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WHAT EXACTLY IS A PARTON DENSITY?John C. CollinsPhysis Department, Penn State University, 104 Davey LaboratoryUniversity Park PA 16802, USAemail: ollins�phys.psu.edu(Reeived April 14, 2003)Dediated to Jan Kwiei«ski in honour of his 65th birthdayI give an aount of the de�nitions of parton densities, both the on-ventional ones, integrated over parton transverse momentum, and unin-tegrated transverse-momentum-dependent densities. The aim is to get apreise and orret de�nition of a parton density as the target expetationvalue of a suitable quantum mehanial operator, so that a lear onnetionto non-perturbative QCD is provided. Starting from the intuitive ideas inthe parton model that predate QCD, we will see how the simplest operatorde�nitions su�er from divergenes. Corretions to the de�nition are neededto eliminate the divergenes. An improved de�nition of unintegrated partondensities is proposed.PACS numbers: 12.39.St, 12.38.Aw, 12.38.Bx1. IntrodutionCentral to many of the phenomenologial appliations of QCD are par-ton densities (or parton distribution funtions � pdf's). The reasons arequite easy to understand, sine the primary tool for making sattering al-ulations in quantum �eld theories is weak oupling perturbation theory.Beause QCD is a theory of the strong interation, simple �xed-order per-turbation theory is useless for almost all physial ross setions and ampli-tudes. But when a suitable large momentum sale Q is present, we appealto fatorization theorems to separate the momentum and distane sales ina reation. The asymptoti freedom of QCD then allows us to use low-orderperturbation theory in powers of �s(Q) to estimate the short-distane partsof ross setions.Pdf's (and related quantities, like fragmentation funtions, parton dis-tribution amplitudes, and generalized parton densities) ontain the non-perturbative parts of the physis. Beause they are universal, the same(3103)



3104 J.C. Collinspdf's appear in all reations. They an be measured in a limited set ofreations and then perturbative alulations of hard sattering and pdf evo-lution enable us to predit, from �rst priniples, ross setions for manyother proesses. The suesses of this formalism are well-known.A simple example is the fatorization theorem for a deep-inelasti stru-ture funtion:F1(x;Q2) =Xi 1Zx d�� C1i(x=�;Q2=�2; �s(�)) fi(�; �) ; (1)valid up to power-law orretions at high Q. The standard lowest orderalulation gives C1i = 12e2i Æ(x=� � 1).Although QCD and fatorization appear to form a mature �eld, theonepts of parton densities and fatorization as presented in muh of theliterature are quite problemati. In fat, as we will see in Se. 2, many of thede�nitions of pdf's in the literature, if taken literally, are wrong. This shouldbe, and often is, onfusing to students of the subjet, even though solutionsto the problems are often well known to experts. Let us just take this asa symptom of the di�ulty of our subjet, that of making �rst priniplespreditions from a strongly interating, relativisti, quantum many-bodytheory.To improve this situation, to make the onepts preise, is partiularlyimportant given the entral role that alulations based on fatorizationtheorems play in extrating physis onsequenes from data in high-energyexperiments. Furthermore, as searhes for new physis get more sophis-tiated, elaborations of the QCD fatorization theorems are needed. Forexample, Monte-Carlo event generators are ommonly used to estimate ex-lusive omponents of inlusive ross setions. They are generally onsideredto be theoretially based on the fatorization theorem. But beause a de-tailed and exat treatment of parton kinematis is needed, some kind ofunintegrated pdf is needed if the oneptual foundation is to be sound.In addition, de�nitions of parton densities form an important link be-tween treatments of non-perturbative bound states in QCD and their appli-ation, via fatorization theorems, to measurable sattering ross setions.For this link to work, the de�nitions must be orret.For issues that are not given spei� referenes, the reader an refer tostandard referenes, for example the book by Ellis, Stirling and Webber [1℄,the review of fatorization theorems by Collins, Soper and Sterman [2℄, andthe CTEQ handbook [3℄.



What Exatly is a Parton Density? 31052. Development of de�nitions of pdf's2.1. Parton modelThe basi ideas of pdf's and the parton model are due to Feynman [4℄ andpredate QCD. Consider deep-inelasti sattering (DIS) in the e�p enter-of-mass frame � Fig. 1. An eletron arrives from the left and undergoes awide-angle sattering. A highly time-dilated and Lorentz ontrated protonarrives from the right; it is symbolized by the squashed blob with 3 dotsinside (for the valene quarks). For numerial illustration, suppose thatQ2 = 104GeV2 and x = 0:5 at the HERA energy, ps ' 300GeV. The hardinteration ours with one onstituent over a sale 1=Q, about 0:01 fm. Inontrast the transverse size of the proton is about 1 fm.
Fig. 1. Deep-inelasti sattering.The parton model starts from the reasonable supposition that the inter-ations binding quarks our on a time sale 1 fm= in the rest frame of theproton, and that these get time dilated in the enter-of-mass frame, to about100 fm= under the above onditions. This suggests that during the intera-tion of the eletron with the hadroni system, it is a useful approximation toassume that the eletron interats with a single fast-moving onstituent, orparton, of the proton, and to neglet the strong interations of the partonwith the rest of the proton. That is, the inoming parton is approximatedas a free partile for the purposes of alulating the interation with theeletron.Of ourse, we know that this approximation and the arguments leadingto it are not exatly orret in QCD and other quantum �eld theories. Evenso, the argument ontains a ore of truth, and it leads to the followingformula for the struture funtions2xF1(x;Q2) = F2(x;Q2) =Xi e2i xfi(x) +O(�s(Q)) ; (2)where I have indiated the order of magnitude of the known QCD orretions(di�erent for 2xF1 and F2, of ourse).



3106 J.C. CollinsAt this level, the pdf fi(x) is informally de�ned as the single partiledensity of a parton of frational momentum x and �avor i in a fast movinghadron. The parton-model formula agrees with the orret fatorizationresult in QCD when the hard-sattering oe�ient is given its lowest-orderapproximation and the DGLAP-evolved pdf's are evaluated at a sale oforder Q. 2.2. Light-front quantizationFurther progress was made by Bouhiat, Fayet and Meyer [5℄ and Soper[6, 7℄. They observed that the parton model an be implemented in �eldtheory if one assumes1 that the dominant ontributions have the form of the�handbag diagram� of Fig. 2(a), and that the intermediate quark has limitedtransverse momentum and virtuality. A de�nition of quark pdf's results thatan be readily interpreted when light-front quantization is used to de�neannihilation and reation operators ai(k+;kT; �) and ayi for partons. Here� labels the heliity of a parton, and i its �avor.
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(b)Fig. 2. (a) Handbag diagram for DIS. (b) Struture of general leading region forDIS. The upper blob has lines with large transverse momentum, and the lower blobhas lines with low transverse momentum.In this framework, the number density of quarks2, as a funtion of fra-tional longitudinal momentum and transverse momentum is [7℄Pi(x;kT) = 1(2�)32xhpjpi hpj aiyai(xp+;kT; �) jpi: ?? (3)The target of momentum p� is assumed to be moving in the z diretion, andthe normalization fator follows from the normalizations of the operators.The somewhat symboli division by hpjpi is to be implemented by replaingthe state jpi by a wave paket state, everywhere in Eq. (3), and by thentaking the limit of a momentum eigenstate. In QCD the above de�nition is1 These assumptions are not exatly orret in QCD, of ourse. But the line of argu-ment they lead to is useful to explain the de�nitions of pdf's.2 A similar de�nition an be given for the gluon distribution.



What Exatly is a Parton Density? 3107not orret as written, as we will see; this is indiated by the ?? symbol.However, sine the parton model and the intuitive spae-time piture moti-vating it are approximately orret, a orret de�nition will be struturallysimilar.The pdf an readily be expressed in terms of a quark orrelation funtion:Pi(x;kT) = Z dy� d2yT16�3 e�ixp+y�+ikT�yThpj � i(0; y�;yT)+ i(0) jpi : ??(4)The position vetor is de�ned in light-front oordinates withy� = (y+; y�;yT) = � 1p2(y0 + y3); 1p2(y0 � y3); y1; y2� : (5)These de�nitions of Pi(x;kT) are of a so-alled �unintegrated pdf�. For theparton model for DIS we need the integral over all kT:fi(x) = Z dy�4� e�ixp+y�hpj � i(0; y�;0T)+ i(0) jpi : ?? (6)A many-body physiist (e.g., [8℄) would bring in the onept of a �responsefuntion�. However, the de�nitions of pdf's are tailored to their use in fa-torization theorems for ultra-relativisti sattering. Thus there are someinteresting di�erenes ompared with ondensed matter or nulear physis,whose exploration deserves a separate disussion.One problem with the above de�nitions is that they are not gauge-invariant. A seond problem for the integrated pdf fi is that it is UVdivergent: the integral over kT diverges at large kT, as an be readily demon-strated from low-order Feynman graphs. There is a third problem, whihis more di�ult to explain, but whih is at the root of the most interest-ing QCD issues. This onerns the divergenes that arise when one solvesthe gauge invariane in the most natural way, by applying the de�nitionsin the light-one gauge A+ = 0; these divergenes are assoiated with the1=k+ singularities in the gluon propagator. Essentially the same divergenesarise when the de�nition (6) is made gauge-invariant in the natural way, byinserting Wilson lines in the appropriate light-like diretion. If QCD werea superrenormalizable theory with a salar gluon, none of these problemswould arise.The primary topi of this artile is to explain how these problems areto be solved, so that a orret de�nition of pdf's an be made. A orretde�nition is one that allows a valid fatorization theorem to be derivedorretly. So problems with the de�nitions are orrelated with ompliationsin the derivation of fatorization.



3108 J.C. Collins2.3. Renormalized operators: a valid de�nition of integrated pdf'sFirst, let us onsider the UV divergenes in integrated pdf's.It is important to remember that there are (at least) two kinds of fa-torization theorem. The �rst are the lassial ones [1�3℄, like Eq. (1); theyinvolve integrated pdf's. The seond kind are for proesses suh as the Drell�Yan proess at low transverse momentum [9℄; these use the unintegratedpdf's. Another example of a proess of the seond kind is semi-inlusive DIS(SIDIS) when the transverse momentum of a �nal-state hadron is measured:this proess needs not only unintegrated pdf's but also the orrespondingunintegrated fragmentation funtions. Unintegrated pdf's have found im-portant uses in treatments of polarized sattering [10, 11℄.The fatorization theorems we are onerned with are those that havebeen proved, or at least stated, for the whole leading power behavior of rosssetions. This is in ontrast to the many interesting results that arise froma leading-logarithm analysis of perturbation theory.For fully inlusive DIS, the general struture of leading regions is sym-bolized in Fig. 2(b). The onsequenes for fatorization are as follows.First, there may be extra ollinear gluons exhanged between the proton-ollinear subgraph and the hard-sattering subgraph. These gluons are al-lowed for [12�15℄ when integrated pdf's are de�ned with a Wilson line be-tween the quark and antiquark �elds; the resulting pdf's are gauge invariant.A seond ompliation is that hard sattering subproess an be arbitrar-ily more ompliated than the Born graph used in the handbag diagram.However, apart from the gluons that give the Wilson line fator, the hardsattering has the minimum possible number of external parton lines, toavoid losing a power of Q. A single graph an have many di�erent regions,and this is orrelated with the fat that the integrated pdf's as de�ned beloware UV divergent. However, the end result is that a valid fatorization theo-rem holds if �nite pdf's are de�ned by ordinary UV renormalization of theirUV divergenes, and if the hard sattering oe�ients are onstruted withsuitable subtrations. In that ase we have a valid pdf de�ned by [13, 16℄fi(x; �) = Z dy�4� e�ixp+y�hpj � i(0; y�;0T)W [y; 0℄+ i(0) jpiR: (7)The lak of the ?? symbol indiates that this is a valid de�nition, as far asI know. Here W [y; 0℄ indiates a Wilson line (i.e., a path-ordered exponen-tial of the gluon �eld) along the light-like straight line from the point 0 to(0; y�;0T). The subsript `R' indiates that the operator is renormalized.The renormalization group equations for the dependene on the renormaliza-tion sale � of pdf's de�ned in this fashion are just the well-known DGLAPequations.



What Exatly is a Parton Density? 3109However, as we will see in Se. 2.4.1, the presene of UV divergenesremoves the possibility of literally interpreting these pdf's as number densi-ties. The fatorization formulae merely permit them to be used as if they arenumber densities, sine the fatorizations have the form of pdf's onvolutedwith a short-distane ross setion.Another possible method of dealing with the UV divergenes in the inte-gral over all kT is to de�ne an integrated pdf by an integral over a restritedrange jkTj < Q, as advoated by Brodsky and his ollaborators [12, 17℄:fi(x;Q) = ZjkTj<Q d2kT Pi(x;kT) : ?? (8)As we will see in Se. 2.4.1, the need for renormalizing the quark �eldsstill gives di�ulties with a number interpretation. More importantly, thisde�nition has divergenes � see Se. 2.4.2 � assoiated with the use of thelight-one gauge (or of the orresponding light-like Wilson lines), ontraryto the ase when the integral is over all kT, as in Eq. (7). Observe thatthe DGLAP sale dependene with de�nition (8) arises not only from theexpliit upper uto� on kT but also from the anomalous dimension of thequark �elds in the de�nition of the unintegrated density Pi(x;kT).2.4. Light-one gaugeFig. 2(b) has extra exhanged ollinear gluons ompared with the hand-bag diagram. One way of treating them [12℄ is to use light-one gauge,A+ = 0, where these gluons are power-suppressed. Correspondingly, theWilson line W [y; 0℄ in Eq. (6) is unity in this gauge, so that one an try tode�ne pdf's by applying the non-gauge-invariant de�nitions (3), (4), and (6)in the A+ = 0 gauge.This is in fat the natural gauge for implementing light-front quanti-zation, so that these de�nitions give an elegant interpretation of abstratoperator de�nitions like Eq. (7), as expetation values of number operators.Now, it is true that the divergenes should anel in a gauge-invariantphysial quantity, like a ross setion. So it ould be argued that the diver-genes in theorists' onstruts like pdf's are not really relevant. However theanellation of divergenes only holds if the physial quantity is omputedexatly or in some partiular given order of perturbation theory. Unfortu-nately, fatorization provides approximations that mix di�erent orders. Forexample, the result of a RG improved alulation of DIS struture funtionhas the shemati formF (Q) = f(�0) exp" QZ�0 (�s(�)) d�=�#C(Q=�) : (9)



3110 J.C. CollinsThe value of the pdf f(�0) is obtained from �ts to data; it must be onsid-ered as exat, omplete with all non-perturbative ontributions. Both theevolution kernel  and the hard sattering oe�ient C are omputed in per-turbation theory trunated to some low order. The power of RG methods isthat they show how make these approximations orretly and systematially.The trunations of perturbation theory in the hard sattering fator andin the anomalous dimension in the exponent mean that an approximationto the struture funtion3 is not made at a single �xed order of perturbationtheory. Therefore the use of fatorization methods depends ritially on allthe fators being individually �nite.2.4.1. UV divergenesTo maintain a strit number interpretation of the pdf's, it is essentialnot only that the pdf's de�ned by equations like Eq. (4) and (8) are �nite,but also that the reation and annihilation operators have the standardommutation relations:haiy(xp+;kT; �); aj(x0p+;k0T; �0)i=ÆijÆ��0(2�)32xÆ(x�x0)Æ(2)(kT�k0T): (10)These ommutation relations follow, aording to the priniples of light-front quantization, from the anonial ommutation relations for the bare�eld operators.4The important point is that it is the bare �elds, not the renormalized�elds that obey anonial ommutation relations. On the other hand, �nitematrix elements of �elds are those with renormalized, not bare �elds. Thusthe aiy and ai operators in the de�nitions of the pdf's must be those ob-tained from Fourier transforms of the renormalized �elds. Sine the bareand renormalized �elds generally di�er by an in�nite fator, we must on-lude that the pdf's di�er from atual number densities by in�nite fators.These onsiderations are entirely separate from the issues reently disussedby Brodsky et al. under the title �Struture funtions are not parton prob-abilities� [19℄.As Brodsky et al. [17℄ explain, the UV problems an be evaded by hoos-ing to work with a large UV uto�. To avoid hanging the physis, this uto�must be muh larger than all experimental energy sales. But the ontinuumlimit annot be taken.3 Please note that I maintain a strit and pedanti distintion between the onept ofa struture funtion and a pdf. A struture funtion is a property of a (measurable)ross setion, while a pdf is a theorist's onstrut, a useful tool for the theoretialanalysis and predition of struture funtions, et.4 It would be useful to verify that these ommutation relations do indeed follow fromproperties of the Heisenberg �elds, as de�ned perturbatively by ordinary Feynmanrules. See Ja�e's work [18℄ for some results in this area.



What Exatly is a Parton Density? 3111From the point of view of fatorization theorems, the issue of UV di-vergenes is irrelevant. All that matters is that one has some well de�nedquantities that are labeled as pdf's, and in terms of whih useful fatoriza-tion theorems are valid.2.4.2. Light-one gauge divergenesHarder issues arise beause of some well-known problems with the light-one gauge. These ause divergenes beyond those assoiated with renor-malization. Essentially idential problems arise if the pdf's are de�ned gaugeinvariantly with light-like Wilson lines.General results that show that these de�nitions give divergenes in un-integrated pdf's were obtained by Collins and Soper [16, 20℄. They de�nedparton densities in an axial, or planar, gauge n �A = 0 with a non-light-likegauge �xing vetor n�. Then they derived an equation for the gauge depen-dene, and the solution of the equation gives a singular result in the light-one-gauge limit. The result is valid at least to all orders of perturbationtheory. Although the light-one-gauge divergenes anel in the integratedpdf's, they do not anel in pdf's integrated up to some �nite limit. Thusthe uto� method of de�ning an integrated pdf, as in [17℄ Eq. (8), annotbe applied when the light-one-gauge de�nition is used for the unintegratedpdf.The tehnial derivation of the Collins-Soper equation was atually onlygiven for unintegrated fragmentation funtions. They and Sterman [9℄ statedthe orresponding result for pdf's, but did not give an atual proof. Thisequation has proved very useful in the analysis of transverse momentumdistributions5.To verify the existene of a divergene, we now examine a one-loop al-ulation of the density of quarks in a quark6. The results an readily beobtained with the aid of the Feynman rules in [16℄. Perturbation-theorydivergenes assoiated with the masslessness of the gluon in QCD are irrel-evant to our urrent purpose, as are the dimension of spae-time and thenon-Abelian nature of the gauge group. So we will work with a gluon ofnonzero mass mg, whih is onsistent if the gauge group is abelian. We willalso have a nonzero quark mass m. Thus we avoid atual IR and ollineardivergenes. We will use a spae-time dimension 4 � ", so that the modelis superrenormalizable; then no divergent wave-funtion renormalization ofthe �elds is needed.5 A reent example is the analysis of transverse momentum distributions for the Drell�Yan proess by Landry, et al. [21℄, where referenes to previous work an be found.6 At �rst sight, this onept appears paradoxial. There are two quantitative de�nitionsassoiated with the word �quark�. The �rst orresponds to a state that is reated bya light-front reation operator, while the seond orresponds to a one-partile energyeigenstate.



3112 J.C. CollinsThe lowest-order value is just a delta funtion: P0 = Æ(1�x)Æ(2�")(kT).The subsript �0� in �P0� just indiates its order in perturbation theory, �0s .The fat that the lowest order pdf is a delta funtion means that a numerialinterpretation is given by integrating with an arbitrary smooth test funtiont(x;kT). Thus we write:P0[t℄ � Z dx d2�"kT t(x;kT)P0(x;kT) = t(0;0T) : (11)Treating the parton densities as generalized funtions, to be �integrated witha test funtion� (to use the ommon abuse of mathematial terminology),will enable us to perform a proper analysis of the divergenes in one-looporder and of their anellation or lak of it.The one-loop graphs for real gluon-emission graphs giveP1R(x;kT) = g22(2�)3�" 8<: 41�x � 2� 2x� "(1� x)k2T +m2gx+m2(1� x)2+ x(1� x) ��4m2 � 2m2g +m2g"��k2T +m2gx+m2(1� x)2�2 ) : (12)The one-loop virtual graphs are proportional to a delta funtion. An ex-pliit alulation shows that the oe�ient is exatly the integral of the realemission graphs over all x and kT, but with the sign hanged:P1V(x;kT) = �Æ(1� x) Æ(2�")(kT) 1Z0 d� Z d2�"lT P1R(�; lT): (13)Observe that the 4=(1�x) term in the �rst line of Eq. (12) implies that P1Vis divergent. If the alulation is done in light-one gauge, the divergeneis a diret onsequene of the 1=k+ singularity in the gluon propagator. Ifthe alulation is done in Feynman gauge, the divergene arises from theorresponding singularity in the Feynman rule for the Wilson line.The divergene is aused by an endpoint singularity, so it annot beremoved by hanging the analyti presription for the singularity of thegluon propagator in light-one gauge. See Brodsky et al. [17℄ for anotheralulation of the same divergene.Given that divergenes often anel between real and virtual graphs, weshould add the real and virtual ontributions, whih we must do in the senseof generalized funtions, i.e., with an integral with a test funtion:



What Exatly is a Parton Density? 3113Z dx d2�"kT t(x;kT)P1(x;kT) = g22(2�)3�" 1Z0 dxZ d2�"kT [t(x;kT)� t(1;0T)℄�8>><>>: 41� x � 2� 2x� "(1� x)k2T +m2gx+m2(1� x)2 + x(1� x) ��4m2 � 2m2g +m2g"��k2T +m2gx+m2(1� x)2�2 9>>=>>; : (14)Sine we are manipulating divergent integrals, we should atually apply aregulator (for example, we ould apply a ut o� on the plus momenta in thetheory) in order to derive this formula orretly.If the test funtion is replaed by a funtion independent of kT, thenthe divergene does anel, beause the fator t(x;kT) � t(1;0T) beomest(x) � t(1), whih is zero at x = 1. This result was given by Collins andSoper [16℄. Thus the integrated parton density does exist, in the sense ofgeneralized funtions.However if the test funtion is kT dependent, then the divergene doesnot generally anel. In partiular, if the integrated pdf were de�ned with anuto� on transverse momentum, as in Eq. (8), it would have an unaneleddivergene.2.4.3. Interpretation of light-one gauge divergenesExamination of the derivation of the above results shows that the plusomponent of the gluon's momentum is (1 � x)p+ [or (1 � �)p+℄. So at�rst sight the divergene at x ! 1 is a soft divergene, similar to the onesin QED. But sine we have nonzero gluon and quark masses, this is not aorret interpretation; the divergene exists for any value of kT.In fat the divergene omes from a region where the gluon rapidity goesto minus in�nity. That is, it is from where the gluon is going in�nitely fastin the diretion of the outgoing quark jet (if we onsider the orrespondingDIS kinematis in the Breit frame, as in Fig. 1). It therefore orresponds toa region of momentum that has nothing to do with the region of momentaollinear to the proton that was assoiated with the pdf in deriving fator-ization. We must therefore say that we have an inappropriate de�nition ofa pdf. 3. Corret de�nitions (I hope) of unintegrated pdf'sThe derivation of fatorization involved making an approximation ap-propriate for ertain regions of momenta, and the de�nition of the pdf arosefrom extrapolating this de�nition beyond the region of validity of the ap-proximation.



3114 J.C. Collins3.1. OptionsSine there are divergenes in the pdf, as we have seen, the de�nitionmust be modi�ed to inorporate some kind of uto� on gluon rapidity orsome kind of generalized renormalization. The uto� must apply to gluonsin virtual graphs. However, we should not implement the uto� in theLagrangian of QCD. For then the uto� would depend on whih hadron ina proess we are onsidering, whereas the QCD Lagrangian is supposed todesribe all possible proesses on all possible momentum sales. Moreoverwe would simultaneously need opposite uto�s for di�erent parts of the sameproess. For example, we would need a uto� on gluons of negative rapidityto de�ne pdf's in the target hadron in DIS, but we would a uto� on gluonsof positive rapidity to de�ne the fragmentation funtion.So the uto� belongs in the de�nition of the operator whose expetationvalue is the parton density. There are several possibilities, inluding:� Use the non-gauge-invariant de�nition Eq. (4), but hoose the gaugeto be an axial/planar gauge n � A = 0 with a non-light-like gauge �x-ing vetor n�, as proposed by Collins and Soper [16℄. This is basiallyorret, but it does not ontain the analyti properties assoiated withthe diretions of the Wilson lines that a orret Feynman-gauge deriva-tion of fatorization would naturally give. See [11, 22℄ for reent workon spin-dependent proesses where the proess-dependent diretion ofthe Wilson line is ritial to getting the orret relative signs for singlespin asymmetries, whih are non-universal between di�erent proesses.� This problem an be overome by inserting Wilson lines in non-light-like diretions [23℄. It is important that the derivation of a valid fa-torization produes ertain onstraints of the diretions of the Wilsonlines. It is not su�ient, for example, simply to hoose the Wilson lineto be along the straight lines joining the quark and antiquark �eld.� Use the de�nition with light-like Wilson lines, but multiply by a suit-able gauge-invariant fator that anels the divergene. This was sug-gested by Collins and Hautmann [24℄ on the basis of a one-loop al-ulation. This gives a kind of generalized renormalization with therenormalization fators being ertain vauum expetation values ofWilson line operators, with a mixture of light-like and non-light-likelines. Their de�nition appears to follow almost uniquely from thestruture of the asymptotis of one-loop graphs.I propose that either of the last two methods is appropriate and valid, withthe third method being the more elegant mathematially. Observe thatsimply using light-like Wilson lines without a further generalized renormal-ization fator does not remove the divergenes.



What Exatly is a Parton Density? 3115All of these de�nitions involve two auxiliary parameters, a renormaliza-tion sale � and an e�etive uto� on gluon rapidity. Collins and Soper [16℄introdued a parameter �, whih an be interpreted as p2 osh2�y, where�y is the di�erene of rapidity between the target hadron and the gluonrapidity uto�.These extra parameters mean that the pdf's suitable for applying fator-ization depend on the energy of the proess, thereby endangering universalityof pdf's. Universality, whih allows the pdf's to be used phenomenologially,is regained with the aid of evolution equations for the dependene on theauxiliary parameters. These were obtained by Collins, Soper, and Ster-man [9, 16, 20℄. Their equations are very di�erent to the normal DGLAPequations, even though some of the physis ontent is related. Develop-ments of these equations for understanding the large x behavior of pdf'shave been obtained by Sterman [25℄.3.2. Non-light-like Wilson lineThe �rst option is to de�ne the unintegrated pdf's gauge-invariantly withnon-light-like Wilson lines. Just as in Eq. (6), the pdf is a Fourier transform:Pi(x;kT; �; �) = Z dy� d2yT16�3 e�ixp+y�+ikT�yT ~Pi(y�;yT; �; �); (15)but where the quark orrelation funtion has Wilson line fators:~Pi(y�;yT; �; �) = hpj � i(0; y�;yT)Wy(u)y Iu;y;0 +W0(u) i(0) jpiR: (16)Here Wy(u) denotes the following Wilson line operatorWy(u) = P exp24�ig(0) 1Z0 d�u�A(0)� (y + �u)35 ; (17)where the line is from the position y� going to in�nity in the diretion u�. Tomake the de�nition exatly gauge-invariant, a Wilson line Iu;y;0 at in�nity isneeded [26℄ to join Wy(u) and W0(u). In Feynman gauge this line at in�nityan be replaed by unity. Note the following� This gives a gauge invariant de�nition of the unintegrated pdf, withthe oupling and the gauge �eld being the bare quantities, as indiatedby the sub/supersript �(0)�.� The vetor u� that sets the diretion of the Wilson line must notbe light-like. The parton density therefore depends on the variable� = (p � u)2=u2.



3116 J.C. Collins� Aording to [9,20℄, the proof of a fatorization theorem requires thatu� should be approximately �at rest� in the enter of mass of thehard sattering. Thus the Wilson lines are used, roughly speaking, toseparate the gluons assoiated with di�erent jets.� Hene � � s, the square of the enter-of-mass energy. Refs. [9,20℄ givean equation for the � dependene of the pdf.� Strit gauge invariane requires that the two Wilson lines be onnetedby a link at in�nity, Iu;y;0, as Belitsky, Ji, and Yuan [26℄ have observed.When Feynman gauge is used, at least in simple alulations, this extralink does not ontribute. But in light-one gauge, the link at in�nityis the only part of the Wilson line that ontributes, and is ritial inobtaining orret values for time-reversal-odd pdf's.� Whether u� points to the future or past depends on the proess. ForDIS-type proess a future pointing line is needed, whih orrespondsto �nal-state interations in the Breit frame. For DY-type proessesa past-pointing line, assoiated with initial-state interations in theenter-of-mass, is needed. Time reversal invariane an be used torelate the two ases [11℄, and gives a reversal of sign for time-reversal-odd pdf's.� There are UV divergenes assoiated with the quark-Wilson-line vertexthat must be renormalized away by onventional methods. This isindiated by the subsript �R� in Eq. (16).3.3. Light-like Wilson line with generalized renormalizationThe de�nition Eq. (16) is a gauge-invariant transription and orre-tion of the planar-gauge de�nition by Collins and Soper [16℄. However, thenon-light-like Wilson lines ompliate expliit Feynman graph alulations,ompared with those that use light-like Wilson lines. There is also a mathe-matial problem. The exat evolution equation has an inhomogeneous termthat is power-suppressed and that is ignored in appliations. It would bepreferable to have an exatly homogeneous equation.I therefore propose an alternative de�nition. A light-like Wilson line isused in Eq. (16) and the onsequent divergenes are aneled by a kind ofgeneralized renormalization fator. From the work of Collins and Hautmann[24℄, I onjeture that a valid de�nition is~P alti (y�;yT; �; �) = hpj � i(0; y�;yT)Wy(n)y In;y;0 +W0(n) i(0) jpiRh0jWy(n)yWy(u0) In;y;0 Iyu0;y;0W0(n)W0(u0)y j0iR :(18)



What Exatly is a Parton Density? 3117This is illustrated in Fig. 3. The Wilson line assoiated with the quark �eldsis now in an exatly light-like diretion n� = (n+; n�;nT) = (0;�1;0T),whih is future pointing or past pointing depending on the proess [11℄. Thevetor u0� in the Wilson line in the denominator plays the role of the vetoru� in the previous de�nition7. The pdf is de�ned by taking n� initiallynon-light-like, omputing the ratio in Eq. (18), and then taking the limitthat n� is light-like. One-loop alulations [24,27℄ indiate that this an beimplemented by a subtration method.
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Fig. 3. Diagrammati interpretation of Eq. (18). This is ordinary pdf in oordinatespae (with a light-like Wilson line) divided by the vauum expetation value of aertain pure Wilson line operator. Any number of gluon lines an join the lowerblob to the top Wilson line in the numerator. Any number of gluon lines an jointhe Wilson lines in the denominator.4. Summary4.1. Integrated pdf's� Integrated pdf's an be de�ned by formulae like Eq. (7). They involvean integral over all transverse momentum, stritly out to in�nity. Theresulting UV divergenes are removed by onventional renormalization.� Fatorization theorems ontaining these pdf's have been proved forvarious inlusive proesses [14, 15, 28℄.� In this formalism, the DGLAP equations are exatly the renormaliza-tion-group equations for the pdf's.� Divergenes assoiated with the use of light-one gauge or of light-likeWilson lines anel after the integral to in�nite transverse momentum.� The presene of UV divergenes prevents a literal number interpre-tation of these pdf's. Even so, momentum and quark-number sum7 However there will probably be di�erent signs in its plus and minus omponents[24, 27℄, to allow an exatly orret derivation of fatorization. This point is rathersubtle, however.



3118 J.C. Collinsrules are exat, provided a suitable renormalization sheme is used,e.g., MS. The proof [16℄ relates the relevant moments of the pdf's tomatrix elements of onserved Noether urrents.4.2. Unintegrated pdf's� The most obvious de�nitions of unintegrated pdf's, i.e., of transverse-momentum-dependent pdf's, are plagued with divergenes assoiatedwith the use of light-one gauge, or with the orresponding light-likeWilson lines.� Some kind of ut-o� or generalized renormalization must be apply toremove these divergenes.� Two possible de�nitions are proposed, in Eqs. (15), (16), and (18).� One of these is a gauge invariant transription of the Collins-Soperde�nition [16℄; the other is a potential improvement better adapted tosubtrative methods of proof and alulation.� Given the auxiliary steps needed to de�ne the unintegrated pdf's, itdoes not appear that they have a literal number interpretation. Oneuses them in fatorization theorems as if they are number densities,but the strit number interpretation is not needed.� Given the extra uto� needed on gluon rapidity, one should not ex-pet that the integral over transverse momentum of an unintegratedpdf should be exatly the orresponding integrated pdf. The relationbetween the two involves a non-trivial but perturbatively alulableoe�ient [16, 20℄.� The existene of the extra uto� implies that phenomenologial appli-ations should use an evolution equation [9,16,20℄ for the dependeneof the unintegrated pdf on this uto�.4.3. What needs to be doneThe reader who tries to �nd detailed justi�ation for many of the state-ments in this artile will probably be quite frustrated. If nothing else, theliterature on the subjet is very fragmented. Many results whih are reason-ably lear to experts in the �eld, e.g., as minor modi�ations to previouslyexisting results, are quite unobvious to outsiders and newomers.
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