) is relevant for lnk2? < e �� ln(1=x). In this range the
hain 
orresponds to a random walk in lnk2?. Our result should be 
omparedwith the result from the leading order BFKL equation, whi
h gives� = 4 ln 2 �� � 2:77 �� : (50)We see that this simple semi
lassi
al pi
ture des
ribes the essential featuresof BFKL evolution.



2982 G. Gustafson5.4. Running �sFor a running �s the steps in transverse momentum are determined bythe fa
tors �0 d lnk2?;ilnk2?;i = �0d(ln lnk2?;i) : (51)When k? is large, one extra unit in lnk2? 
orresponds to a very small extraspa
e in ln lnk2?. This implies that, on
e the 
hain has rea
hed large k?-values, it is very di�
ult to 
ome down again. Therefore dominant 
hainswill 
ontain an initial part with low k? and steps up and down, and a se
ond(DGLAP-like) part with in
reasing k? up to the �nal k?- and x-values. Asa 
onsequen
e the stru
ture fun
tions 
an be well des
ribed by DGLAPevolution from adjusted input distributions f0(x; k2?0), whi
h grow for smallvalues of x.For further dis
ussions of the results in this and the previous se
tions,see Ref. [11℄. 5.5. Ex
lusive �nal statesAs dis
ussed above in 
onne
tion with large-Q2 phenomena, �nal stateradiation must be added, in order to des
ribe the properties of ex
lusive �nalstates. The kinemati
 regions in whi
h su
h emission should be allowed is ingeneral dependent on the formalism used. The quasireal gluons, denoted qiin Figs. 8 and 9, are allowed to emit �nal state radiation in angular orderedregions, but besides within these regions further soft emissions may also bepossible.In all dis
ussions of the results in the previous se
tions we studied 
hainsin whi
h at every vertex the emitted q? approximately equals the larger ofthe adjoining k?. We 
ould also imagine the emission of a softer gluon,with q?;i � k?;i�1, whi
h then implies k?;i � k?;i�1. From the dis
ussionabout formation time in Se
tion 2.2, su
h emissions should take pla
e ata longer time s
ale, after formation of the intera
tion 
hain in �gure 8(a)or 9. They should therefore not in�uen
e the rea
tion probability, i.e. thestru
ture fun
tion, but only a�e
t the properties of ex
lusive �nal states.Consequently they may be treated as �nal state radiation, and must be as-so
iated with appropriate Sudakov form fa
tors. This is indeed the resultobtained in a perturbative 
al
ulation, in whi
h su
h emissions are 
om-pensated by virtual 
orre
tions, and in the BFKL formalism this e�e
t isdes
ribed by treating the link gluons as Reggeized gluons. Su
h �nal stateradiation may be emitted both from gluon and quark links, and one examplewas indi
ated in Fig. 8(b).
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ture at Small x 2983These emissions are also treated as �nal state radiation in the LinkedDipole Chain (LDC) model for DIS [4℄, whi
h will be further dis
ussed inthe next se
tion. We note, however, that the separation between initial and�nal state radiation is not de�ned by nature, but depends on the formalismused. This separation is de�ned in a di�erent way in the CCFM formal-ism [3℄, in whi
h some emissions, for whi
h k?;i � k?;i�1, are treated asinitial state radiation. This implies that in this formalism the initial 
hainsgenerally 
ontain a larger number of links, and that �nal state radiationis 
orrespondingly allowed in a more restri
ted kinemati
 region. A 
onse-quen
e is that a larger set of 
hains 
ontribute in the 
al
ulation of G, withea
h 
hain given a smaller weight. This redu
tion is represented by a �non-eikonal form fa
tor�, in su
h a way that the BFKL result is reprodu
ed toleading log a

ura
y. For further dis
ussions of this di�eren
e between theformalisms see Refs. [4℄ and [12℄.6. Linked Dipole Chain model6.1. LDC for DISThe Linked Dipole Chain (LDC) model [4℄ is a reformulation and gen-eralization of the CCFM model. Thus it is based on perturbative QCD
al
ulations, and 
an be regarded as a formal quantum me
hani
al deriva-tion of the semi
lassi
al results presented above.The LDC model is based on the observation that the dominant featuresof the parton evolution is determined by a subset of emitted gluons, whi
hare ordered in both positive and negative light-
one 
omponents, and alsosatisfy the relation q?;i > min(k?;i; k?;i�1) : (52)In LDC this subset of �primary� gluons forms a 
hain of initial state radi-ation, and all other emissions are treated as �nal state radiation (in
ludingthose emissions, whi
h would be emitted from a virtual link ki, rather thanfrom a quasireal emission qi, as dis
ussed in Se
tion 5.5). In Ref. [4℄ it isshown that adding the 
ontributions from all di�erent CCFM-
hains withthe same primary gluons, with their non-eikonal form fa
tors, gives the fol-lowing simple result:G �Xn nYi Z Z ��dzizi d2q?;i�q2?;i �(q?;i�min(k?;i; k?;i�1))Æ x� nY zj! ; (53)where the link momenta k?;i = Pij q?;j are determined by transverse mo-mentum 
onservation. This implies thatq2?;i � max(k2?;i; k2?;i�1) : (54)



2984 G. GustafsonFrom this relation we �nd for a step up or down in k?:� Step up in k?: k?;i > k?;i�1 ) q?;i � k?;i, whi
h impliesd2q?;iq2?;i � d2k?;ik2?;i : (55)� Step down in k?: k?;i < k?;i�1 ) q?;i � k?;i�1, whi
h impliesd2q?;iq2?;i � d2k?;ik2?;i�1 = d2k?;ik2?;i k2?;ik2?;i�1 : (56)We here re
ognize the suppression fa
tor k2?;i=k2?;i�1 in Eq. (41), asso
i-ated with a step down in k?.Non-leading 
ontributions from 1=(1�z)-poles and quark links are addedwith Sudakov form fa
tors. In this formalism it is natural to in
lude arunning 
oupling �s(q2?;i) = �s(max(k2?;i; k2?;i�1)) : (57)Note, however, that this in
rease of �s for soft emissions ne
essarilyimplies that a 
uto� is needed for soft k? [13℄. This dividing line betweenthe perturbative and the nonperturbative regimes has to be adjusted by �tsto experimental data.A Monte Carlo implementation, 
alled Ld
m
, is developed by Khar-raziha and Lönnblad [14℄. This program does reprodu
e a large set of ex-perimental data. Fig. 11 shows a �t to F2 [15℄, 
ompared with data fromHERA and �xed target experiments. The 
orresponding gluon distributionis shown in Fig. 12, and we note that this result shows good agreement withthe results from the CTEQ [17℄ and MRST [18℄ �ts. (Note that the LDC re-sult is �tted to DIS data only, while the CTEQ and MRST �ts in
lude datafrom hadroni
 
ollisions.) As mentioned above, the LDC model is a gener-alization of the CCFM model, whi
h is implemented in the event generatorCas
ade [19℄. Both Ld
m
 and Cas
ade reprodu
e the main features ofthe �nal state properties [20℄. A problem is, however, that both models areable to reprodu
e the forward jet 
ross se
tion only if the non-singular termsin the splitting fun
tions are omitted [20℄. We do not know whether theseterms are 
ompensated by some dynami
al me
hanism, or if the modellingof the proton fragmentation has to be improved.
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tion for two di�erent �ts (
alled�gluoni
� and �gluoni
-2�), 
ompared to the 
orresponding results from Cas
adedenoted JS (dash-dotted 
urve), CTEQ (short-dashed 
urve) and MRST (long-dashed 
urve), for (a) Q2 = 16 GeV2 and (b) Q2 = 100 GeV2.6.2. Hadroni
 
ollisionsThe LDC formalism 
an be applied also to hadron�hadron 
ollisions[21, 22℄. In hadroni
 
ollisions multiple intera
tions are needed to des
ribeasso
iated multipli
ity and transverse energy in events with high p? jets.Su
h multiple intera
tions 
an originate either from two hard sub
ollisionsin a single parton 
hain, or from more than one 
hain in a single event.



2986 G. GustafsonThe LDC formalism is very suitable for des
ribing su
h events. A po-tential problem arises be
ause good �ts to DIS data 
an be obtained fordi�erent values for the low k? 
uto�, provided that the soft input stru
turefun
tion is adjusted a

ordingly. This is important be
ause the number ofhard 
hains depends on this soft 
uto�. If the 
uto� is in
reased a moresingular input gluon distribution is needed in the �t to F2. These soft inputgluons, present at s
ale Q20, may also form �soft 
hains� between the two
olliding protons. These soft 
hains then have no emitted gluons with q?above Q0, but they do produ
e hadrons with low p?. From the �ts to DISdata we then �nd that the redu
tion in the number of hard 
hains is just
ompensated by an in
rease in the number of soft 
hains, as is illustratedin Fig. 13. As a result we see that, in this formalism, the (average) totalnumber of 
hains in a pp 
ollision 
an be �xed by �ts to DIS data. This re-sult apparently implies a very strong 
onne
tion between DIS and hadroni

ollisions [22℄.
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Fig. 13. The 
ross se
tion per 
hain in the LDC model as a fun
tion of the 
uto�,k2?0. The dashed line is the 
ross se
tion for 
hains with at least on emission abovethe 
uto�, the dotted line is for soft 
hains without emissions above the 
uto�, andthe full line is the sum of the two. Note that the input parton densities have beenre-�tted for ea
h value of k?0.This formalism should also be appli
able in studies of e�e
ts of unitari-sation and saturation. Separate bran
hes of a 
hain 
an intera
t with a
olliding hadron, or di�erent 
hains 
an join ea
h other, and these possibili-ties are presently under study. Also appli
ations to di�ra
tive 
ollisions areof interest.
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ture at Small x 29877. Con
lusionsWe have seen that the behaviour of DIS in the DGLAP and BFKLdomains 
an be understood in a semi
lassi
al intuitive pi
ture. A morequantitative des
ription is o�ered by the LDC formalism, whi
h smoothlyinterpolates between these two kinemati
al regions.The formalism also o�ers a link between DIS and hadroni
 
ollisions.Within the formalism �ts to data on F2 in DIS 
an be used to predi
t thenumber of 
hains and hard sub
ollisions in a high energy proton�proton
ollision.Further work on multiple intera
tion and saturation is in progress, aswell as studies of di�ra
tive s
attering.I want to thank my 
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