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A saturation model of high energy scattering is analysed, taking into
account the impact parameter dependence. The unitarisation is assumed
to occur independently at each transverse location. In the single scattering
regime the amplitude has features characteristic for the hard Pomeron, and
at very high energies the soft Pomeron trajectory is obtained. It is shown,
how the string tension may be embodied into the saturation model, linking
the Regge phenomenology, the hadron structure and the saturation model.
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1. Introduction

Accurate description of hadron scattering at high energies continues be-
ing a challenge. Only the perturbative regime, probed e.g. in deep inelastic
scattering experiments, is well understood. Amplitudes for soft processes
are still incomputable from first principles. Thus, much activity has been
recently directed towards extending the perturbative results for semihard
processes into the non-perturbative domain. A reasonable extrapolation of
this kind must be based on general features of the theory. For the high energy
scattering, the guideline has been provided by the unitarity constraints.

In the perturbative picture of hadronic interactions the total cross section
is dominated by the exchange QCD Pomeron. In the leading logarithmic
approximation the imaginary part of the forward scattering amplitude is
given by the BFKL equation [1]. Solutions to this equations exhibit a power
like dependence on the collision energy, s*7, with the Pomeron intercept
ap ~ 1.3. Consequently, the increase of the total cross section with energy,
o ~ s*P~1 if continued, would eventually lead to a violation of the Froissart
unitarity bound [2]| valid for theories with no massless excitations.
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The apparent violation of unitarity is a consequence of the approxima-
tion, restricted to a single exchange of the BFKL pomeron. Beyond this ap-
proximation, multi-pomeron exchange and multi-pomeron interaction should
be taken into account. These contributions increase with energy faster than
the hard pomeron amplitude and a resummation is necessary. The resumma-
tion of leading terms was performed in perturbative QCD by Balitsky [3] and
Kovchegov [4] in a special case of a small onium scattering off a large target
(nucleus). Solutions to the Balitsky-Kovchegov (BK) evolution equations
give unitary amplitudes.

It was assumed in most studies of the BK equation that the dependence
on the impact parameter may be neglected. In this case the equation gives
a unitary S-matrix, with no diffusion in the impact parameter [4-8]. It
had been overlooked until recently, however, that the correct treatment of
the BK equations implies a power-like growth of the interaction region with
energy [9]. Clearly, this result contradicts the Froissart bound, in spite of
unitarity of the scattering matrix at each impact parameter. The conflict
is caused by the assumption that the gluon range is infinite, used in the
derivation of the BK kernel. The discrepancy disappears when the confining
properties of the QCD vacuum are taken into account, restricting the gluon
range to distances smaller than one fermi. Thus, the parameters of confining
vacuum necessarily enter the high energy scattering amplitudes.

Analysis of the BK equation inspired the Golec-Biernat—Wiisthoff (GBW)
saturation model [10], which is a surprisingly simple and efficient parametri-
sation of the colour dipole cross section, assuming unitarisation of the hard
Pomeron. With this model, low-z data from HERA on the total virtual
photon—proton cross section were successfully fitted for all virtualities down
to the photoproduction limit. Even more surprisingly, the diffractive cross
section was also correctly reproduced. In addition, the two-photon cross
sections at high energies were fitted by a generalised saturation model [11].
We may conclude that the saturation model provides a sensible treatment
of both the perturbative and the nonperturbative regime of high energy scat-
tering. A natural question arises, whether the saturation model may give
insight into a deeply non-perturbative phenomenon of the soft Pomeron ex-
change, see e.g. [12,13].

When reconciling the saturation model with the Regge model one en-
counters a subtle problem. Namely, linearity of Regge trajectories has
a natural explanation in the string picture of QCD, with effective colour
strings (tubes) connecting colour charges. In particular, the slope of both
the Reggeon trajectory o, and the soft Pomeron trajectory op are uniquely
determined, being inversely proportional to the string tension x. Thus, this
parameter of the non-perturbative QCD should also enter the saturation
model.
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In this paper it will be demonstrated, that the string tension may is nat-
urally built into a saturation model with the impact parameter dependence.
The necessary assumption is that the impact parameter profile of the inter-
action is given by matter density in the target hadron. Furthermore, the
parameters of the Pomeron trajectory obtained from the proposed satura-
tion model will be shown to agree both with the results from effective string
picture and with experimental values.

2. The Regge model

Let us consider elastic scattering of hadrons at c.m.s. energies squared
s much larger than the typical hadronic scale sq. We focus on the forward
peak, so the momentum transfer |t < s (¢ < 0). In the Regge model the
elastic amplitudes are governed by singularities in the complex angular mo-
mentum plane. Assuming, that the dominant contribution to the amplitude
comes from a single Regge pole, one gets

MR(S,t) = FR(t)SaR(t) ) (1)
with the linear Regge trajectory
agr(t) ~ ag + dpt, (2)

and Fg(t) characterising the form-factors of the colliding hadrons. At very
high energies, the leading contribution to the amplitude comes from the
Regge trajectory with vacuum quantum numbers — the Pomeron. The
subleading Reggeons have smaller intercepts ar < ap, and may be neglected
in the asymptotic limit s — oc.

The trajectories of subleading Reggeons may be extrapolated to positive
values of ¢, that is from the scattering regime to the resonance regime. Fami-
lies of states with masses M; are then found along the trajectory, with spins
equal to ar(M?). The trajectories are approximately linear, both in the
scattering and in the resonance domain. Such a behaviour naturally follows
from the string picture of quark interaction at large separations. The sub-
leading Regge trajectories may be related to mesons — open string states,
characterised by the value of slope

1
/
Qp = Ik’ (3)
where the string tension & ~ 0.18 GeV?2.

In the effective string language, the Pomeron may be interpreted

as an exchange of a closed string!. The resonances associated with the

! This statement may be motivated, for instance, by the cylindric topology of the
perturbative two gluon ladder in the large N, limit.
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Pomeron should be, therefore, glueball states (see e.g. Ref. [14]). Recently,
the Pomeron exchange was studied [15, 16] using a correspondence between
QCD in four dimensions and a fundamental string theory in a special back-
ground geometry (the AdS/CFT correspondence [17,18]). This approach
gives the Pomeron slope

o = 7 )

and the Reggeon slope consistent with (3). These results reasonably agree
with experimental values o/ ~ 0.9 GeV~2 and o/p ~ 0.25 GeV~2 [14].

Assuming the Regge form of the elastic amplitude M, the parameters of
the Pomeron trajectory can be determined,

ap = 9 log M(s,t)

5 , ©

t=0

and
2

0

OéIP = m log M(S,t)
where we introduced a variable y = log(s/sg) related to typical rapidity of
the interaction. We consider also the slope parameter B(s) defined by the
relation do®\(s,t)/dt ~ do®/dt(s,t = 0) exp(B(s)t). It follows that

; (6)

t=0

B(s)=2 2log./\/l(s,t)

v (7)

t=0

3. The saturation model

The GBW saturation model is formulated in terms of colour dipole scat-
tering off a target proton. At high collision energies /s, the dipole size r
and the impact parameter b are invariant in the interaction. The dipole—
proton cross section is parametrised by oq(r,s) = og[l — exp(—r?/4R%(s))]
with R%(s) ~ s and A = 0.29. The steep rise of the cross section
oq(r,s) ~ (s/s0)* for small values of r?/R?(s), characteristic for the hard
Pomeron, saturates to a constant oq at r2/R%(s) > 1. In this formula-
tion, the impact parameter profile of the interaction is implicitly given by
the Heaviside function, So(b?) = 0(by — b). We will relax this simplifying
assumption, allowing more realistic profiles.

For the sake of generality, we shall neglect the hadronic wave function
effects and focus on a single dipole scattering. The high energy dipole scat-
tering amplitude is dominated by the imaginary part, thus one introduces a
real function IV, defined by

My (7, b,s) = isN(7,b,y) . (8)
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The total cross section for the dipole scattering is expressed in the standard
way

oalr.s) = 2/de N(,B.y). (9)
We shall use the following form of the function IV,
N(7b,y) = N(p(r?,5)S(5)). (10)

This choice is based on the assumption that scattering amplitudes at dif-
ferent values of the impact parameter are independent. The argument
p(r?,4)S(b?*) may be interpreted as an amplitude for a single scattering.
Thus,

N(p(r?,y)S(%) = p(r*,y)S(b*) for p(r*,y)SE*) < 1. (11)

On the other hand, in the blackness limit the amplitude saturates the uni-
tarity bound

N(p(r?,y)S(b*) = 1 for p(r? y)S(h?) — . (12)

Those properties are realized, for instance, by a natural extension of the
GBW model incorporating a non-trivial impact parameter dependence

N(7,b,y) = 1 — exp[—(r*/r{) exp(Ay) S (b*)] , (13)

The solution to the Balitsky—Kovchegov equation without impact parameter
dependence suggests another choice of the unitarising function [7], N(v) =
v/(1 + v), so one may also consider

(r2/r3) exp(Ay) S (b%)

VB = T3 exp) S0P .

a convenient parametrisation for analytic considerations.

The features of the impact parameter profile S(b) are essential in the
further analysis. The presence of mass gap in QCD implies that the large
values of the impact parameter should be at least exponentially supressed.
The exponential tail of S(b) would lead to cross section o(s) ~ log? s satu-
rating the Froissart bound, up to a constant factor. In fact, the Gaussian
tail of the profile function is necessary to obtain the linear Regge trajectory
from the saturation model. Thus, we assume

S(b%) = exp(—Ab%). (15)

In Sec. 4 it will be shown that this form of S(b) is dictated by the properties
of the confining QCD vacuum.



3074 L. MOTYKA

The elastic scattering amplitude of the colour dipole with momentum
transfer t = —q? is dominated by its imaginary part,

— —,

M(s,t = —¢%) = 2is/d2b N (7, b,y) exp(igh) (16)

and consequently the elastic cross section reads

2

—,

dog 1

2 /d?b N(F,B,y) expl(igh) (17)
The slope parameter is given by
-y Lk, g
Let us introduce a useful variable
&€= p(r,y)S("). (19)

Then

<
™

o(
I s d§ :O(Tgay)
d?bB? N(7,b,y) = — =) N(©). (20)
/ A? / 5 < 3 )

The leading term at large p(r2,y) can be extracted in a general case, using
the fact that N(§) ~ 1 for £ > 1,

[ 0 NGB = T 086 ) + Ollogle) . (21)

Analogously we find

/ Pb N(7,By) = " log(p(r?,)) +0(1). (22)

Therefore, the slope parameter

Bly) = 77 08(p(r* ) + O(1) (23)

and
o — 9 log(p(r?,y))
P oy 8A ’
Note, that for very large rapidities, the slope is governed by the long distance

behaviour of S(b?). Thus, the latter result is universal for all distributions
with Gaussian asymptotics.

(24)
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In the saturation model framework, p(r2,y) corresponds to single ex-
change of a perturbative pPomeron, characterised by an exponential depen-
dence on the rapidity

p(r®,y) = c(r®) exp(Ay) , (25)

where 1 4+ A ~ 1.3 is the hard Pomeron intercept and ¢(r?) is an increasing
function of the dipole size. Therefore, we find a simple relation connecting
the intercept of the hard (bare) Pomeron with the slope of the soft (uni-
tarised) Pomeron
, A
ap=g7-

The parameter A of the impact parameter dependence is dimensionful and
one expects that it should contain information about the dimensionful pa-
rameter of QCD vacuum — the colour string tension «. It will be suggested
in the next section that, indeed, these parameters may be linked.

Assuming (25), one finds the unitarised Pomeron intercept for the Gaus-
sian profile may be found from (22)

(26)

1

y +logc(r?)’ (27)

ap(y) =1+
for y + logc(r?) > 1. The normalisation of c¢(r?) depends on the energy
scale used in the definition of rapidity, so we specify y = log(s/sg) with
59 = 1 GeV2. Then, the information contained in the GBW model? may
be used to obtain ¢(r?) ~ 1 for large dipoles with r ~ 1 fm, and within
the model uncertainty, |logc(r?)| is a number of order of one. Thus, for the
case of two light hadron scattering at y > 1, it is enough to retain only the

leading dependence on y
1
ap(y) zl—i—;. (28)

The intercept slowly varies with collision energy, but for asymptotically high
energies the limit ap = 1 is approached. It is interesting to compute the
value of effective intercept for the energy range probed experimentally. Tak-
ing into account the model uncertainty, one obtains ap = 1.11 4+ 0.01 at
Vs =100 GeV, ap = 1.08 £ 0.006 at /s = 500 GeV and ap = 1.07 + 0.004
at /s = 1.8 TeV. These values are rather close to the famous value ap = 1.08
of the Donnachie-Landshoff Pomeron [19].

A similar analysis may be performed for the exponential profile S(b?) ~
exp(—AEP)p). One finds ozgSXp) ~ 1+ 2/y and o/P(eXp) = \2y/(2A(xP))2,
Clearly, this scenario is strongly disfavoured by the data due to the increase
of o/p with rapidity and too high values of the effective intercept.

% In fact, one needs to know also details of S(b%) so we anticipated the result of Sec. 4.
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4. Matter distribution in the hadron

Let us consider a simple model in which a hadron is represented by a
bound state of two light quarks and focus on the large distance behaviour
of the wave function. In such case, only the effects of confinement are rele-
vant and the short-range perturbative interaction may be neglected. In this
approximation the Hamiltonian for two quarks, with the mass m, connected
by the coloured string with the string tension x, takes the form [20]

H(ﬁl,ﬁQ,F):\/p%+m2+\/p%+m2+m|1:'|, (29)

where p} and p5 denote the quarks momenta in the meson rest frame and ¥
is the quark—anti-quark separation vector. Note, that transverse oscillations
of the string are suppressed, so that the string energy is proportional to the
string length. The spectrum and eigenstates of the problem were found in
Ref. [20,21]. In the limit of very small quark masses, m? < s the wave
function of the ground state is given by [21]

$(71) = (k)7 exp(—rri/2) (30)

with the quark position with respect to the centre of mass given by the
three-dimensional vector 71 = /2, with the longitudinal component r|| and

the transverse one b. The profile of the scattering amplitude in the impact
parameter plane is related to matter density in the target hadron, S(b%) ~
de|||1ﬁ(F1)|2, thus

S(b%) = exp(—rb?). (31)
This form of the profile function explicitely depends on the string tension

and will be used in the next section to reconcile the saturation model with
the string picture of high energy scattering.

5. String tension and the saturation model

We arrived at the point where a quantitative comparison between the
saturation model and the string model of high energy scattering can be
performed. First, we recall the crucial assumptions:

Al. the unitarisation occurs at each value of the impact parameter inde-
pendently;

A2. the profile of the interaction in the impact parameter is given by the
matter density in the target hadron;

A3. the large distance behaviour of the hadron wave function is the same
as that of two light quarks connected by a colour string.
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Then, from (15), (26) and (31) one deduces that the Pomeron slope in
the saturation model,
A
ap = 8k )
is a function of the string tension. This should be compared with the slope
value from the string picture [15,16]

(32)

1
= 33
ap Qs (33)

Both the results depend reciprocally on the string tension and they would
be identical if

A==, (34)

1
iy
that is A ~ 0.32, a value fitting well the hard Pomeron phenomenology.
Conversely, using the hard Pomeron intercept from the GBW model and
the string tension x = 0.18 GeV 2, one gets ap ~0.2 GeV~2, in reasonable
accordance with the experimental measurement.

Our findings may be summarised by the following form of the unitarised
Pomeron trajectory at large energies:

1 A
Ozp(S,t) = <1 + m) + @t. (35)

This result is based on a rather general assumptions and is relevant for a

wide class of models. Recall also, that the model describes the hard Pomeron

exchange when the unitarity corrections are small, giving agard) =14+

and o, — .
P

It is remarkable, that the simple saturation model reproduces well the
parameters of the soft Pomeron trajectory. Let us stress, however, that
in the current formulation, we strongly rely on the assumption Al of the
local saturation. Certainly, validity of this postulate may be questioned.
First, the colour dipole has some size, which may contribute to the impact
parameter profile of the scattering amplitude. Furthermore, some diffusion
of the colour dipoles should occur and finally, the range of gluon exchange
“smears out” the matter distribution in the target. A more elaborated model
of colour exchange dynamics should definitely address these issues. In such
a model the values of parameters may get changed and some details may
get reinterpreted. Still, we expect that the crucial features of the present
approach should remain. In particular, the linear Regge trajectories suggest
the Gaussian form of the profile, with the width expressed by the colour
string tension.
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6. Conclusions

A simple saturation model incorporating an impact parameter depen-
dence was proposed, based on the assumption of local unitarisation in the
impact parameter plane. An amplitude was investigated of a colour dipole—
hadron elastic scattering at small momentum transfer. The results were
interpreted in terms of the Regge model, both the intercept and the slope
of the Pomeron trajectory were determined. It was shown, that the Gaus-
sian distribution of the single scattering amplitude in the impact parameter
plane is preferred by the experiment.

We pointed out that the soft Pomeron may be understood either as
an effective colour string exchange or as a unitarised hard (perturbative)
Pomeron. The dual interpretation of the soft Pomeron implies that there
exists an intimate connection between these two approaches. In particular,
the colour string tension should enter the saturation model. We suggested
that the colour string dynamics which governs the light hadron structure
may provide the missing link. Namely, we observed that matter density in
a “stringy” hadron has the Gaussian profile, whose width squared is propor-
tional to the string tension. The exact quark-antiquark wave function was
used as an input into the saturation model and consequently the recipro-
cal dependence of the Pomeron slope on the string tension arose. Both the
intercept and the slope of the soft Pomeron trajectory were found to agree
well with experimental results.

The analysis suggests that the impact parameter dependent saturation
model may be applicable for soft hadronic processes. The trajectory of the
soft Pomeron emerges as a result of subtle interplay between perturbative
physics of the hard Pomeron and the confining properties of the QCD vac-
uum. It is an intriguing question whether this matching is just a coincidence
or, it is rather a deep consequence of the underlying theory.
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