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EVOLUTION AT SMALL xA. Donna
hieDepartment of Physi
s, Man
hester University, Man
hester M13 9PL, UKad�a35.ph.man.a
.ukand P.V. LandshoffCentre for Mathemati
al S
ien
es, Wilberfor
e Road, Cambridge CB3 0WA, UKpvl�damtp.
am.a
.uk(Re
eived April 30, 2003)Dedi
ated to Jan Kwie
i«ski in honour of his 65th birthdayAt present there is no 
orre
t theory of evolution of F2(x;Q2) at small x.It is a mixture of hard and soft pomeron ex
hange and perturbative QCDvery su

essfully des
ribes the evolution of the hard-pomeron 
omponent.This allows the gluon density to be 
al
ulated. It is somewhat di�erent fromwhat is 
onventionally supposed, but it leads to a 
lean PQCD des
riptionof the data for the 
harm stru
ture fun
tion. Perturbative QCD breaksdown for the evolution of the soft-pomeron 
omponent of F2(x;Q2).PACS numbers: 13.60.Hb, 12.38.�t, 12.40.Nn1. Introdu
tionThe 
onventional treatment [1℄ [2℄ of evolution expands the DGLAPsplitting matrix in powers of �s(Q2). As we will explain, this is almost 
er-tainly wrong at small x, and at present we have no 
orre
t theory. However,when we 
ombine PQCD with Regge theory [3℄, this problem is partiallysolved and provides a very su

essful des
ription of data, not only the 
om-plete proton stru
ture fun
tion F2(x;Q2) but also [4℄ its 
harm 
omponentF 
2 (x;Q2).The proton's gluon density is larger at small x than is usually predi
ted,parti
ularly at small Q2. A 
onsequen
e of this is that PQCD evolution
leanly and su

essfully des
ribes 
harm produ
tion at small Q2, even downto Q2 = 0. See Fig. 1. (2989)
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Fig. 1. Data [5℄ for F 
2 (x;Q2) at Q2 = 1:8GeV2 with theoreti
al 
urves fromreferen
es [1℄ and [4℄.2. Regge theory � the two pomeronsAt small x we make the �t [6℄F2 �x;Q2� = f0(Q2)x�"0 + f1(Q2)x�"1 (1)at ea
h Q2 for whi
h there are data. We �x "1 = 0:0808, the 
lassi
alsoft-pomeron value extra
ted from hadron�hadron s
attering data [7, 8℄. Itturns out that, although the data are now highly a

urate, they do not
onstrain the value of "0 very 
losely. Good �ts may be obtained with "0anywhere between 0.35 and 0.5. We 
all this the �hard-pomeron� term.While varying "0 through its allowed range has little e�e
t on the shape ofthe hard-pomeron 
oe�
ient fun
tion f0(Q2), the large-Q2 behaviour of thesoft-pomeron 
oe�
ient fun
tion f1(Q2) 
hanges markedly; see Fig. 2.For "0 � 0:4 the data make f1(Q2) go to a 
onstant at large Q2. Weassume [6℄ that f1(Q2) has this behaviour and �t the available data forx � 0:001. When we made the �t we used data from ZEUS [9℄ at small Q2
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Fig. 2. The hard and soft pomeron 
oe�
ient fun
tions extra
ted from data.



Evolution at Small x 2991and from H1 [10℄ at larger Q2. There are now data at large Q2 also fromZEUS [11℄. The best �t is now given byf0(Q2) = A0 (Q2)1+"0�1 + Q2Q20�1+"0=2 ; f1(Q2) = A1 (Q2)1+"1�1 + Q2Q21�1+"1 ; (2)with "0 = 0:4075 ; "1 = 0:0808 ;A0 = 0:00227 ; Q0 = 2:88 GeV ; A1 = 0:588 ; Q1 = 768 MeV : (3)See Fig. 3. We have already explained that the data do not 
onstrain thevalue of "0 very 
losely. We have given the parameters to this a

ura
ybe
ause their errors are strongly 
orrelated. This set of values gives a �2per data point signi�
antly less than 1.

 0.0001

 0.001

 0.01

 0.1

 1

 10

 100

 1000

 1e-06  1e-05  0.0001  0.001x

Q4 F2(x;Q2)(GeV4) Q2 = 45

1.50.65

� 0.045Fig. 3. Data from ZEUS [9, 11℄ and H1 [10℄ with two-pomeron �t [6℄. Q2 rangesfrom 0.045 to 45 GeV2.
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onomi
al �t: we in
luded in it also data for photo-produ
tion (Fig. 9 below), whi
h largely determine the value of A1, so thatthere are just 4 free parameters. If we multiply (1) by (1 � x)7, whi
h isa very 
rude way of ensuring that F2(x;Q2) vanishes as x! 1, and in
ludea term 
orresponding to f2; a2 ex
hange, the �t agrees well with the data forlarger x, even up to Q2 = 5000 GeV2: Fig. 4.
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� 0.045Fig. 4. The �t shown in Fig. 3 extended to larger x and Q2.If we try making a similar �t to the data [5℄ for the 
harm stru
turefun
tion, we �nd [6℄ that they 
orrespond only to a hard-pomeron term.Further, the data are �tted well by assuming that the hard pomeron is�avour blind, so that for small xF 
2 �x;Q2� = 0:4 f0(Q2)x�"0 ; (4)where f0(Q2) is de�ned in (1). The fa
tor 0.4 is 49=(49 + 19 + 49 + 19).
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(W ) = 4�2�EMQ2 F 
2 �x;Q2� ���x=Q2=(W 2+Q2) : (5)
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Fig. 5. Data [5℄ for �
(W ) de�ned in (5). The thi
k lines 
orrespond to (4), whi
h
oin
ides with the output from DGLAP evolution, and the thin lines are fromphoton�gluon fusion. 3. The DGLAP equationDe�ne as usual the singlet parton densitiesu(x; t) =  xPf (qf + �qf )xg(x; t) ! ; t = log�Q2�2� ; (6)



2994 A. Donna
hie, P.V. Landshoffand take their Mellin transform with respe
t to xu(N;Q2) = 1Z0 dxxN�1u �x;Q2� : (7)Then the DGLAP equation reads��tu(N;Q2) = P �N;�s(Q2)� u(N;Q2) ; (8)where P (N;�s(Q2)) is the Mellin transform of the splitting matrix.The normal pro
edure is to expand P (N;�s(Q2)) in powers of �s(Q2).However, this is illegal when N is 
lose to 0. This is well known. Compare,for example, the analogous expansion of the fun
tion (N;�s)) = pN2 + �s �N= �s2N � �2s8N3 + : : : (9)Although ea
h term in the expansion is singular at N = 0, the fun
tion  is not: the expansion is valid only for jN j > �s. Similarly, the terms in theexpansion of P (N;�s(Q2)) have singularities at N = 0 whi
h are surely notpresent in P (N;�s(Q2)) itself. Indeed, it is likely that P (N;�s(Q2)) has norelevant N -plane singularities at all.At any given Q2, expanding the splitting matrix in powers of the QCD
oupling be
omes invalid when one goes to su�
iently small x.At present, we have no other way to 
al
ulate. Lu
kily, if we introdu
ethe two-pomeron parametrisation of the data we 
an partially res
ue thesituation. A �xed-power behaviouru(x; t) � x�" ; (10)as o

urs for ea
h of the terms in (1) 
orresponds tou(N;Q2) � f(Q2)N � " ; f(Q2) = � fq(Q2)fg(Q2)� : (11)If we insert this behaviour into the DGLAP equation (8) and equate the
oe�
ient of the pole at N = " on ea
h side of the equation, we �nd anexa
t equation that des
ribes how f(Q2) evolves with Q2��tf(Q2) = P �N = �; �s(Q2)� f(Q2) : (12)
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al
ulate the evolution of the soft-pomeron term in (1) we needP (N;�s(Q2)) at N = 0:0808. This is dangerously 
lose to N = 0; we
annot make the expansion in powers of �s and do not know how to 
al
u-late the splitting matrix at this value of N . But for the hard-pomeron termwe need P (N;�s(Q2)) for N � 0:4, whi
h is safely away from N = 0 and sothe expansion should be valid.In order to solve the evolution equation (12) for the hard-pomeron 
oef-�
ient fun
tions fq(Q2) and fg(Q2), we 
hose Q2 = 20 GeV2 as our startingvalue. It does not matter what value we take, as long as it is not too small.We also assumed that, at this value of Q2, the 
onventional DGLAP anal-ysis of the data is 
orre
t for values of x down to about 0.01. That is, weassumed that the value of g(x = 0:01; Q2 = 20) extra
ted from the data byMRST [1℄ or CTEQ [2℄ is 
orre
t. Further be
ause, as we have seen, the
harm stru
ture fun
tion is entirely hard-pomeron ex
hange at small x andbe
ause, as is well known, it is dire
tly related to the gluon density, we de-du
e that g(x;Q2) at small x is entirely hard-pomeron ex
hange. Therefore,we know the value of fg(Q2) at Q2 = 20. For the value of fq(Q2) at Q2 = 20we go to our �t to the data, that is we use (2) and (3).We then used (12) to evolve away from Q2 = 20, in both dire
tions. Theresult is rather astonishing: although the phenomenologi
al fun
tion f0(Q2)in (2) rises at large Q2 as a power of Q2, while the solution to (12) ratherrises as a power of logQ2, the two are in extraordinarily good numeri
alagreement over a wide range of Q2. This is shown in Fig. 6. We took 4�avours, with �LO = 140 MeV. We have found [3℄ that the output is thealmost same whether we work to leading order in the 
oupling or next-to-leading.
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Fig. 6. LO and NLO 
al
ulations of the hard-pomeron 
oe�
ient fun
tion, togetherwith the phenomenologi
al �t (2).
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hie, P.V. LandshoffSo, for Q2 greater than about 5GeV2 perturbative QCD des
ribes theevolution of the hard-pomeron 
omponent of F2(x;Q2) extremely well. Thisis a signi�
ant su

ess both for PQCD and for the two-pomeron des
riptionof F2(x;Q2). It is no surprise that perturbative evolution breaks down atsmall Q2; the DGLAP equation is supposed to be valid only for su�
ientlylarge Q2. 5. Gluon densityA

ording to what we have said, the proton's gluon density isxg �x;Q2� = fg(Q2)x�"0� �x;Q2� ; (13)where �(0; Q2) = 1 and �(x;Q2)! 0 as x! 1. A good numeri
al �t to theLO fg(Q2) in the range 5 < Q2 < 1000 is given byfg(Q2) = 0:32 (Q2)1+"0(1 +Q2=1:4)1+"0=2 : (14)At Q2 = 20 GeV2 the MRST or CTEQ LO gluon density is well des
ribedby �(x;Q2 = 20) = (1� x)6. Fig. 7 
ompares our gluon distribution in LOwith those of MRST and CTEQ at two values of Q2. The di�eren
es areevident and be
ome even more pronoun
ed in NLO, where our distributionis mu
h the same but those of MRST and CTEQ are rather smaller andsigni�
antly less steep.In NLO, our gluon distribution turns out [3℄ to be almost the same as inLO. This is be
ause we use the DGLAP splitting matrix only at N � 0:4,where all but one of its elements are almost equal in LO and NLO. As x
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Fig. 7. The LO gluon density xg(x;Q2) at Q2 = 20 GeV2 and 8 GeV2. The CTEQand MRST 
urves are from the Durham Data Base [13℄.
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reases, the 
onventional analysis involves the splitting matrix at progres-sively smaller values of N , where its elements are no longer the same in LOand NLO. At very small x the 
onventional analysis involves very small N ,where it be
omes illegal to use the perturbative expansion of the splittingmatrix.At Q2 = 200 GeV2 and x = 0:0001 our gluon distribution is twi
e as largeas that of MRST or CTEQ. The fa
t that our NLO gluon density is largerthan the 
onventional one at small x will be signi�
ant for experiments atthe LHC.The 
leanest window on the gluon density will be provided by gooddata for the longitudinal stru
ture fun
tion FL(x;Q2). Those data thatexist depend on some assumed parametrisation to separate FL from F2, forexample referen
e [14℄. Fig. 8 shows that already at Q2 = 20 GeV2 there isa 
lear di�eren
e between our predi
tion and that of MRST.
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Fig. 8. The longitudinal stru
ture fun
tion at Q2 = 20 GeV2: data from H1 [14℄with our predi
tion (upper 
urve) and that of MRST [1℄.6. Charm produ
tionIt is standard [15�17℄ that at small Q2 the 
harm stru
ture fun
tionF 
2 (x;Q2) should be 
al
ulated from photon-gluon fusion, 
�g ! 
�
, to some�xed order in �s. This 
al
ulation introdu
es some assumed value for the
harmed-quark mass m
. At large Q2 a resummation to all orders in �sis needed, be
ause of the presen
e of fa
tors of powers of log Q2=m2
 . Thisresummation is a
hieved by 
hanging at large Q2 to the output from DGLAPevolution, where the 
harmed quark mass 
an now be negle
ted. The two
al
ulations have to be mat
hed at some value of Q2. The usual mat
hingis done at a rather small value of Q2, of the order of m2
 , and is sensitive toexa
tly what value is 
hosen.
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al
ulation of photon�gluon fusion with our gluon density and m
 = 1:3 GeV. The results of anNLO 
al
ulation are almost the same, if we in
rease m
 to 1.6 GeV. This
al
ulation used the 
ode of [18, 19℄ with our gluon distribution and m
 asa free parameter. The thi
k lines in the �gure are the �t (4) whi
h, as wehave shown, agrees well with the output from DGLAP evolution for Q2greater than about 5GeV2. So in our approa
h the two 
al
ulations mat
hwell over a range of Q2, from about 5 to 50GeV2.7. The hard pomeronIt used to be a 
entral tenet of high energy physi
s that s
attering am-plitudes are analyti
 fun
tions of all their variables [20℄. A 
onsequen
e ofthis is that a singularity that is present in an amplitude at large Q2 surviveswhen one goes to Q2 = 0. In parti
ular, if the hard pomeron is present atlarge Q2 it should also be present at Q2 = 0.This view is strongly reinfor
ed by the 
harm-produ
tion data shown inFig. 5. The W dependen
e at Q2 = 0 is the same as at higher Q2. Thehard pomeron is not generated by PQCD evolution, though the evolutionmakes it relatively more important as Q2 in
reases. Thus, in the �t we havedes
ribed to F2(x;Q2), there is a small hard-pomeron 
omponent already atsmall Q2, though its signi�
an
e is masked by the mu
h larger soft pomeron
omponent. Both grow with in
reasing Q2, but the hard-pomeron 
ompo-nent grows faster, and at ea
h small value of x it dominates at su�
ientlylarge Q2.Fig. 9 shows the data for the photoprodu
tion 
ross se
tion. The 
urveis our old �t [7, 8℄, with no hard-pomeron term. The data are not yet goodenough to test whether the �t is adequate or whether an extra 
omponent isneeded su
h that indeed the hard pomeron is present already at Q2 = 0. Thesame statement may be made of the LEP data [21,22℄ for �

 , whi
h dependtoo heavily on Monte Carlo simulations that 
orre
t for poor a

eptan
e torea
h any 
on
lusion.If the hard pomeron is present in the total 
ross se
tion for photon 
olli-sions, is the same true for pp 
ollisions? While probably the hard pomeron
ouples to a small obje
t su
h as the photon with larger relative strengththan to a large obje
t su
h as the proton, there is some prospe
t that LHCdata will show that there is a hard-pomeron 
omponent to �pp.What is the hard pomeron? Everybody agrees that the sharp rise inF2(x;Q2) at small x dis
overed at HERA is a 
onsequen
e of gluon ex
hange.Our own belief is that it is 
aused by glueball ex
hange and that the hard andsoft pomerons are just glueball Regge traje
tories. There is some eviden
ethat this is true for the soft pomeron: there is a 2++ glueball 
andidate at
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p total 
ross se
tion; the 
urve takes a

ount of the ex
hange of the softpomeron, f2 and a2.1926 MeV, exa
tly the right mass to be on the soft-pomeron traje
tory [23℄.Another 2++ glueball 
andidate [25℄, at 2350 MeV, 
ould well be on thehard-pomeron traje
tory [24℄.At one time there was a hope that the power "0 of 1=x, whi
h is the hard-pomeron-ex
hange term, might be 
al
ulated from the BFKL and, therefore,that it is a perturbative e�e
t. The soft-pomeron traje
tory surely 
annot be
al
ulated from perturbative QCD. It may be that the glueballs on the hard-pomeron traje
tory are heavy enough for their masses to be 
al
ulated fromPQCD though, with the problems that have arisen with the BFKL equation,it is far from 
lear that PQCD 
an be used to 
al
ulate the inter
ept 1 + "0of the traje
tory. 8. Summary� The 
onventional approa
h to evolution needs modifying at small x.� It 
an be 
orre
ted if we 
ombine it with Regge theory.� But only partly � we 
an only treat the hard-pomeron part.� This is enough to extra
t the gluon distribution.� The gluon distribution is larger at small x than has so far been sup-posed.� It gives a good des
ription of 
harm produ
tion.� We want good data for the longitudinal stru
ture fun
tion.This resear
h was supported in part by PPARC.
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