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PROMPT NEUTRINOS FROM ATMOSPHERIC� AND b�b PRODUCTION AND THE GLUONAT VERY SMALL xA.D. MartinInstitute for Partile Physis PhenomenologyUniversity of Durham, Durham DH1 3LE, UKM.G. RyskinInstitute for Partile Physis PhenomenologyUniversity of Durham, Durham DH1 3LE, UKandPetersburg Nulear Physis Institute, GathinaSt. Petersburg, 188300, Russiaand A.M. Sta±toTheory Division, DESY, D22603 Hamburg, GermanyandH. Niewodniza«ski Institute of Nulear PhysisRadzikowskiego 152, 31-342 Kraków, Poland(Reeived February 18, 2003)Dediated to Jan Kwiei«ski in honour of his 65th birthdayWe improve the auray of the extrapolation of the gluon distributionof the proton to very small x, and show that the harm prodution rosssetion, needed to alulate the osmi ray-indued `atmospheri' �ux ofultrahigh energy prompt �� and �� neutrinos, may be predited within per-turbative QCD to within about a fator of three. We follow the sequene ofinterations and deays in order to alulate the neutrino �uxes as a fun-tion of energy up to 109 GeV. We also ompute the prompt �� �ux from b�bprodution, hadronization and deay. New osmi soures of neutrinos willbe indiated if more prompt neutrinos are observed than predited. If fewerneutrinos are observed than predited, then onstraints will be imposed onthe nulear omposition of osmi rays. The advantages of studying ��neutrinos are emphasized. We provide a simple parametrization of the pre-dition for the inlusive ross setion for  quark prodution in high energyproton�air ollisions.PACS numbers: 96.40.Tv, 13.85.Tp, 12.38.Bx(3273)



3274 A.D. Martin, M.G. Ryskin, A.M. Sta±to1. IntrodutionVery high energy `osmi' neutrinos with energies in exess of about10 TeV o�er a unique soure of valuable information about energeti eventsfar away in the Universe; see, for example, the reviews in Refs. [1, 2℄. Thishas led to the development of neutrino telesopes, whih use photo-multipliertubes to detet the Cerenkov radiation emitted from the harged leptons pro-dued in harged-urrent neutrino interations in a large volume of wateror ie, deep underground; see, for example, the reviews in Refs. [2, 3℄. If weonsider muon neutrinos, then up to about 100 TeV the spetrum is domi-nated by atmospheri neutrinos from the deays of pions or kaons produedby osmi ray interations in the Earth's atmosphere. At higher energiesthe inreased lifetime of these mesons means that they interat before theyhave the opportunity to deay. Above 500 TeV the deays of the muhshorter-lived harmed partiles beome the dominant soure of atmospherimuon neutrinos. These are known as `prompt' neutrinos1. Their energydependene follows the original osmi ray spetrum, while the spetrum of`onventional' atmospheri neutrinos falls o� by an extra power of the energybeause of the ompetition between the deay and interation of the parentmeson. It is learly essential to quantify the �ux of `prompt' neutrinos asaurately as possible, sine they provide the bakground to the sought-after`osmi' neutrinos.There exist many models of the `prompt' neutrino �ux in the relevant104�109 GeV energy range, whih yield preditions whih di�er by more thantwo orders of magnitude. Some of the models are purely phenomenologialand have arbitrary ontinuation to high energy from the domain onstrainedby aelerator data. However, it has been noted that, with the inlusion ofthe next-to-leading order (NLO) ontributions [4℄, perturbative QCD gives asatisfatory desription of the observed features of the available aeleratordata on harm prodution, see for example [5�11℄. Moreover, the simpli-�ed LO alulation reprodues the same behaviour when multiplied by anoverall K fator, K ' 2:3, to aount for the NLO ontribution. Several au-thors have therefore used perturbative QCD to predit the prompt neutrino�ux [7�11℄.The perturbative approah, however, faes the same problem of extrap-olation to high energies. The LO diagram for forward high energy harmprodution is shown in Fig. 1. The ross setion may be written in termsof the Feynman variable xF = pL=pmaxL , where pL is the longitudinal mo-mentum of the harm quark; at high energies xF ' E=E, where E is theinident proton energy and E is the energy of the harm quark. Using the1 For tau neutrinos, we will see that prompt prodution dominates at about 10 TeVand above.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3275notation of Fig. 1, we haved�dxF (pp! + : : :) = Z dx1 dx2 dz g(x1; �2F) d��gg!�dz g(x2; �2F) Æ(zx1�xF);(1)where d��=dz = �s d��=d�t with z = (m2 � �t)=�s, and where g(x) is the gluondensity of the proton. The Mandelstam variables �s and �t refer to the gg ! �subproess2. The problem is that in the high energy domain of interest wesample the gluon density at very small x2; to be spei� x2 ' M2�=2xFs �10�9�10�4, where ps is the total pp .m. energy. There are no data whihdetermine the gluon for x <� 10�4, and, as a rule, parton distributions for x <10�5 are not available. For example, Ref. [11℄ shows a range of preditionsfor the prompt �ux neutrino obtained by ontinuing the gluon distributionbelow x = 10�5 using the power law dependene xg � x�� with � in therange 0�0.5. Of ourse, the predition depends ruially on the value takenfor �, and at the highest neutrino energy shown, 109 GeV, the rates spanabout two orders of magnitude.
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cFig. 1. The lowest-order diagram for � prodution in high energy pp ollisions.The `small x' gluon has typial values x2 'M2�=2sxF, where xF � 0:1.The goal of the present paper is to diminish the unertainty in the pre-ditions of the prompt neutrino �ux. The major problem is to obtain themost reliable method of extrapolation based on the present understanding ofthe small x regime. In order to do this we begin, in Setion 2, by omparingdi�erent physially-motivated extrapolations of the gluon to very small x:2 Throughout we take the mass of the harm quark to be m = 1:25 GeV, follow-ing Ref. [9℄. We know that this value, taken together with the NLO ontribution(K ' 2:3), gives a good desription of all the available �xed-target data for �, orrather D meson, prodution (whih are in the region E � 250 GeV) [9℄.



3276 A.D. Martin, M.G. Ryskin, A.M. Sta±to(i) DGLAP gluon with a double leading log (DLL) extrapolation,(ii) uni�ed DGLAP/BFKL gluon [12℄ with x�� extrapolation,(iii) extrapolation with saturation e�ets inluded.In Setion 3 we ompare the preditions for the xF distribution of harmquarks produed in high energy pp ollisions (E � 105 to 109 GeV) using thethree models for extrapolating the gluon into the small x regime, typiallyx � 10�4 to 10�8. We argue that the extrapolation based on model (iii) isthe most reliable, and so for the remainder of the paper we show results forthis gluon. To determine the prompt neutrino �ux we need to extend thealulation to high energy proton�air ollisions. This is done in Setion 4,where we also onsider the unertainties assoiated with the extrapolationbased on model (iii).In Setion 5 we desribe the formalism that we shall use to alulatethe prompt lepton spetra. Starting from the prodution of � pairs fromthe inoming osmi ray �ux, we allow for their fragmentation into harmed(D�, D0, Ds and �) hadrons, and for their subsequent semileptoni deays.We inlude the e�ets of the lifetime of the harmed hadrons and, also, forthe lifetime and deay modes of the � lepton in the Ds ! ��� deays. Theresults of the alulation of the prompt �� and �� �uxes are presented inSetion 6, and ompared with the `onventional' atmospheri �uxes. Theselatter �uxes arise from �, K : : : deays and ����� osillations, respetively.We �nd that the prompt �� spetrum for E > 104 GeV lies muh above itsonventional atmospheri bakground, whereas for the prompt �� spetrumthis is only ahieved for E > 106 GeV. The origins of the prompt �� �ux aretheDs ! ��� deays whih our with a branhing fration of 6:4�1:5% [13℄.It is relevant to note that high energy �� 's, unlike ��'s, are not depleted innumber by absorption in the Earth. They will always penetrate the Earthdue to the �� ! � ! �� : : : regeneration sequene [14℄. This is learly ruialfor upgoing high energy neutrinos through the Earth and an be importantfor horizontal neutrinos (partiularly of high energy) entering a detetordeep underground.At �rst sight, it appears that the prompt neutrino �ux from b�b produtionwill, relative to the �ux of � origin, be suppressed, �rst, by a fator oforder m2=m2b and, seond, by the fat that the gluon is sampled at largerx. However, for the prompt �� �ux of b�b origin, the suppression is partlyompensated by the existene of signi�ant ��� semileptoni deays of allthe beauty hadrons (B�, B0, Bs and �b), in ontrast to just the Ds ! ���deays for harm. We alulate the prompt �ux arising from b�b prodution,fragmentation and deay in Setion 7. Finally, in the onluding setion, we



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3277disuss the impliations of our results for neutrino astronomy and osmiray physis. Also, there, we summarise the unertainties in the preditionsof the prompt neutrino �uxes.2. The gluon at small x and high energy � produtionAs mentioned above, one possible method of extrapolating the gluon intothe x < 10�5 regime is to resum the leading �S lnQ2 ln 1=x terms within theDGLAP framework, whih leads to a small x behaviour3xg(x;Q2) ' x0g(x0; Q20) exp s16NCb ln �S(Q)�S(Q0) ln xx0! : (2)We denote this extrapolation by MRST on the �gures below.As far as we �x the sale Q2 and extrapolate to muh smaller x, theleading ontribution omes from �S ln 1=x terms, whih, at leading order,are resummed by the BFKL equation [17℄. Therefore a more reliable ex-trapolation is obtained by solving a uni�ed DGLAP/BFKL equation [12℄for the gluon. This equation is written in terms of the gluon, unintegratedover its transverse momentum, whih should be used with the o�-mass shell4matrix element for the hard gg ! � subproess amplitude [18℄. In this waythe result embodies the main part of the NLO DGLAP orretion. Besidesthis, the uni�ed equation inludes a kinemati onstraint (or onsisteny3 In pratie, we use the DLL ontinuation to x < 10�5 in the formg(x;Q2) = g(x = 10�5; Q2) exp s16NCb ln �S(Q)�S(Q0) ln xx0�s16NCb ln �S(Q)�S(Q0) ln 10�5x0 ! ;where the LO oupling �S(Q) = 4�=(b log(Q2=�2QCD)) with nf = 4 and b = 25=3.We take Q20 = 1 GeV2 and x0 = 0:25. We use MRST2001 partons [15℄ with �QCD =220 MeV. The reliability of this form of DLL extrapolation has been heked usingGRV partons [16℄ whih are tabulated down to x = 10�9.4 That is, we use the replaement in (1)xg(x; �2F)�gg!� ! xg(x;Q20)�on + 1ZQ20=1 GeV fg(x;Q2t )�o� dQ2twith x = x2; where fg is the unintegrated gluon density as de�ned in [12℄, and where�on; o� are the gg ! � ross setions with the small x gluon on-, o�-mass-shell.The large x1 gluon, whih is learly in the DGLAP regime, is always taken to beon-mass-shell.



3278 A.D. Martin, M.G. Ryskin, A.M. Sta±toondition) [19℄ whih aounts for the major part of the higher-order or-retions to the BFKL evolution5. Indeed, the power behaviour generatedorresponds to � ' 0:3 whih is muh less than the LO BFKL behaviourx�!0 with !0 = 12�S ln 2=�. Moreover, the harm prodution ross se-tion d�=dxF alulated in terms of the KMS unintegrated gluons [12℄ isfound to oinide, within 10% auray, with the predition obtained withonventional DGLAP gluons [15℄ for 104�105 GeV laboratory energies, or-responding to x = 10�3�10�4 for whih deep inelasti aelerator data exist.Note that, in this omparison, the predition based on onventional par-tons was alulated at LO and multiplied by K = 2:3, whih, aording toRef. [9℄, aounts well for the NLO orretions. On the other hand the uni-�ed DGLAP/BFKL presription already inorporates the main NLO e�etat small x, and so no K fator is present in this x domain. We denote theresults obtained using this gluon by KMS on the �gures below.At 105 GeV these preditions should be reliable. However, as we proeedto higher energies, we sample gluons in smaller and smaller x regimes withinreasing gluon density, and so we must aount for the e�et of saturation.To study this e�et we start with the Gole-Biernat, Wüstho� (GBW) modelof deep inelasti sattering (DIS) [21℄ (and di�rative DIS [22℄). Let usoutline the basis of the model, as applied to q�q prodution in DIS. Theprodution of q�q pairs is desribed by the probability of the formation ofthe pair by the initial photon multiplied by the ross setion for the q�q�proton interation, b�. The �rst stage is given by the e�etive photon wavefuntions 	T;L (for transverse, longitudinal polarisations), whih depend onthe momentum fration z arried by the quark and the transverse separation~r between the q and �q. The deep inelasti ross setions have the form [23℄�T;L(x;Q2) = Z d2 ~r 1Z0 dz Xq ���	 qT;L(~r; z;Q2)���2 b�(x;~r): (3)For small r, the dipole ross setion b� is proportional to r2. To allow formultiple interations, Gole-Biernat and Wüstho� [21℄ parametrize b� by theform b�(x; r) = �0�1� exp�� r24R20(x)�� ; (4)with an x-dependent saturation radiusR0(x) = 1Q0 � xx0��=2 : (5)5 Expliit expressions for the next-to-leading log BFKL terms an be found in [20℄.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3279The parametrization is a simpli�ed version of the well-known Glauberexpression for, say, desribing the multiple interations of a pion passingthrough a nuleus��A = Z d2bt [1� exp (���NT (bt))℄ : (6)The integral R d2bt gives the nulear area �R2A, whih is replaed by �0 in(4), and the mean nuleon density hT i is parametrized by 1=R0(x)2, modulonormalisation. ��N is the ��nuleon ross setion, whih is equivalent to theq�q-dipole ross setion in the GBW model. That is, the exponent ��NT in(6) is equivalent to (�2r2�S=3)xg=�0, where the gluon density xg=�0 playsthe role of the mean nuleon density hT i, and where the fator in braketsplays the role of ��N . It is beause the gluon density grows as x dereasesthat we have an x dependene in the argument of the exponential in (4).The GBW model has reently been realised [24℄ in terms of the gluondensity, inluding the DGLAP lnQ2 evolution of g(x;Q2). Atually in thisimproved form it should be onsidered, not as a model, but as a ompleteperturbative alulation, whih in addition to the onventional LO ollinearapproah also aounts for the resattering of the inoming q�q pair.The power of x in (5) re�ets the power growth of the gluon density inthe small x region. The parameters �0; x0 and � were �tted to desribe thesmall x DIS data [21℄. It was shown that, up to Q2 ' 20 GeV2, a gooddesription an be ahieved, even without aounting for DGLAP evolution.Interestingly, the value of the power, � = 0:28, turns out to be lose to thevalue found in Ref. [12℄.So far we have onsidered absorption for DIS. Here we are interested ingg ! �, and not g ! �. It is therefore neessary to multiply the g ! �ross setion by 16 �1 � 94 z(1� z)� �S� e2 ; (7)where the �rst fator is due to olour, and the seond term in square braketsaounts for gg ! g ! � prodution (see, for example, [25℄).Note that the approah of Gole-Biernat and Wüstho� inludes onlythe resattering of the � pair and neglets the enhaned Reggeon diagramswhih aount for the resattering of the more ompliated Fok ompo-nents of the photon (gluon) like �g, �gg, et. These extra omponentshave a larger absorptive ross setion. In other words, when the gluon den-sity beomes su�iently large, we must allow for gg reombination, whihdiminishes the rate of � prodution. From this t hannel viewpoint, theabsorption is driven by the triple-Pomeron interation. With the help of theBalitskii�Kovhegov equation [26,27℄, we may sum up the resulting fan dia-grams (formed from di�erent networks of Pomeron�Pomeron reombinations



3280 A.D. Martin, M.G. Ryskin, A.M. Sta±tointo single Pomeron exhanges). This e�et has been studied numeriallyin reent papers [28�30℄. However, the approah is based on LO BFKL,and does not aount for the NLO orretions, whih are known to be large.In this ase we annot simply resale the LO predition by taking a lowerPomeron interept, !0. The problem is that the triple-Pomeron vertex isnot known at NLO.There are reasons, both from phenomenology [31℄ and from perturba-tive evolution [32℄, to believe that the triple-Pomeron oupling is small.Nevertheless, at very high energy, we expet the resulting absorption to bestronger. From this point of view we may regard the predition based onthe GBW model as the upper limit for � prodution. Later, for a morerealisti estimate of the ross setion for � prodution, we take aount ofthe triple-Pomeron vertex by replaing (5) by6R20 = 1Q20  +� xx0��! (8)for x < 10�3 � 10�4 with  ' 0:05�0:2. This is to protet R0 beoming toosmall for small x.The only reason why the above upper limit may be exeeded arises be-ause the GBW saturation model [21℄ was formulated at �xed impat pa-rameter, and so does not allow for the growth of the proton radius Rp withinreasing energy. The radius Rp an be determined from the slope B of theelasti pp ross setion, B = B0 + 2�0 lnE ; (9)where �0 is the slope of the Pomeron trajetory, and E is the proton energyin the laboratory frame. Indeed, for a large-size dipole the GBW model sat-urates at � = �0 = 29 mb, whereas the normal soft hadroni ross setions,whih should be equivalent to large-size dipoles, ontinue to grow logarith-mially with energy. From a physial point of view, the normalisation �0 in(4) is related to the proton area �R2p. Of ourse, we only have the inequality�0 < �R2p / B, sine harm prodution originates mainly from the entreof the proton. However, sine �R2p grows with energy, a onservative up-per limit is obtained by multiplying the predition obtained from the GBWmodel by the fator B(E)=B(E0), with E0 ' 104 GeV, typial of the HERAdomain where the parameters of the model were tuned.6 Suh a form is motivated by the results of Ref. [33℄. Reall that the ombinatorialfator whih orresponds to the fan diagrams is N !=N ! ! 1. Thus, ontrary tothe eikonal form, where we have PN (�g)N=N ! = exp(�g), here we deal with ageometrial series type of expression PN (�g)N = 1=(1 + g). Therefore we hooseform (8) with the onstant  as evaluated in [31, 32℄.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3281A lower limit to � prodution may be obtained if we assume a salingbehaviour for dn=dxF = (d�(pp! + : : :)=dx)=�inel, where �inel is the totalinelasti pp ross setion � that is if we assume that dn=dxF is independentof energy. Hene the lower limit isd�(E)dxF = d�(E0)dxF �inel(E)�inel(E0) ; (10)normalised in the region E � 105 GeV (x � 10�4) where the parton distri-butions are known. To be more preise we should replae �inel in (10) bythe ross setion orresponding to the Fok omponent of the proton wavefuntion whih ontains harm. However, the ross setion for this ompo-nent will grow with energy faster than �inel, and thus (10) may be regardedas an extreme lower limit for the harm yield. We onsider the Fok harmomponent to be generated perturbatively. In priniple, it would be possibleto have also a non-perturbative `intrinsi' harm omponent [34℄, althoughthere is no �rm experimental evidene for its existene. Suh an intrin-si harm ross setion would originate from the non-perturbative large-sizedomain, ontrolled by �inel, and hene its ontribution would beome lessimportant, with inreasing energy, than the perturbative ross setion.3. Preditions for high energy � produtionIn Fig. 2 we ompare the preditions for the xF distribution of harmquarks produed in pp ollisions, as given by the three models for extrap-olating the gluon7 to small x. For laboratory energies E � 103�105 GeVwe sample the gluons in the x region 10�2�10�4 where the parton distribu-tions are known from global analyses. Hene, sine eah model reproduesthe same data, they give essentially the same preditions for � prodution.Reall that the LO DGLAP result, based on MRST partons, was multi-plied by a K fator of 2.3. It was shown [9℄ that suh a onstant K fatorreprodues well the NLO perturbative QCD predition and gives a gooddesription of the available �xed-target data for �, or rather D meson, pro-dution for E � 250 GeV. Reall that, following [9℄, we take the mass of theharm quark to be m = 1:25 GeV. Although we use a onstant K fator,K = 2:3, we have on�rmed that the use of the parametrization of the Kfator, K(E; x), given in Eq. (3.4) of [8℄, does not appreiably alter anypreditions.7 The gluons in (1) are evaluated at a sale �F equal to the transverse mass of theharm quark for the MRST and KMS models; that is �2F = m2 + p2T . For the GBWextrapolation we take �F = h1=ri, where r is the separation between the  and �quarks.



3282 A.D. Martin, M.G. Ryskin, A.M. Sta±to
10

-2

10
-1

1

10

10 2

10 3
(a)  E=105 GeV

x F
 d

σ/
dx

F
(µ

b)

(b)  E=107 GeV

10
-2

10
-1

1

10

10 2

10 3

0 0.2 0.4 0.6

MRST
KMS
GBW

(c)  E=109 GeV

0 0.2 0.4 0.6

(d)109

107

105

xFFig. 2. The di�erential ross setion xFd�=dxF for harm prodution in pp ol-lisions, (1), at three di�erent laboratory energies E, for three di�erent ways ofextrapolating the gluon to very small x. The models are (i) a double-leading-logDGLAP extrapolation for x < 10�5 (MRST), (ii) a uni�ed DGLAP/BFKL ap-proah with an x�� extrapolation for x < 10�7 (KMS), and (iii) an extrapolationwith saturation e�ets inluded (GBW). Plot (d) ompares the GBW preditionat the three energies.Up to E � 107 GeV, the GBW saturation model pratially oinideswith the DGLAP (MRST) predition. For higher energies the GBW rosssetion is lower due to absorptive e�ets. On the ontrary, the preditionbased on KMS partons beomes higher, as well as lower at the lower ener-gies. The `uni�ed' KMS evolution inludes the BFKL ln 1=x resummationand generates a power growth, x��, of the gluon density as we extrapolateto small x. This evolution embodies a kinemati onstraint (or onsistenyondition) whih aounts for a major part of the NLO and higher-orderBFKL e�ets. However, the power, � � 0:3, is appreiable, and the growthexeeds the double logarithmi DGLAP growth of the MRST result. An-other feature to note is that the shape of the xF distribution beomes alittle steeper with inreasing energy, as seen in Fig. 2(d), whih shows thepreditions of the GBW extrapolation for three di�erent energies.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3283On the other hand, at low energies, we see from Fig. 3 that the KMS pre-dition falls away. Indeed, it is about a fator of two below the GBW/MRSTpreditions for E = 103 GeV. Here, we are sampling the gluon at x valuesabove 0.01, where the ln 1=x resummation is not e�etive and where LODGLAP evolution takes over. To put it another way, it was observed in theKMS uni�ed BFKL/DGLAP approah [12℄, that the ross setion for ano�-shell gluon is enhaned by ln 1=x e�ets for x <� 0:01, whereas it rapidlytends to the LO on-shell DGLAP formula as x inreases above this value.Hene in the low energy regime a fator K � 2 should be inluded in theKMS predition, with the fator dying away with inreasing energy, as weenter the BFKL regime.
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Fig. 3. The energy dependene of the relevant `Z moment', (11), of harm pro-dution in proton�nuleon ollisions, as a funtion of the energy of the produedharm quark. The models are as in Fig. 2. The reason why the KMS preditionfalls below the other preditions at the smaller values of E is explained in Se-tion 3. The  = 2:02 moments are shown for illustration; in the alulation ofthe neutrino �uxes, the di�erential ross setion xFd�=dxF is onvoluted with theobserved primary osmi ray �ux.A onvenient way to summarise the relevant energy behaviour of thed�=dxF ross setion is to plot the `Z moment' [35℄ of the xF distribution,see for example [36℄. For high energies (E > 106 GeV) the inoming primaryosmi ray �ux falls down as E�(+1) with  = 2:02. Therefore the harm



3284 A.D. Martin, M.G. Ryskin, A.M. Sta±to�ux is proportional to the moment�Z � Z d�dx x2:02 dx: (11)This moment is shown in Fig. 3, where the di�erene between the saturationmodel and the other two models beomes apparent for E > 106 GeV. Notethat here we �x the energy E of the outgoing  quark, rather than that ofthe inident proton whih was used in Fig. 2.Although the GBW model predits the smallest ross setion of the threemodels, it should be onsidered as the upper limit8 for � prodution as itonly aounts for part of the absorptive e�ets. For the reasons mentionedearlier, the GBWmodel is more than a model � rather it should be regardedas a full leading-order QCD predition with � resattering e�ets inluded.Of ourse, there is, in addition, absorption of the gluons in the evolutionproess. It appears likely that the onsequent redution of the � rosssetion due to this additional absorption may be partially ompensated bythe growth of the proton radius with inreasing energy. We investigate this,and other e�ets, in the next setion; see Fig. 4 later. Therefore, from nowon, we will base our study on the GBW approah and its variations.4. � prodution in proton�air ollisionsFor a preise study we need the harm yield in p-nulear (air) ollisions.An advantage of the GBW saturation model is that it may be straightfor-wardly extended from pp to p-nulear ollisions. Within the GBW frame-work we may aount for the eikonal resattering of the � pair within thenuleus by replaing b� in (4) byAb� 1Xn=1 (�(A� 1)b�=8�BA)n�1nn! ; (12)where, for air, the mean atomi number A = 14:5 and the slope BA =hr2i=6 = 29 GeV�2. Note that in the numerator we have (A � 1) and notA. In this way we exlude resattering on the nuleon where the � pair isreated. This resattering is ontrolled by a di�erent slope (6= BA), and isalready aounted for in the ross setion given in (4). We have taken theroot-mean-square nulear radius9 phr2i = 2:6 fm, and assumed a Gaussiandistribution of the nuleon density for light nulei.8 Modulo a possible growth of the proton radius, see (9).9 For example, Ref. [37℄ gives the r.m.s. radius of oxygen as 2.7 fm. To obtain theresult for air we take the usual r / A 13 dependene.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3285Note that the replaement of b� ours before the integration over the�� separation in (3). In summary, the inlusive � ross setion for proton�air interations is given by the sum of proton�nuleon ross setions, withthe only nulear e�et being the enhaned absorption of the produed �pair. In the Appendix we give a simple parametrization whih reproduesthe proton�air � prodution ross setion in the energy interval 104 < E <1011 GeV to within �5%. The  = 2:02 moment of harm prodution inhigh energy proton�air ollisions is shown in Fig. 4.The dashed urve is the predition of the extrapolation based on theoriginal GBW saturation model, while the upper dotted urve (marked by B)inludes the possible e�et of the growth of the proton radius with energy,
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3286 A.D. Martin, M.G. Ryskin, A.M. Sta±toas disussed at the end of Setion 2, see in partiular (9). Instead of usingthe Pomeron slope, �0 = 0:25 GeV�2, measured in elasti pp sattering, in(9) we use the value 0:11 GeV�2 together with slope B = 4:4 GeV�2 atW = 90 GeV, whih were dedued from elasti J= prodution data atHERA [38℄. These values are appropriate for harm prodution. The lowerdotted line (marked g3P ) re�ets the inlusion of an additional absorptivee�et � the absorption of gluons. We take  = 0:2 in (8), whih orrespondsto the largest estimate10, g3P = 2 GeV�1, of the triple-Pomeron vertex. Thishoie is made to show the full extent of the unertainty in � prodution.If both the above e�ets are inluded (the radius growth and g3P ), then thesolid urve (marked B+g3P ) is obtained. Conservatively, we predit that Zwill lie within the shaded region in Fig. 4; the most likely behaviour is thatit will follow the ross-hathed region. Even the onservative predition hasmuh less unertainty than previous estimates. However, for ompleteness,the dot-dashed urve shows the extreme lower limit, given by saling formula(10), but where now �inel is the proton�air ross setion. All the variationsof the original GBW model were normalised in the region E � 105 GeV,where the partons sampled in the hard subproess are known, and the modeltuned to the data.5. Prompt neutrinos: development of the air showerOur aim is to predit the spetra of prompt �� and �� neutrinos produedin the atmosphere by osmi rays. Prompt leptons originate from the fol-lowing sequene: the prodution of � pairs, their fragmentation into harmhadrons whih then undergo semi-leptoni deay. In the lower energy range(E < 107 GeV) it is possible to estimate the leptoni spetra by simplytaking a produt of moments of the various distributions, see, for example,Ref. [36, 39℄. However, for E & 107 GeV the deay length of D mesons be-omes omparable with the depth of the atmosphere, and so it is neessaryto follow the development of the air shower in more detail. It is desribed bya set of equations in terms of the `depth' X of the atmosphere transversedby a partile in the vertial diretion. X is related to the height h byX = 1Zh �(h0)dh0 ; (13)10 Triple-Pomeron phenomenology gives g3P � 0:5 GeV�1. However, the bare triple-Pomeron vertex may be a few times larger, sine the phenomenologial value alreadyaounts for some sreening e�ets. It was argued in Ref. [32℄ that in perturbativeQCD we expet g3P = (0:5�2) GeV�1.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3287where �(h) is the density of the atmosphere at vertial height h. We takethe same exponential pro�le of the atmosphere11 as was used in Ref. [7℄.The sequene of equations determine �a(E;X), whih are the �uxes of theorresponding partiles with energy E at depth X, where a = N; ; i; l (thatis nuleon,  quark, harmed hadron, lepton). The initial �ux �N (E; 0)is the known primary osmi ray �ux. All other initial �uxes are zero,that is �a(E; 0) = 0 for a = ; i; l. The set of equations whih determine�N ! � ! �i ! �l are��N (E;X)�X = � 1�N (E)�N (E;X) ; (14)�(E;X) = 1ZE dE0dx�N (E0;X)nA� d�dx p!Æ(E � xE0); (15)��i(E;X)�X = � 1�i(E;X)�i(E;X) + 1ZE dE0dx�(E0;X)dndx !iÆ(E � xE0)(16)with i = D�;D0; �D0;D�s ;�; and �nally��l(E;X)�X =Xi 1ZE dE0dx�i(E0;X) 1�dei (E0;X)B(i! l)dndx i!lÆ(E � xE0) ;(17)where B(i! l) is the branhing fration of the deay of the harmed hadroni to lepton l. The nuleon attenuation length is�N (E) � �N (E)1� ZNN ; (18)where ZNN is the spetrum-weighted moment for nuleon regeneration and�N is the interation thikness�N = �(h)PA �NA(E)nA(h) : (19)nA(h) is the number density of air nulei of atomi number A at height hand �NA is total NA inelasti ross setion. Instead of the sum over A in(19), we take the mean value hAi = 14:5 for air. Note that the fator nA=�11 We have heked that the numerial results essentially do not depend on the preiseparametrization of the density of the atmosphere.



3288 A.D. Martin, M.G. Ryskin, A.M. Sta±toin (15) arises from (19). For the nuleon�air ross setion, �N�air, we takethe parametrization of Bugaev et al. [40℄. For the inoming osmi ray�ux we take the parametrization given in [36℄ denoted as TIG with knee.Also from [36℄ we take parametrization of ZNN whih depends on energyand takes into aount the knee, whih is onsistent with [7℄. This Z fatorinludes the regeneration by the p; n;N� : : : partiles.The attenuation length �i(E;X) of the harmed hadrons onsists of twoparts: the deay length �dei and attenuation due to their strong interationswith air nulei. The deay lengths, �dei , of the various harmed hadronsdepend, via their X dependene, on the density of the atmosphere,�dei = �i Emi�(X) ; (20)where mi and �i, the mass and lifetime of the ith harmed hadron, are takenfrom [13℄. The attenuation due to the strong interations of the produedharmed hadrons with the air has a form similar to (18), namely �i=(1�Z�).To alulate �i we assume an absorptive ross setion equal to half theabsorptive p�air ross setion (based on quark ounting), and we take aharm regeneration fator Z� = (0:8) . That is, we estimate that the leadingharm quark arries a fration x = m=(m + mq) ' 0:8 of the inomingenergy, where mq ' 0:3 GeV is the mass of a light onstituent quark. Forsimpliity, we take the same Z� and �i for all harm hadrons; for � weexpet the larger ross setion to be approximately ompensated by thelarger Z�. Thus, �nally, �i is given by1�i = 1�dei + 1� Z��i : (21)From (14) the light baryon �ux is given by�N (E;X) = �N (E; 0) exp�� X�N (E)� : (22)If we insert (15) into (16), then the individual harm hadron �uxes are�i(E;X) = XZ0 dX 0 exp0�� XZX0 dX 00�i(E;X 00)1ASN!i(E;X 0) ; (23)where SN!i(E;X) = 1ZE dE0nA� 1E0 d�dxN!i(E;E0)�N (E0;X) (24)and x = E=E0.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3289The spetra of harmed hadrons d�N!i=dx are alulated using the threemodels shown in Fig. 2. The ratios of the di�erent harm yields (after thehadronization of the  quark) are given in Ref. [6℄ to be�(D+s )�(D+;D0) = 0:2 ; �(�)�(D+;D0) = 0:3 ; �(D+)�(D0) = 0:5 : (25)More reent data [41℄ favour a smaller value12 of the �rst ratio quoted in(25), namely �(D+s )�(D+;D0) ' 0:1 : (26)We take this value in our analysis.Note that the � baryon is produed by the reombination of a  quarkwith a spetator diquark of the inoming nuleon13. It is not produed froma � quark. Therefore the parton momentum fration x� arried by the �is x� = xd + x. The diquark momentum fration xd will be less than23(1 � x), as part of the energy is arried away by the third valene quark(the fator 23), by the � quark and by gluons. To allow for this, we thereforetake xd = 12(1� x), whih leads tox� = 12(1 + x) : (27)This is found to be in good agreement with the distribution generated bythe PYTHIA Monte Carlo [42℄, whih has a maximum in the region x� '0.5�0.6. Of ourse, a very slow  quark is unlikely to ombine with a fastlight diquark (with xd � 0:5). Therefore we introdue a ut-o�, x > x0 ,in (27). Assuming a mean veloity of the  quark to be h v2 i � 0:25, weestimate x0 � 0:1. For �b prodution, whih we disuss below, the heavier bquark will arry a larger fration of the �b momentum. In this ase we takethe ut-o� to be x0b = 0:25. As a hek, we also ompute the prompt �ux,arising from  ! �, using an alternative to presription (27). We assumethat for the diquark xd = (md=m) � x with a onstituent diquark of massmd = 2mq = 0:7 GeV and m = 1:5 GeV. With this assumptionx� = 1:47x; (28)or, in the ase of beauty, x� = 1:16xb, using mb = 4:5 GeV.12 For isolated -quark fragmentation, PYTHIA [42℄ gives a ratio of 0.08.13 The PYTHIA/JETSET Monte Carlo gives only 2.5% � baryons in the fragmentationof an isolated  jet, that is in the absene of spetator diquarks.



3290 A.D. Martin, M.G. Ryskin, A.M. Sta±to

10
-6

10
-5

10
-4

10
-3

10
-2

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

no fragmentation
xD=0.75xc,  xΛ=0.5(1+xc)

Peterson

xD=0.75xc,  xΛ=1.47 xc

νµ + ν
–

µ

Eν [GeV]

E
3 ν 

Φ
(E

ν)
 [G

eV
2 /c

m
2  s

r 
s]

Fig. 5. The �ux of prompt muon neutrinos at ground level, weighted by E3, fordi�erent hoies of the  ! harmed hadron fragmentation funtion, dn!i=dx.The urves orrespond in desending order to assuming (i) no fragmentationdn=dx / Æ(1 � x), (ii), (iii) Æ(xD � 0:75x) and Æ(x� � 12 (x + 1)) for x > 0:1,or Æ(x� � 1:47x) and (iv) a Peterson et al. fragmentation funtion [43℄ with" = 0:043 [13℄. In eah ase harm prodution is alulated using the GBW solidurve of Fig. 4.Rather than using a fragmentation funtion for dn!D=dx, for D mesonswe take xD = 0:75x. This is su�ient for our purposes14. For illustrationwe ompare, in Fig. 5, the prompt �� + ��� �ux at ground level, ���+���(E),obtained from (17) using di�erent forms of fragmentation. Clearly the up-per urve, orresponding to no fragmentation, gives an overestimate of the�ux. Moreover, due to the presene of additional light �sea� quarks, weexpet a harder distribution for the fragmentation in pp prodution thanthat obtained in e+e� ollisions (lower urve). Hene our use of fragmen-tation orresponding to one of the middle urves. We see that both the� hadronization presriptions (27) and (28) give very similar �uxes. Atthe highest energies the fration of neutrinos oming from � (relative tothose from D) inreases due to the short � lifetime. Therefore the hoiex� = 12(1 + x) of (27), whih orresponds to a larger hx� i than (28), givesa larger neutrino �ux for E� & 106 GeV. The results below orrespond tousing presription (27).14 That is the distributions dn!i=dx were taken to be proportional to Æ(xD�0:75x) forD mesons, whereas for � we assume that they are proportional to Æ(x�� 12 (x+1))for x > 0:1, or Æ(x� � 1:47x). We note that PYTHIA gives a harder x = ED=Edistribution than that shown for the Peterson et al. funtion [43℄ in Ref. [13℄.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3291For the leptoni deay of eah harm hadron i, the distribution dni!l=dxlwas generated by the PYTHIA Monte Carlo [42℄. Note that in PYTHIA 6.2the Ds ! ��� branhing ratio was set to be 1%, whereas the latest valueis 6:4 � 1:5% [13℄. Sine Ds ! ��� is almost the only soure of prompt�� neutrinos, it is important to renormalise the yield using the updatedbranhing ratio. It is interesting to note that the D+s deay produes moreprompt ��� neutrinos than �� , sine the ��� from �+ deay has the large xl.Of ourse, the reverse is true for D�s deay.6. Prompt �� and �� �uxesWe present the predited yields of prompt �� and �� neutrinos fromharmed hadrons produed by osmi ray ollisions in the atmosphere. The�ux of �e neutrinos is essentially equal to that of �� neutrinos. High energyprompt eletrons are ompletely degraded in the eletromagneti asade.For prompt muons the eletromagneti interation is muh weaker; it wasdemonstrated in Ref. [44℄ that the prompt � �ux is only about 10% smallerthan the prompt �� �ux at the surfae of the earth.In Fig. 6 we plot the prompt �� and �� �uxes predited by the threemodels for the extrapolation of the gluon distribution to very small x. Al-though in Figs. 3 and 4 we ompared di�erent models of extrapolation usinga �xed  = 2:02, in the atual alulation of the neutrino �uxes we used
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

KMS

MRS
GBWνµ + ν

–

µ

10
-6

10
-5

10
-4

10
-3

10
-2

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

ντ + ν
–

τ

Eν [GeV]

E
3 ν 

Φ
(E

ν)
 [G

eV
2 /c

m
2  s

r 
s]
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3292 A.D. Martin, M.G. Ryskin, A.M. Sta±tothe observed primary osmi ray �ux, whih orresponds to di�erent valuesof  above and below the `knee'. The sharp fall-o� for neutrino energiesE > 108 GeV is due to the inrease in the deay length of the harmedhadrons, arising from Lorentz time dilation. Clearly in the gluon kinematidomain of interest (x < 10�5 and Q2 <� 10 GeV2) saturation e�ets beomeimportant. The reason for the behaviour of the KMS predition � below atlow energies, above at high energies � was given in the disussion onern-ing Fig. 3. We have argued that extrapolations based on the GBW modeland its variations, as shown in Fig. 4, give the most reliable preditions forE > 106 GeV. Thus in Fig. 7 we show the spread of preditions of theneutrino �uxes based on the shaded domain in Fig. 4. In Fig. 7 we alsoshow the onventional atmospheri �ux of �� (from � and K deays, et.).Moreover, there is a small probability that atmospheri �� neutrinos mayosillate into �� neutrinos and so provide an `atmospheri' �� �ux. We al-ulate this �ux using the 3� ranges of the sin2 �ATM and �m2ATM neutrinomixing parameters found in an analysis [45℄ of the SuperKamiokande [46℄and MACRO [47℄ data. The resulting atmospheri �� �ux is shown by aband in the lower plot of Fig. 7.
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Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3293We disuss the neutrino �uxes of Fig. 7 in the onluding setion, afterwe have inluded the ontribution to the prompt �� spetrum arising fromb�b prodution, fragmentation and deay. However, �rst, we show in Fig. 8the e�et of harmed hadron interations with the atmosphere. The e�et isillustrated by the di�erene between the dashed urve, for whih the inter-ations are suppressed (that is �i = 0), and the ontinuous urve with theinterations present. For this omparison we use the GBW extrapolation,the one given by the solid urve in Fig. 4.We emphasise that the preditions for the prompt neutrino �uxes dependstrongly on the nulear ontent of the primary osmi rays. So far we haveassumed that the osmi rays are omposed entirely of protons. Supposethat the protons were to be replaed by nulei of the same energy E andof atomi number A. Then we have to sale the energy of the primaryinterating nuleon to E=A. Roughly speaking, this redues the neutrino�ux �� in the plateau region (106�107 GeV) of the E3�� plot by A3. On theother hand, the number of inoming nuleons is A, so as a onsequene weexpet an A2 suppression. A detailed alulation for inoming nulei withhAi = 7 [48℄ gives the dotted urve in Fig. 8. The suppression of the originalGBW ontinuous urve (for A = 1) is apparent.
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3294 A.D. Martin, M.G. Ryskin, A.M. Sta±to7. Prompt �� �ux from b�b produtionAt �rst sight it appears that if we also allow for b�b prodution, withthe same ross setion, fragmentation and deay then we will approximatelydouble the �� �ux. However note that, in omparison with harm produ-tion, the ross setion for beauty prodution is about 30 times smaller dueto the fator m2=m2b and to the larger value of x2 of the gluon struturefuntion whih is sampled, see Eq. (1), see Fig. 9. Nevertheless, the highenergy prodution of �� neutrinos from beauty deays is not negligible. For
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Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3295Fig. 10(a) shows the breakdown of the total prompt �� �ux. We take theratios of the B�, B0, Bs and �b beauty yields (after hadronization of the bquark) to be given by exatly analogous relations to (25) and (26) for harm.Reall that �� 's of � and b�b origin ome, respetively, from Ds ! ��� andfrom the semileptoni ��� deay modes of B�, B0, Bs and �b. Thus wehave a diret �� omponent and an indiret omponent oming from the� ! �� deays. For harm the former omponent is very small sine thediret �� arries away a small energy fration. Thus the � ! �� deay givesthe dominant omponent, whih is trunated at an energy when the � hasinsu�ient time to deay. For beauty the diret and indiret omponentsare omparable until the energy regime is entered at whih the � has notenough time to deay.
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3296 A.D. Martin, M.G. Ryskin, A.M. Sta±toTo alulate the b quark ross setion we have used the same GBWmodelas desribed in Setions 2�4 with a quark mass mb = 4:5 GeV. We haveapproximated the b! B fragmentation funtion by a delta funtion at x =EB=Eb = 0:9. Also we have assumed that the hadronization and the ross-setion of the beauty hadron�air interation do not depend appreiably onthe nature of the heavy quark. So we have used the same attenuation lengths�i and the same ratios of the di�erent beauty hadron yields (Eqs. (25) and(26)), as were used for the harm ase.We neglet the b�b ontribution to the �� (and �e) �uxes. They neverexeed about 2�3% of that arising from � prodution and deay.8. Conluding disussion8.1. Impliations for physisThe �� �ux shown in Fig. 7(a), and the �� �ux shown in Fig. 10(b), haveimportant impliations for neutrino astronomy. These neutrino �uxes arisefrom osmi ray interations with the atmosphere. They therefore providethe bakground to searhes for osmi neutrinos (for whih there are manyexiting New Physis senarios). They also provide a possibility to alibratethe detetors of the new neutrino telesopes. A partiularly interesting en-ergy domain is where the prompt neutrino �ux has emerged from the sharplyfalling `onventional' atmospheri neutrino �ux. Here �� appears to have anenormous advantage in searhing for a signal for New Physis, see Figs. 7and 10. Due to mixing, the �uxes of �� and �� are equal for inoming os-mi neutrinos. The �ux of prompt �� neutrinos (whih arises mainly fromDs ! ��� deays, but with a signi�ant 40% ontribution from B, Bs, �bsemileptoni deays) is about ten times less than that for prompt ��, andthe number of �� neutrinos produed from the onventional atmospheri �ux(via �� ! �� osillations) is negligible for E > 104 GeV. There is only alittle time for neutrino mixing in the atmosphere. Thus the tau neutrino �uxoriginating from atmospheri neutrinos is greatly suppressed. As a onse-quene, tau neutrinos o�er an ideal means of identifying neutrinos of osmiorigin, and for searhing for New Physis.There is another reason to onentrate on the �� �ux. For values of E�above 104 GeV the �� �ux is signi�antly depleted in the passage of theneutrinos through the Earth. The absorption inreases rapidly as E� is in-reased [50℄. On the other hand, high energy �� neutrinos have the uniqueadvantage that they are not depleted in number no matter how muh of theEarth that they pass through. If they su�er a harged-urrent interation,they produe a � lepton whih subsequently deays, regenerating a �� neu-



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3297trino with degraded energy [14℄. It is, moreover, interesting to note thattau neutrinos of energies about 107 GeV may produe spetaular distin-tive signatures in the planned 1 km3 high energy neutrino detetors made ofstrings of photomultiplier tubes distributed throughout a naturally our-ring Cerenkov medium, suh as water or ie, deep in the oean or ie ap.A harged-urrent �� interation may produe a ontained `double bang'signature [51℄ or a `lollipop' signature [52℄. In the former, the �rst bangorresponds to the hadroni shower produed along with the subsequent �lepton and the seond bang is the shower assoiated with the � deay. Alollipop event is when only the seond shower ours within the detetor andthe � lepton whih initiates the shower is identi�ed by the relatively weakionisation that it auses.Another interesting possibility follows from the observation that eletronneutrinos may be distinguished experimentally from muon and tau neutri-nos. Eletron neutrinos give rise to distintive showers, whih result fromtheir harged-urrent interations, whih harateristially are ontainedwithin the large detetor volume, and hene identi�ed. The onventionalatmospheri �ux of �e neutrinos omes mostly from kaon deays and so therelative �ux �e=�� . 0:1 [53℄. On the other hand, the prompt �e and ���uxes are pratially equal to eah other. Hene the prompt �e �ux shouldbe more visible over its onventional bakground, than the prompt �� �ux15.Of ourse, the bakground redution is muh less than for �� neutrinos, butthis will be partially o�set sine it is likely that �e neutrinos will be easierto identify than �� neutrinos.So far we have shown the prompt neutrino �uxes arising from vertially-inident osmi rays. However, the predited �uxes are sensitive to thezenith angle. In partiular, as we depart from the vertial inident di-retion, more atmosphere is enountered, whih gives more time for theharmed hadrons to deay and hene allows more high energy neutrinos tobe produed. This is well illustrated by Fig. 11, whih shows the promptneutrino �uxes produed by horizontally-inident osmi rays. Indeed, forE� > 108 GeV, the �ux in the horizontal diretion is notieably larger. Theobservation of the zenith angle dependene will allow the `atmospheri' bak-ground neutrinos to be identi�ed and hene osmi neutrinos (and thereforeNew Physis) to be isolated.
15 We thank John Beaom for drawing this possibility to our attention.
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Fig. 11. The ontinuous urve is the prompt ��+��� �ux from horizontally-inidentosmi rays. The dashed urve, whih orresponds to vertially-inident osmirays, is taken from Fig. 7.8.2. Unertainties in the predited prompt �� and �� �uxesWe have emphasized the importane to neutrino astronomy of reliablepreditions of the prompt muon and tau neutrino �uxes, whih arise from� and b�b prodution, hadronization and deay in the atmosphere. Theyprovide the bakground to the searh for osmi neutrinos originating fromAtive Galati Nulei or elsewhere. We have argued that the preditionsbased on perturbative QCD, given in Figs. 7(a) and 10(b), have muh lessunertainty than those that already exist in the literature. How reliable isperturbative QCD and the extrapolation of the gluon into the very small xdomain? Perturbative QCD is expeted to be valid for b�b prodution16, andshould also hold for � prodution sine the fatorisation sale �F � m. Itis important to note that at �xed target energies, E � 250 GeV, the NLOpreditions for d�=dxF are in agreement with the available data, while for16 Unlike � prodution, there are no aelerator b�b data in the fragmentation regionwhih is relevant to this study. However, there exist Tevatron data for entral b�bprodution with, typially, pbT > 5 GeV [54℄ whih appear to exeed the NLO QCDpredition. Reently it has been shown [55℄ that the disrepany may be redued toan aeptable level by using a fragmentation funtion with hxi larger than that ofthe onventional Peterson et al. parametrization [43℄.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3299very high energies the mean sale, h1=ri, inreases due to saturation e�ets.Sine the gluon distribution is determined by HERA deep inelasti datadown to x � 10�4, preditions, whih use partoni struture determinedfrom these data and whih agree with �xed target harm data, should bereliable up to about E � 105 GeV, and perhaps an order of magnitudeor so above. Fig. 3 shows examples of three very di�erent models whihillustrate that this is indeed the ase. (Reall that in Setion 3 we explainedwhy the KMS predition is not appliable at the lower energies shown inFig. 3.) However, as we proeed to higher energies, and sample smaller andsmaller x values and hene inreasing gluon density, we must inlude thee�ets of saturation. Though we have labelled the preditions by GBW, wehave not simply used the saturation model of Gole-Biernat and Wüstho�,but rather we investigated the unertainties in inluding saturation e�etsin some detail, see Fig. 4. We onluded that the most reliable preditionswould be obtained using the ontinuous urve in Fig. 4, with onservativeerrors shown by the shaded band, whih are re�eted in the shaded bandson the prompt neutrino �uxes shown in Fig. 7. These bands represent theunertainty in � prodution.In addition, there are also unertainties assoiated with the fragmenta-tion of the harm quark (see Fig. 5) and with the D meson attenuation dueto its strong interation with the atmosphere (see Fig. 8). Another soureof unertainty is the x distribution of the � hyperons. The reombinationof the  quark with the ud diquark of the inoming proton gives the �a rather large x. We use the simpli�ed formula x� = 12(1 + x), where afast diquark with xud � 0:5 reombines with any  quark with x > 0:1.The relatively large unertainty arises beause the � �ux is proportional tothe x=2:02 moment, (11), of the x distribution. Thus the larger value ofx arried by the � (as ompared to the D mesons) ompensates for thesmall probability of � formation, see (25). As a onsequene, the ontri-bution of the � to the prompt �� �ux inreases from about 10% to 40%as the neutrino energy inrease from 104 to 109 GeV. Unfortunately the xdistribution of � hyperons at high energies (E > 10 TeV) is not measuredyet. However, the x2:02 moment given by PYTHIA is in agreement with theabove presription, (27), that x� = 12(1 + x) for x > 0:1.Overall, we see that the unertainty in the prompt neutrino �ux predi-tions is about a fator of 3. For the �� �ux from harm, whih relies entirelyon the Ds ! ��� deay, there is also an extra unertainty assoiated withthe branhing ratio and with the prodution ratio of (26). There is less un-ertainty in the �� �ux from beauty, sine it originates more uniformly fromB�, B0, Bs and �b semileptoni ��� deays.Finally we note that the preditions have been made assuming that theinoming osmi rays are predominantly omposed of protons. If, however, it



3300 A.D. Martin, M.G. Ryskin, A.M. Sta±toshould happen that the observed �� and �� prompt �uxes lie below the pre-ditions of Figs. 7(a) and 10(b), then the measurements may give importantonstraints on the nulear omposition of osmi rays.It is a speial pleasure to aknowledge that over many years we have ben-e�ted from many valuable and illuminating disussions with Jan Kwiei«ski,on this and many other topis. We thank Franis Halzen for drawing theproblem of prompt neutrinos to our attention. A.M.S. thanks Leonard Le±-niak for disussions. This work was partially supported by the UK PartilePhysis and Astronomy Researh Counil, the Russian Fund for Fundamen-tal Researh (grant 01-02-17095), the British Counil�Polish (KBN) jointresearh programme, and the Polish State Committee for Sienti� Researh(KBN) grants 2P03B05119, 5P03B14420.AppendixCharm prodution in proton�air ollisionsHere we present a simple parametrization whih may be used to repro-due the inlusive ross setion of -quark prodution in proton�air ollisions,based on the GBW model (whih yields the ontinuous urves in Figs. 2�5).To �5% auray for 0:05 < x < 0:6 we havexd�dx (p+ air! + : : :) = Ax�(1� x1:2)n ; (A.1)where � = 0:05 � 0:016 ln(E=10 TeV) andn = 7:6 + 0:025 ln(E=10 TeV)A = 140 + (11 ln(E=0:1 TeV))1:65 �b � for 104 < E < 108 GeV;n = 7:6 + 0:012 ln(E=10 TeV)A = 4100 + 245 ln(E=105 TeV) �b � for 108 < E < 1011 GeV :For E = 1012 GeV, the parametrization overestimates the ross setion byabout 10% for x < 0:2.



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3301REFERENCES[1℄ R.J. Protheroe, Nul. Phys. Pro. Suppl. 77, 456 (1999); R. Ghandi, Nul.Phys. Pro. Suppl. 91, 453 (2000); J.G. Learned, K. Mannheim, Ann. Rev.Nul. Part. Si. 50, 679 (2000); F. Halzen, astro-ph/0301143.[2℄ F. Halzen, D. Hooper, Rep. Prog. Phys. 65, 1025 (2002).[3℄ C. Spiering, Prog. Part. Nul. Phys. 48, 43 (2002).[4℄ P. Nason, S. Dawson, R.K. Ellis, Nul. Phys. B327, 49 (1989); erratum, Nul.Phys. B335, 260 (1990).[5℄ J.A. Appel, Ann. Rev. Nul. Part. Si. 42, 367 (1992).[6℄ S. Frixione, M.L. Mangano, P. Nason, G. Ridol�, Nul. Phys. B431, 453(1994); Advanes Series on Diretions in High Energy Physis 15, 609 (1998)in Heavy Flavours II eds. A.J. Buras, M. Lindner, World Sienti�.[7℄ M. Thunman, G. Ingelman, P. Gondolo, Astropart. Phys. 5, 309 (1996).[8℄ L. Pasquali, M.H. Reno, I. Sarevi, Phys. Rev. D59, 034020 (1999).[9℄ G. Gelmini, P. Gondolo, G. Varieshi, Phys. Rev. D61, 036005 (2000).[10℄ G. Gelmini, P. Gondolo, G. Varieshi, Phys. Rev. D61, 056011 (2000).[11℄ G. Gelmini, P. Gondolo, G. Varieshi, Phys. Rev. D63, 036006 (2001).[12℄ J. Kwiei«ski, A.D. Martin, A.M. Sta±to, Phys. Rev. D56, 3991 (1997);J. Kwiei«ski, A.D. Martin, A.M. Sta±to, Ata Phys. Pol. B 28, 2577 (1997).[13℄ Review of Partile Properties: K. Hagiwara et al., Phys. Rev. D66, 1 (2002).[14℄ F. Halzen, D. Saltzberg, Phys. Rev. Lett. 81, 4305 (1998); T. Stanev, Phys.Rev. Lett. 83, 5427 (1999); S.I. Dutta, M.H. Reno, I. Sarevi, Phys. Rev.D62, 123001 (2000); J.F. Beaom, P. Crotty, E.W. Kolb, Phys. Rev. D66,021302 (2002).[15℄ A.D. Martin, R.G. Roberts, W.J. Stirling, R.S. Thorne, Eur. Phys. J. C23,73 (2002).[16℄ M. Glük, E. Reya, A. Vogt, Eur. Phys. J. C5, 468 (1998).[17℄ L.N. Lipatov, Sov. J. Nul. Phys. 23, 338 (1976); E.A. Kuraev, L.N. Lipatov,V.S. Fadin, Sov. Phys. JETP 45, 199 (1977); I.I. Balitsky, L.N. Lipatov, Sov.J. Nul. Phys. 28, 338 (1978).[18℄ S. Catani, M. Ciafaloni, F. Hautmann, Nul. Phys. B366, 135 (1991).[19℄ M. Ciafaloni, Nul. Phys. B296, 49 (1988); J. Kwiei«ski, A.D. Mar-tin, P.J. Sutton, Z. Phys. C71, 585 (1996); B. Andersson, G. Gustafson,J. Samuelsson, Nul. Phys. B467, 443 (1996).[20℄ V. S. Fadin, M. I. Kotsky, R. Fiore, Phys. Lett. B359, 181 (1995); V.S. Fadin,M.I. Kotsky, L.N. Lipatov, hep-ph/9704267; V.S. Fadin, R. Fiore, A. Flahi,M.I. Kotsky, Phys. Lett. B422, 287 (1998); V.S. Fadin, L.N. Lipatov, Phys.Lett. B429, 127 (1998); G. Camii, M. Ciafaloni, Phys. Lett. B386, 341(1996); Phys. Lett. B412, 396 (1997), Erratum, Phys. Lett. B417, 390 (1997);Phys. Lett. B430, 349 (1998).[21℄ K.J. Gole-Biernat, M. Wüstho�, Phys. Rev. D59, 014017 (1999).



3302 A.D. Martin, M.G. Ryskin, A.M. Sta±to[22℄ K.J. Gole-Biernat, M. Wüstho�, Phys. Rev. D60, 114023 (1999).[23℄ N.N. Nikolaev, B.G. Zakharov, Z. Phys. C49, 607 (1991); Z. Phys. C53, 331(1992).[24℄ J. Bartels, K.J. Gole-Biernat, H. Kowalski, Phys. Rev. D66, 014001 (2002).[25℄ B.L. Combridge, C.J. Maxwell, Nul. Phys. B239, 429 (1984).[26℄ I.I. Balitskii, Nul. Phys. B463, 99 (1996); Phys. Lett. B518, 235 (2001).[27℄ Yu.V. Kovhegov, Phys. Rev. D60, 034008 (1999).[28℄ K.J. Gole-Biernat, L. Motyka, A.M. Sta±to, Phys. Rev. D65, 074037 (2000).[29℄ M. Braun, Eur. Phys. J. C16, 337 (2000); N. Armesto, M.A. Braun, Eur.Phys. J. C20, 517 (2001).[30℄ E. Levin, M. Lublinsky, Nul. Phys. A696, 833 (2001); Eur. Phys. J. C22,647 (2002); M. Lublinsky, Eur. Phys. J. C21, 513 (2001).[31℄ A.B. Kaidalov, Phys. Rep. 50, 157 (1979).[32℄ J. Bartels, M.G. Ryskin, G.P. Vaa, Eur. Phys. J. C27, 101 (2003).[33℄ Ya.I. Azimov, V.A. Khoze, E.M. Levin, M.G. Ryskin, Nul. Phys. B89, 508(1975).[34℄ S.J. Brodsky, P. Hoyer, C. Peterson, N. Sakai, Phys. Lett. B93, 451 (1980).[35℄ T.K. Gaisser, Cosmi Rays and Partile Physis, Cambridge Univ. Press,1992.[36℄ C.G.S. Costa, Astropart. Phys. 16, 193 (2001).[37℄ M. Anguiano, G. Co', J. Phys. G 27, 2109 (2001).[38℄ ZEUS Collaboration: S. Chekanov et al., Eur. Phys. J. C24, 345 (2002);H1 Collaboration: C. Adlo� et al., Phys. Lett. B483, 23 (2000).[39℄ C.G.S. Costa, F. Halzen, C. Salles, Phys. Rev. D66, 113002 (2002).[40℄ E.V. Bugaev et al., Phys. Rev. D58, 054001 (1998).[41℄ E769 Collaboration: G. Alves et al., Phys. Rev. Lett. 77, 2392 (1996); WA92Collaboration: M. Adamovih et al., Nul. Phys. B495, 3 (1997).[42℄ T. Sjöstrand et al., Comput. Phys. Commun. 135, 238 (2001); T. Sjöstrand,Comput. Phys. Commun. 82, 74 (1994).[43℄ C. Peterson, D. Shlatter, I. Shmitt, P.M. Zerwas, Phys. Rev. D27, 105(1983).[44℄ G. Gelmini, P. Gondolo, G. Varieshi, Phys. Rev. D67, 017301 (2003).[45℄ M. Maltoni, T. Shwertz, M.A. Tórtola, J.F.W. Valle, Phys. Rev. D67,013011 (2003).[46℄ SuperKamiokande Collaboration: Y. Fukuda et al., Phys. Rev. Lett. 81, 1562(1998).[47℄ MACRO Collaboration: A. Surdo, talk at TAUP 2001, Gran Sasso, Italy,http://www.lngs.infn.it/[48℄ C.G.S. Costa, F. Halzen, J. Bellandi, C. Salles, Phys. Rev. D54, 5558 (1996).[49℄ L. Pasquali, M.H. Reno, Phys. Rev. D59, 093003 (1999).



Prompt Neutrinos from Atmospheri � and b�b Prodution : : : 3303[50℄ R. Gandhi, C. Quigg, M. Reno, I. Sarevi, Phys. Rev. D58, 093009 (1998);J. Kwiei«ski, A.D. Martin, A.M. Sta±to, Phys. Rev. D59, 093002 (1999).[51℄ J.G. Learned, S. Pakvasa, Astropart. Phys. 3, 267 (1995); H. Athar, G.Parente,E. Zas, Phys. Rev. D62, 093010 (2000).[52℄ F. Halzen, D. Hooper, in preparation; see also the Ie Cube design doument,www.ieube.wis.edu[53℄ T.K. Gaisser, M. Honda, Annu. Rev. Nul. Part. Si. 52, 153 (2002).[54℄ CDF Collaboration: F. Abe et al., Phys. Rev. Lett. 71, 500 (1993); Phys. Rev.Lett. 71, 2396 (1993); Phys. Rev. Lett. 75, 1451 (1995); D. Aosta et al., Phys.Rev. D65, 052005 (2002); D0 Collaboration: B. Abbott et al., Phys. Lett.B487, 264 (2000).[55℄ M. Caiari, P. Nason, Phys. Rev. Lett. 89, 122003 (2002).


