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IS QUARK SATURATION RELATED TOTHE PAULI PRINCIPLE?A.H. MuelleryDepartment of Physi
s, Columbia UniversityNew York, New York 10027, USA(Re
eived May 5, 2003)Dedi
ated to Jan Kwie
i«ski in honour of his 65th birthdayBelow the saturation momentum the sea quark o

upation numberrea
hes a pure number, independent of any parameters in QCD, reminis-
ent of a Pauli Prin
iple result. We argue, however, that the Pauli Prin
ipleplays no role in this result.PACS numbers: 11.10.�z 1. Introdu
tionThe idea of partoni
 saturation [1℄ is that the o

upation numbers of seaquarks and gluons in the light-
one wavefun
tion of a fast hadron or of alarge nu
leus do not grow so rapidly as the total number of partons but rea
ha limiting distribution, saturation. In the 
ase of quarks the statement isthat below some parti
ular momentum, the saturation momentum Qs; quarko

upations rea
h a pure, geometri
, number independent of any dynami
s.Above the saturation momentum quark o

upation numbers in the light-
one wavefun
tion are small and 
al
ulable using perturbative te
hniques.The saturation result is given below in (11), (12) and (13).Eq. (13) looks very mu
h like the result of a Pauli Prin
iple 
onstraintwhere all levels well below Qs are fra
tionally �lled while all levels well aboveQs have small o

upation numbers. The fa
t that levels lying below Qs
annot have large o

upation numbers is guaranteed by the Pauli Prin
iple.The purpose of the present paper is to examine whether or not it is thePauli Prin
iple whi
h is for
ing quark o

upation numbers not to be large.Our 
on
lusion is that the Pauli Prin
iple does not play an important rolein the emergen
e of (13).y This resear
h is supported in part by the US Department of Energy.(3043)



3044 A.H. MuellerIn Se
. 2 a review of quark saturation in a high-energy light-
one wave-fun
tion is given. The M
Lerran�Venugopalan model [2�4℄ is used for pur-poses of illustration be
ause the 
al
ulation 
an be 
arried to 
ompletionwith little te
hni
al di�
ulty. Be
ause of the use of a te
hni
al result, (7),whi
h may not have 
omplete generality and be
ause the un
ertainty prin-
iple is used in going from (11) to (12) the result (13) should be taken as a�rough� result. O

upation numbers, for momenta below Qs; rea
h a limit,but that limit may not be exa
tly the 1� given in (13) whi
h followed fromthe un
ertainty prin
iple and the M
Lerran�Venugopalan model.In Se
. 3, we show how to deal with the Pauli Prin
iple when doing light-
one perturbation theory 
al
ulations. The Pauli Prin
iple shows up as a
an
ellation of two separate terms when evaluating the overlap of wavefun
-tions where two or more quark�antiquark pairs are present.In Se
. 4, we argue that multi-quark�antiquark loop 
ontributions 
an
elamong themselves in the small x part of a light-
one wavefun
tion. Thisleaves only the one-loop 
ontribution whi
h has no 
onstraint from the PauliPrin
iple. It should be emphasized that the one-loop 
ontribution, that isa 
ontribution linear in Nf ; 
an show up in the light-
one wavefun
tionas many quark�antiquark pairs. Thus all the graphs in Fig. 6 are one-loop, linear in Nf ; but the di�erent 
ontributions, when viewed as light-
onewavefun
tion 
ontributions, have di�ering number of pairs.2. A brief review of quark saturationIt is very simple to derive the form of a saturated quark distribution fora large nu
leus. The form obtained [5�7℄ is expe
ted to be valid also forprotons and other hadrons at small x, but the argument is espe
ially simplefor a large nu
leus where the sea quark distribution 
an be viewed as thesea distribution in the ba
kground �eld (the Weizsä
ker�Williams �eld) ofthe large nu
leus. However, 
al
ulationally it is simplest to determine thesea disribution by s
attering a high-energy virtual photon on a large nu
leusat rest. In this pi
ture the virtual photon splits into a quark�antiquarkpair before rea
hing the nu
leus. The pair then s
atters on the nu
leonsof the nu
leus through one and two-gluon ex
hanges and emerges as a pairof produ
ed quark jets at the ba
k end of the nu
leus. The momentumdistribution of, say, the quark jet is identi
al to the momentum distributionof a sea quark in the in�nite momentum wavefun
tion of the nu
leus, at leastin a parti
ular light-
one gauge, the Kov
hegov gauge [4℄, whi
h eliminates�nal state intera
tions.The s
attering of a high-energy virtual photon on a nu
leus is s
hemat-i
ally pi
tured in Fig. 1 where some sample intera
tions of the dipole withnu
leons in the nu
leus is illustrated. The formula for the sea quark plus
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. . . ...Fig. 1.antiquark distribution is [8℄e2f d(xqf + x�qf)d2bd2` = Q24�2�em Z d2x1d2x24�2 1Z0 dz�12X�  f�T�(x2; z;Q) fT�(x1; z;Q)e�i`�(x1�x2)[Sy(x2)� 1℄[S(x1)� 1℄ ; (1)where x2 is the transverse 
oordinate of the measured quark (or antiquark)in the 
omplex 
onjugate amplitude and x1 is the analogous quantity in theamplitude. S(x) is the S�matrix for the s
attering of a dipole of size x inthe amplitude while Sy represents the s
attering in the 
omplex 
onjugateamplitude. The transverse wavefun
tion of the virtual photon to go into aquark�antiquark pair is fT�(x; z;Q) = ��emN
2�2 z(1� z)[z2 + (1� z)2℄Q2�1=2�efK1(pQ2x2z(1� z) )�� � xjxj ; (2)where �� is the polarization ve
tor of the photon whose dire
tion of motionhas been 
hosen to be along the z-axis.Now jS(x)j2 is the probability that the dipole not have an inelasti
 in-tera
tion as it passes through the nu
leus. We 
an writejS(x)j2 = e�L=� ; (3)where L = 2pR2 � b2 is the length of nu
lear material that the dipoletranverses at impa
t parameter b for a spheri
al nu
leus of radius R, and �is the mean free path for inelasti
 dipole�nu
leon intera
tions. Using� = [��℄�1 (4)with � the nu
lear density one has



3046 A.H. MuellerS(x; b) = exp[�2pR2 � b2 ��(x)=2℄ (5)if we suppose S is purely real. Detailed 
al
ulation gives�(x) = �2�N
 xG(x; 1=x2)x2 : (6)We need one te
hni
al result in order to simplify (1) into a usable form.That result is Sy(x2)S(x1) = S(x1 � x2) (7)whi
h says that when arbitrary intera
tions are allowed in the initial and�nal state the intera
tions with the spe
tator antiquark (or quark), at x = 0in our notation, 
an
el 
ompletely with the result that SyS looks like theintera
tion of a dipole of a size x1 � x2 with the nu
leons of the nu
leus.Thus we may writee2f d(xqf + x�qf)d2bd2` = Q24�2�em Z d2x1d2x24�2 1Z0 dz�12X�  f�T� fT�e�i`�(x1�x2) h1 + e�(x1�x2)2 �Q2s=4 � e�x21 �Q2s=4 � e�x22 �Q2s=4i (8)with �Q2s = CFN
 Q2s (9)and Q2s = 8�2�N
N2
 � 1 �pR2 � b2 xG : (10)Now using (2) it is straightforward to evaluate (8) when `2=Q2s � 1 withthe result [8℄ d(xqf + x�qf )d2bd2` = N
2�4 : (11)We may, roughly, turn this into an o
upation number by using dy = d`z`z 'd`zdbz so that the o

upation number for sea quarks or antiquarks be
omesfq ' (2�)32 � 2N
 d(xqq + x�qq)d2`d2b ' (2�)32 � 2N
 dNq+�qd3`d3b ; (12)where the division by the two 2's 
omes from the 
ounting of spin and parti
leand antiparti
les states. Thus, when `?= �Qs � 1;



Is Quark Saturation Related to the Pauli Prin
iple? 3047fq ' 1� : (13)Be
ause we have used the un
ertainty prin
iple to go to a three-dimensionaldistribution, (13) should be 
onsidered as a rough result. Nevertheless, theresult (13) looks surprisingly like a Pauli Prin
iple result, the o

upationnumber of a parti
ular spe
ies of fermion has a maximum value less than 1.In the following se
tion we shall review the Pauli Prin
iple in the 
ontextof a light-
one wavefun
tion and try to determine whether (13) is related tosu
h a prin
iple. 3. The Pauli Prin
ipleIn light-
one quantization one introdu
es annihilation operators forquarks, br(p; p+); and for antiquarks, dr(p; p+); along with the 
orresponding
reation operators. The free �eld anti
ommutation relations arefbr0(p0; p0+); byr(p; p+)g = Ærr0Æ(p� p0)Æ(p+ � p0+) ; (14)fdr0(p0; p0+); dyr(p; p+)g = Ærr0Æ(p� p0)Æ(p+ � p0+) ; (15)where r; and r0 label spin while p and p+ are transverse and light-
one
omponents of the momentum. The anti
ommutation relations (14) and (15)guarantees that any state ve
tor in the Fo
k spa
e obeys the Pauli Ex
lusionPrin
iple if su
h a state is 
onstru
ted expli
itly using the 
reation operatorsas by and dy:However, when using light-
one perturbation theory it is not 
onvenientto enfor
e the Pauli Prin
iple in this expli
it way. For example, in theM
Lerran�Venugopalan model the valen
e quarks in the nu
leus are viewedas sour
es for non-Abelian Weizä
ker�Williams �elds whi
h then may 
reate(virtual) quark�antiquark pairs as illustrated for the 
ase of two pairs inFig. 2, where the dire
tion of the arrows indi
ates whether the fermion is aquark or an antiquark.The state of two quark�antiquark pairs shown in Fig. 2 is not manifestly thezero state when, say, (p1; p1+) = (p2; p2+): However, the zero appears whenwe 
onsider the overlap (norm) of the state with itself in whi
h 
ase there aretwo distin
t terms when p1 = p2 as shown in Fig. 3 where, for simpli
ity ofillustration, we omit the gluoni
 
onne
tions. We have, as well, suppressedthe spin labels. In Fig. 3 we have taken p1 = p2 = p: If p1 6= p2 then thegraph shown in Fig. 3(b) is absent. Now the terms in Figs. 3(a) and (b)are identi
al. Sin
e the momenta, p; p3; p4 in the wavefun
tion and 
omplex
onjugate wavefun
tion are exa
tly identi
al in the amplitude and 
omplex
onjugate amplitude for the two graphs there is no di�eren
e in their values.
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4Fig. 2.We impose a di�eren
e by assigning an extra (�1) to the graph shown inFig. 3(b) to make the light-
one perturbation theory 
al
ulation agree withthe Feynman graph 
al
ulation. In addition the graph of Fig. 3(a) hasgeneri
ally a 
ounting fa
tor (Nf )2 while that of Fig. 3(b) gets only a Nffa
tor. But these fa
tors are exa
tly right to give a 
an
ellation betweenthe two graphs in 
ase the two p�lines in Fig. 3(a) have identi
al 
olors,spins and �avors. If the two p�lines do not have identi
al 
olors, spins and�avors there will not be a 
an
ellation. This is how the Pauli Prin
ipleemerges in doing light-
one gauge perturbation theory 
al
ulations. It isstraightforward to see that the identi
al 
an
ellation 
ontinues to o

ur alsofor s
attering pro
esses and when more than two quark�antiquark pairs arepresent in the light-
one wavefun
tion.
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iple? 30494. Can
ellation of multi-fermioni
 loopsIn this se
tion we are going to show that, when used to determine thequark number density, the graphs of Fig. 3(a) 
an
el with similar two fermionloop graphs, but where one of the fermion loops o

urs at times before thequark density is measured. We shall demonstrate this 
an
ellation only ina simple example and then 
omment on the 
ir
umstan
es where one 
anexpe
t the 
an
ellation to be valid. To that end 
onsider the graphs inFig. 4. The two solid lines at the top of the graphs are two valen
e quarks,
oming from di�erent nu
leons, whi
h serve as sour
es in the M
Lerran�Venugopalan model. The sea quark p; marked with an x in the graph is thequark given by, say, (12) or (13). However, the sum of the 
ontributionsof the various graphs of Fig. 4 gives a zero result for the �observed� quarkdensity be
ause of the 
an
ellation between the term where the se
ond quarkloop appears in the state at the time of observation of the quark p and theother terms where the se
ond quark loop appears only at earlier times inthe amplitude or 
omplex 
onjugate amplitude. This 
an
ellation is thesame as the well-known 
an
ellation shown in Fig. 5 representing the fa
tthat the probability that the system has a quark�antiquark 
omponent inits wavefun
tion due to virtual pair emission must be 
ompensated by ade
rease in the probability of the other 
omponents of the wavefun
tion.
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+ + +Fig. 5.Su
h a 
an
ellation is 
ertainly not a 
ompletely general phenomenon. Forexample, gluoni
 intera
tions between the two fermioni
 loops of Fig. 4 woulddestroy the 
an
ellation by 
orrelating the fermioni
 loops. However, su
hintera
tions are higher order in � with no enhan
ing logarithmi
 fa
tors, andso 
an be expe
ted to be small. If the two fermioni
 loops 
ome from separate
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Fig. 6.BFKL evolutions or from sour
es in the M
Lerran�Vengopalan model the
an
ellation again will be e�e
tive. So long as the fermion pairs are at smallvalues of x we believe they will not be strongly 
orrelated and hen
e that thequark density in the light-
one wavefun
tion is determined from single-loopgraphs of the form shown in Fig. 6. For these graphs the Pauli Prin
iple doesnot give 
onstraints on the value of the quark density. Thus we believe thatit is not the Pauli Prin
iple whi
h leads to limits on the sea quark densityin the light-
one wavefun
tion of a fast hadron or of a large nu
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