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NOISE-FREE STOCHASTIC RESONANCE IN AMODEL FOR SPATIOTEMPORAL TURBULENCE�A. Krawie
kiFa
ulty of Physi
s, Warsaw University of Te
hnologyKoszykowa 75, 00-662 Warsaw, Poland(Re
eived O
tober 1, 2002)Noise-free sto
hasti
 resonan
e is demonstrated numeri
ally in a modelfor Rayleigh�Bénard turbulen
e in a spatially extended system, based on aone-dimensional array of 
oupled 
haoti
 Lorenz 
ells. The system showsspatiotemporal intermitten
y as the 
ontrol parameter � equivalent to thetemperature di�eren
e between the upper and lower surfa
e of the liquidlayer � is in
reased. If the temperature di�eren
e is slowly modulatedperiodi
ally, the signal-to-noise ratio, obtained from the output signal re-�e
ting the o

urren
e of laminar and turbulent phases in a given pointin spa
e, shows maximum as a fun
tion of the mean value of the 
ontrolparameter. The results suggest that experimental observation of noise-freesto
hasti
 resonan
e in spatially extended systems is possible.PACS numbers: 05.45.�a, 47.52.+j, 05.40.�a1. Introdu
tionSto
hasti
 resonan
e (SR) is a phenomenon o

urring in systems drivenby a 
ombination of a periodi
 signal and noise, in whi
h the strength ofa periodi
 
omponent of a suitably de�ned output signal is maximum foroptimum nonzero noise intensity [1℄ (for review see [2�4℄). For example,in a generi
 model for SR, jumps of a parti
le, subje
t to a weak periodi
for
e and optimum noise, between symmetri
 wells of a bistable potential
an exhibit noti
eable periodi
ity [1,5℄. A separate 
lass of systems with SRis formed by 
haoti
 models in whi
h, instead of external noise, the internal
haoti
 dynami
s 
an be tuned to maximize the periodi
 
omponent of theoutput signal. This is a
hieved by varying a 
ontrol parameter, and the
orresponding phenomenon is 
alled noise-free (dynami
al) SR [6�11℄. Thestrength of the periodi
 
omponent of the output signal 
an be expressed as,� Presented at the XV Marian Smolu
howski Symposium on Statisti
al Physi
s,Zakopane, Poland, September 7�12, 2002.(3523)
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kie.g., the signal-to-noise ratio (SNR) in dB at the frequen
y of the periodi
signal !0, de�ned as SNR = 10 log SP (!0) =SN (!0). Here, S (!) denotesthe power spe
tral density (PSD) of the output signal, and SP (!0) is theheight of the peak in the PSD at !0, above the noisy ba
kground in thevi
inity of !0, whi
h is denoted as SN (!0). Then the hallmarks of SR andnoise-free SR are that the SNR has a maximum as a fun
tion of the inputnoise intensity or the 
ontrol parameter, respe
tively. In re
ent years, animportant topi
 has been investigation of SR in spatially extended sto
hasti
systems [12�20℄. For example, in arrays of 
oupled elements exhibiting SRenhan
ement of the maximum SNR due to proper 
oupling in 
omparisonwith that in an un
oupled element, and its in
rease with the size of thearray were found [12�17℄. This e�e
t, known as array-enhan
ed SR, appearsbe
ause the noise and 
oupling 
an syn
hronize the output signals of allelements with the periodi
 signal, so that the latter is best re�e
ted in thedynami
s of the elements in the array. In other 
ases, SR appears sin
e thesystem provides spa
e for two stable extended 
on�gurations, 
orrespondingto two wells of the bistable potential in the above-mentioned generi
 modelfor SR [18�20℄, e.g., two pinning points for a soliton in a one-dimensionalmedium [19, 20℄.In this paper the study of SR-like phenomena is extended to the 
aseof noise-free SR in spatially extended 
haoti
 systems. A typi
al route to
haos in spatially extended systems is spatiotemporal intermitten
y (STI)[21�31℄. As the 
ontrol parameter is in
reased, isolated turbulent domainsappear on the laminar ba
kground; for still higher values of the 
ontrol pa-rameter these domains grow in size and 
an be spontaneously 
reated andannihilated; eventually, all turbulent domains are 
onne
ted and the systembe
omes mostly turbulent. STI has been predi
ted theoreti
ally in 
oupledmap latti
es [21℄ and partial di�erential equations [22℄, and observed exper-imentally, e.g., in Rayleigh�Bénard 
onve
tion [23,24℄, turbulent regimes oflines of ele
tromagneti
ally for
ed vorti
es [28℄, Taylor�Couette �ow [29℄,and dynami
s of self-ex
ited ionization waves [31℄. A strong analogy be-tween STI and dire
ted per
olation has been 
onje
tured, although therehas been a long debate if both phenomena belong to the same universality
lass [22, 27, 30℄. In Ref. [7℄ it was proved that low-dimensional 
haoti
 sys-tems with intermitten
y 
an exhibit noise-free SR: information about thedriving periodi
 signal 
an be re�e
ted in the sequen
e of laminar phasesand bursts, whi
h play a role of the two stable states in the generi
 bistablemodel for SR. This sequen
e shows maximum periodi
ity for the optimumvalue of the 
ontrol parameter. This paper is aimed to show that, similarly,in spatially extended systems with STI information about the periodi
 sig-nal 
an be best en
oded in the sequen
e of laminar and turbulent domainsfor the optimum value of the 
ontrol parameter.



Noise-Free Sto
hasti
 Resonan
e in a Model for : : : 3525For this purpose, numeri
al simulations of a one-dimensional array of
oupled 
haoti
 Lorenz systems [32℄ are performed, ea
h 
onsisting of threenonlinear ordinary di�erential equations. This approximate model [26℄ wasintrodu
ed to des
ribe experiments with Rayleigh�Bénard 
onve
tion in a�uid layer between horizontal boundaries, of whi
h the lower one is heatedfrom below. The model was shown to reprodu
e, at least qualitatively, 
er-tain experimental results, as the transition to spatiotemporal 
haos via STI,and the statisti
al distributions of the lengths of laminar domains both be-low and above the threshold for fully developed turbulen
e. In this paper, asmall periodi
 modulation is added to one of the model parameters, equiva-lent to periodi
 modulation of the temperature di�eren
e between the lowerand upper boundary. It is found that when the mean value of the tempera-ture di�eren
e, playing a role of the 
ontrol parameter, is optimum, the SNRmeasured from the signal re�e
ting the o

urren
e of a laminar or turbulentphase at a 
ertain point in spa
e is maximum. In this way, noise-free SR ina system with STI is demonstrated. Dependen
e of this phenomenon on thesystem size and possible experimental realizations are brie�y dis
ussed.2. The modelIn the Rayleigh�Bénard experiment a layer of �uid is 
on�ned betweentwo horizontal plates and heated from below [23, 24℄. As the temperaturedi�eren
e �T between the plates in
reases, a steady 
onve
tive �ow is ob-served, whi
h for small system size has a form of a one-dimensional 
hain ofverti
al vorti
es, with neighboring vorti
es rotating in opposite dire
tions.For higher �T this stru
ture is destroyed by the appearan
e of small, lo
al-ized in spa
e turbulent domains in whi
h the spatial periodi
ity is violated,surrounded by large laminar domains in whi
h the 
hain of vorti
es is stillperiodi
. With in
reasing temperature di�eren
e the turbulent regions mi-grate and invade the laminar ones, and the portion of the system o

upiedby the turbulent domains grows. This route to turbulen
e is typi
al of STIand shows some eviden
e for a se
ond-order phase transition, though in the
ase of annular system geometry (periodi
 boundary 
onditions for the �ow)this transition need not be perfe
t [24℄.The Lorenz model [32℄ is a drasti
 simpli�
ation of the Navier�Stokesequations for the problem of Rayleigh�Bénard 
onve
tion, obtained by re-taining only three spatial Fourier 
oe�
ients of the �uid velo
ity and tem-perature. In order to model a spatially extended �uid layer, in Ref. [26℄ itwas assumed that the basi
 stru
ture of the �uid motion in the Rayleigh�Bénard experiment 
onsists of vorti
es whi
h persist for a range of �T thatin
ludes turbulent behavior. Ea
h vortex, or 
ell, was then modeled by a sin-gle Lorenz system, and the 
ells were 
oupled by vis
ous e�e
ts and thermal
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oupling. This led to the following system of 
oupled ordinary di�erentialequations _xi = � (yi � xi)� � (xi�1 + 2xi + xi+1) ;_yi = �yi + (r � zi)xi � � (yi�1 + 2yi + yi+1) ;_zi = xiyi � bzi ; (1)where i = 1; 2; : : : N is the 
ell index, the signi�
ant variables xi and yi arerelated to the �uid velo
ity and temperature in ea
h 
ell, � is the strengthof vis
ous for
e at the interfa
e between adja
ent 
ells, assumed in the form� [xi (t) + xi+1 (t)℄, � is the strength of thermal 
oupling by heat ex
hangebetween adja
ent 
ells, and the signi�
ant parameter r is proportional tothe temperature di�eren
e between the lower and upper boundary �T . Themeaning of the remaining variables and parameters is given in Ref. [26℄.Note that the vis
ous for
e is minimum when xi and xi+1 have oppositesigns, whi
h amounts to the opposite dire
tion of �uid rotation in neigh-boring vorti
es. In experiments the latter situation is typi
al of laminardomains, while in turbulent domains the vorti
es rotate in the same dire
-tion. Thus in the model (1) a given 
ell i is 
lassi�ed as belonging at time tto a turbulent domain if xi�1(t)xi(t) > 0 or xi(t)xi+1(t) > 0; otherwise it is
lassi�ed as belonging to a laminar domain. Following Ref. [26℄, hen
eforththe thermal 
oupling between adja
ent 
ells is negle
ted by setting � = 0. Ifthe parameters �, b are assumed su
h that the un
oupled Lorenz system 
anshow deterministi
 
haos for a 
ertain range of r, then with � > 0 and in-
reasing r transition to turbulen
e via the appearan
e of turbulent domainsand STI is observed in the model (1).In order to investigate noise-free SR a small, slowly varying input peri-odi
 signal with frequen
y !0 � 1 and amplitude r1 was added in Eq. (1)to the 
onstant in time part of the 
ontrol parameter r0,r ! r(t) = r0 + r1 
os (!0t) ; (2)whi
h amounts to a small periodi
 modulation of the temperature di�eren
ebetween the upper and lower layer �T . The system of Eq. (1) and (2) wassimulated numeri
ally with periodi
 boundary 
onditions, equivalent to theannular geometry in experiments, and with various even N whi
h allows theperiod-2 laminar phase. The output signal Y (t) was obtained from the timeseries of the middle 
ell, i.e., that with i = N=2, and de�ned so that todistinguish if the 
ell was turbulent (Y (t) = 1) or laminar (Y (t) = 0); su
ha two-state redu
tion of the output signal is typi
al of SR [5℄. Note that theoutput signal re�e
ted the lo
al dynami
s at a given site, in analogy withthe numeri
al simulations of SR in arrays of 
oupled sto
hasti
 systems [12℄,



Noise-Free Sto
hasti
 Resonan
e in a Model for : : : 3527rather than the average or 
omplete dynami
s of the whole system. As ameasure of the noise-free SR the output SNR vs the 
ontrol parameter r0was investigated. 3. Numeri
al results and dis
ussionThe system (1) was solved numeri
ally using a fourth-and-�fth orderRunge�Kutta method with 
ontinuous 
ontrol of the integration step size,with parameters � = 10, b = 8=3, � = 3, r1 = 4, !0 = 2��2�13, and varyingr0, for 4 � N � 128. The SNR obtained numeri
ally was normalized to

Fig. 1. Spatiotemporal diagrams for the system (1) with N = 64 and r = 
onst,for r = 23 (a), r = 29 (b), r = 35 (
), r = 39 (d), r = 43 (e), r = 51 (f). Bla
kpoints denote turbulent 
ells, white points denote laminar 
ells.
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kithe frequen
y bandwidth [5℄ �f = !0= (2�M), where M is the number ofperiods of the input signal during whi
h the data were stored (in the presentsimulations, M = 32 was used). The results were then averaged over severalhundreds of the stored time series.Without periodi
 modulation, for r1 = 0, the system (1) shows transitionto spatiotemporal 
haos via the STI as r is in
reased for a whole range of Nstudied (Fig. 1 and Fig. 2). In Fig. 1 (where N = 64) the transition to fullydeveloped turbulen
e, when all turbulent domains are 
onne
ted, o

ursbetween r = 39 (Fig. 1(d)) and r = 43 (Fig. 1(e)). The exa
t thresholdfor turbulen
e is hard to establish; the transition is 
on�rmed by di�erents
aling behavior of the distribution of lengths of laminar domains far belowand above the threshold [26℄. The simulations reveal that the thresholdsfor the spontaneous 
reation of turbulent domains and for the transitionto turbulen
e slightly in
rease for small N . For example, for r = 29 andN = 16 the turbulent domains are still lo
alized (Fig. 2(b)), while forN = 64they already start invading the laminar domains (Fig. 1(b)). Nevertheless,qualitative 
hanges of the system dynami
s with in
reasing r and the overallpi
ture of the STI are independent of N (
f. Fig. 1 and Fig. 2).

Fig. 2. Spatiotemporal diagrams for the system (1) with N = 16 and r = 
onst,for r = 23 (a), r = 29 (b), r = 35 (
), r = 39 (d), r = 43 (e), r = 51 (f). Bla
kpoints denote turbulent 
ells, white points denote laminar 
ells.In the 
ase of the time-dependent 
ontrol parameter (2), the portion ofthe system o

upied by the turbulent regions 
an 
hange signi�
antly asr(t) varies between its maximum and minimum value. This happens whenr0 � r1 is, approximately, between the threshold for the spontaneous 
re-ation and annihilation of turbulent domains and that for the fully developedturbulen
e. Then the periodi
ity of r(t) is well re�e
ted in the sequen
e ofturbulent and laminar domains in the spatiotemporal diagrams in Fig. 3,



Noise-Free Sto
hasti
 Resonan
e in a Model for : : : 3529whi
h play a role analogous to that of the two stable states in models forSR with bistable potentials. For example, the overall laminar behavior 
anbe periodi
ally interrupted by time intervals during whi
h the turbulentdomains prevail (Fig. 3(b), (
)). Another possibility is that the system ismostly turbulent, and intervals during whi
h the system is more laminar

Fig. 3. Spatiotemporal diagrams for the system (1) with the time-dependent 
ontrolparameter (2), N = 64, and r0 = 23 (a), r0 = 29 (b), r0 = 35 (
), r0 = 39 (d),r0 = 43 (e), r0 = 51 (f). Bla
k points denote turbulent 
ells, white points denotelaminar 
ells. Diagrams (
)�(e) 
orrespond to the range of r0 in whi
h the maximumof the SNR in Fig. 4 appears. Note di�erent time s
ales on the horizontal axes in
omparison with Fig. 1 and 2.
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kiappear periodi
ally on this ba
kground (Fig. 3(d)). For optimum r0 theperiodi
ity of r(t) is also best re�e
ted in the output signal Y (t) from asingle Lorenz 
ell. For any system size, the SNR measured from Y (t) hasa maximum as a fun
tion of r0 (Fig. 4(a)). The maximum appears in therange of r0 for whi
h the transition to fully developed turbulen
e takes pla
e.This shows that information about the input signal 
an be en
oded in thesequen
e of laminar and turbulent phases at a single site, and that for theoptimum value of r0 this en
oding is also optimum, i.e., that noise-free SRin the spatially extended system with STI appears.
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Fig. 4. (a) The signal-to-noise ratio SNR vs r0 for the system (1,2) with !0 =1=8192, r1 = 4, and N = 4 (empty 
ir
les), N = 16 (�lled 
ir
les), N = 64(empty squares), N = 128 (�lled squares); (b) maximum SNR vs N for the systemas in (a).While the lo
ation of the maximum SNR slightly depends on the systemsize, in parti
ular for small N (Fig. 4(a)), its height is almost independentof N within the measurement a

ura
y (Fig. 4(b)). In arrays of 
oupledsto
hasti
 bistable os
illators the maximum SNR, measured for both opti-mum 
oupling strength and noise intensity, in
reases with the system sizeup to saturation [12℄. The e�e
t of 
oupling is to syn
hronize all os
illators,whi
h strengthens the e�e
t of the external periodi
 signal; sin
e if one os
il-lator follows this signal, this in
reases the probability that its neighbors willalso do. In 
ontrast, in the model given by Eq. (1), (2) the spatial extensionof the system provides only spa
e for the development and spreading of thelaminar and turbulent domains. As mentioned above, the overall pi
ture ofthe STI, and thus the overall behavior of a single 
ell, do not depend signif-i
antly on the 
hain length. Thus, the in
rease of the maximum SNR withN is not observed. Moreover, in the present study the 
oupling strength is�xed and not ne
essarily optimum, whi
h 
an also in�uen
e the observedindependen
e of the maximum SNR on the 
hain length.



Noise-Free Sto
hasti
 Resonan
e in a Model for : : : 35314. Summary and 
on
lusionsIn this paper the 
on
ept of noise-free SR was extended to the 
aseof spatially extended 
haoti
 systems exhibiting generi
 transition to spa-tiotemporal 
haos via STI. It was shown that the periodi
 
omponent in theoutput signal, re�e
ting the o

urren
e of the laminar and turbulent phasesat a given point in spa
e, 
an be maximized as a fun
tion of the 
ontrolparameter. The maximum SNR turned out to be rather independent of thesystem size, be
ause the qualitative pi
ture of the STI, and thus the lo
aldynami
s at a single point, did not 
hange mu
h with the spatial extentof the system. Sin
e the model under study is related to the transition toRayleigh�Bénard turbulen
e via STI, this suggests a possibility of experi-mental observation of noise-free SR in experiments analogous to those inRef. [23,24℄, with the periodi
 signal modulating the temperature di�eren
ebetween the two horizontal boundaries.The Lorenz 
ells of the model (1) were low-dimensional 
haoti
 systems,hen
e the spatially extended array exhibited sustained STI. Sustained STI isalso observed in most experiments. The sustained 
hara
ter of intermitten
yis ne
essary to observe SR, sin
e turbulent domains have to be 
ontinuously
reated and annihilated following the time variation of the 
ontrol param-eter. In 
ontrast, in many theoreti
al models for STI the laminar state isabsorbing, i.e., only transient STI o

urs [21, 22℄. This ex
ludes SR in theform dis
ussed in this paper, though it is possible that if the intermittenttransient is long enough the input periodi
 signal will be re�e
ted in theoutput signal of �nite duration.The phenomenon of SR in one-dimensional sto
hasti
 systems is relatedto the 
reation of 
oherent stru
tures (solitons) whi
h, by spreading in thebistable medium, invert its orientation [14℄. This bears some resemblan
e tospontaneous 
reation of turbulent domains whi
h then invade the laminarones. It should be also noted that in 
ertain spatially extended systemstransition to spatiotemporal 
haos o

urs via 
reation and annihilation ofsolitary waves [33℄. If it is possible to observe noise-free SR in su
h systems,its origin 
ould be more dire
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