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GEL ELECTROPHORESIS AT HIGH FIELDS�P. Pa±iaka, M.J. Krawzyka, M. Kope¢a, J. Dulakband K. KuªakowskiaaFaulty of Physis and Nulear Tehniques, University of Mining and MetallurgyMikiewiza 30, 30-059 Kraków, PolandbFaulty of Biotehnology, Jagellonian UniversityGronostajowa 7, 30-387 Kraków, Poland(Reeived November 6, 2002)We investigate the band veloity v and the di�usion oe�ient D ofDNA in gel for the geometration mehanism. Here we treat the geometra-tion as a one-step proess. The veloity dispersion shows a maximum forsome small number of hookings. This allows to expet that the di�usiononstant behaves in a similar way. On the other hand, the average numberof hookings should inrease with the moleule length. Summarizing, thedi�usion onstant should derease for very long moleules. However, we donot �nd this e�et in experimental data. This ontradition an be resolvedby a onlusion that multiple hookings do not our.PACS numbers: 05.60.Cd, 87.15.Vv1. IntrodutionGel eletrophoresis is an experimental tehnique ommonly used to sep-arate DNA moleules by length. The idea is to measure the distane passedby moleules in gel under ation of an applied eletri �eld. The fritionfore depends on the moleule length in suh a way that shorter moleulespass a greater distane than the longer ones. After some time the moleulesform separated bands in gel, and eah band ontains DNA of di�erent length.The tehnique attrats muh attention and e�ort of theoretiians and om-putational physiists, who have found there several interesting problems tosolve. For reviews of these problems and e�orts see Refs. [1, 2℄.Here we onentrate on the geometration e�et. Geometration is a spe-i� kind of motion, whih ours for long moleules in gel under ationof large eletri �eld [3℄. During this motion, moleules are suessively� Presented at the XV Marian Smoluhowski Symposium on Statistial Physis,Zakopane, Poland, September 7�12, 2002.(3533)



3534 P. Pa±iak et al.strethed and ompressed beause of hookings at the gel �bres. Theory ofthis e�et was given by Popelka et al. [4℄, and generalized in Refs. [5,6℄. Thegoal of this paper is an extrapolation of the existing models to the ase ofmultiple hookings of a moleule at gel �bres. The results are ompared toour experimental data.2. Analytial extrapolationOur aim is to investigate the ase of a few of hookings: two or more.We develop a system of oupled fundamental equations for the probabilityp(n; t) that a moleule is hooked n times. The equations aredp(n; t)dt = �p(n; t)[w(n; n� 1) + w(n; n+ 1)℄+p(n� 1; t)w(n� 1; n) + p(n+ 1; t)w(n+ 1; n) ; (2.1)where k; n = 1; : : : ; N , w(n; k) is the probability of state hange from n tok. As w(n; k) vanishes for n� k 6= �1, the problem belongs to the family ofone-step proesses [7℄. The probability of a hooking within the time period(t; t + dt) is v(n)dt=�(n), where v(n) is the veloity of moleules in an n-th state, and �(n) is the mean free path of moleules. Our postulate is towrite v(n)=�(n) = u=(�(n+1)), where u; � are onstants: u is the veloitywithout hooking and  is a phenomenologial parameter. The justi�ationof this postulate is that ertainly v(n) dereases with n, but not the meanfree path.The problem remaining is to propose w(n + 1; n). In other words, wehave to evaluate how quikly the number of hookings dereases for various n.Two arguments should be brought about here. First is that for high valuesof n, the average length of the part of moleule whih is to be unhookedis short. Seond is that for the same reasons, the veloity of unhooking issmall, beause the driving arm is short. These two agents anel at leastpartially. Then we are going to onsider two model propositions:I. w(n+1; n) = 1=� = onst:(n), where � is the mean time of unhooking;II. w(n + 1; n) = n=� , where � is the mean time of unhooking from thestate n = 1.With these two possibilities we are going to �nd the stationary distributionp(n;1), denoted for the sake of brevity p(n) from now on. The upper limitof the summation is bounded by the number N of reptons, i.e. the moleulelength. For the model I we get



Gel Eletrophoresis at High Fields 3535p(n) = A(x;N)xnn! ; (2.2)where x = u�=�, and A(x;N) is the normalization onstant. In the limitof in�nite N we obtain the Poisson distribution, and x is just the averagenumber of hookings. If x is not too large, the distribution of n an beapproximated by this limit form, beause the probabilities of higher n aresmall. In this limit, the mean values of the veloity and its seond momentan be expressed for both hoies by means of some speial funtions. How-ever, for our purposes it is muh simpler to rely on numerial alulations.The exeption is that for the model I we get a lose formula for the meanveloity vu = 1� exp(�x)x � 1� x2 + x26 � x324 + : : : : (2.3)For both models, the interpretation of the quantity x should be onsistentwith our previous analytial results for one or two hookings (n=1,2) [5, 6℄vu = 11 + 3s4� + s23�2 ; (2.4)�(1) = 5s4u ; (2.5)where s is the moleule length and �(1) is the time of sliding from a singlepoint of hooking. This onsisteny is equivalent to a ondition that the slopeof the urve v=u versus s=� at x = 0 should be �3=4 in both models, I andII. The point is that at x = 0, the slope is determined by the time � , whihis the same in both models. For the model I we getx2 � u�2� = 3s4� � 3u�(1)5� : (2.6)The ondition �(1) = � gives the oe�ient  = 6=5. For simpliity, we keepthe veloity u = 1 from now on.In Figs. 1, 2 we show the plots of the mean veloity v = h1=ni andits seond umulant �v = h1=n2 � v2i1=2, alulated in models I and II asdependent on the dimensionless ratio x. The dispersion �v should give aninformation on the di�usion onstant D. Note that the latter is onnetedwith the bandwidth w at a given time t of measurement, by the relationw2 = w20 + 2Dt. Although there is no diret relation between �v and D, webelieve that D must derease when the veloity distribution gets narrow.
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Fig. 1. The veloity v=u as dependent on x = u�=� for the models I (full line) andII (dotted line). The parameter x is expeted to inrease monotonially with themoleule length. In the model I, x is just the average number of hookings.
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Fig. 2. The veloity dispersion �v as dependent on x = u�=� for the models I (fullline) and II (dotted line).



Gel Eletrophoresis at High Fields 3537The onlusion of this hapter is that for a wide set of dereasing fun-tions �(n) we an expet a redution of the bandwidth, when the averagenumber of hookings is above one. The origin of the maximum is that forlarge number n of hookings, the veloity v(n) / 1=n hanges within a smallperiod near zero. The above onlusion beomes a question, when we passto next hapters. Can the maximum be seen in the experiment? The answerdepends on the ratio s=�. However, we do not know a priori how large themean free path � is. Then we do not know if we are able to observe multiplehookings in the experimental data.3. Experimental dataOnly preliminary results an be presented here, and more data will bepublished elsewhere. The method of measurement is the same as in Ref. [5℄.The eletri �eld is 7.5 V/m, and the agarose gel onentration is 1 perent.The bateriophage lambda 48.5 kbp is ut by the restrition enzyme Hind IIIand the longest three fragments obtained in this way are of 23:13, 9:42 and6.56 kbp. The veloity and di�usion onstant dependenes on the moleulelength are shown in Figs. 3 and 4, respetively. The di�usion oe�ientD is obtained with an assumption, that the observed band is a Gaussian
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Fig. 3. Experimental data on the veloity v of DNA against the moleule length s.dependene �(x) of the density of DNA on the oordinate x. We note thatthe geometration does not our for the shortest length 6.56 kbp, or at leastthe e�et is not typial there [9℄. For long moleules, the di�usion oe�ientinreases with the moleule length. We do not observe any manifestation ofa maximum of D with s.
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Fig. 4. Experimental data on the di�usion oe�ient D of DNA against themoleule length s. 4. DisussionThe results desribed in Setions 2 and 3 an be summarized as follows.Analytial onsiderations based on the fundamental equations suggest, thatthe di�usion oe�ient shows a maximum with the average number n ofhookings. The result does not depend muh on a partiular form of thetransition probabilities w(n; n0), and therefore it seems to be generi. Itseems also natural to expet that the average number of hookings is propor-tional to the moleule length. Then, both the di�usion oe�ient and thebandwidth should display a maximum with the moleule length. However,the experiment does not on�rm this maximum. A possible solution of thisontradition is that the atual number of hookings is not greater than one.Then, what we see from experiment (Fig. 4) is just the left, asending partof the urves obtained from the fundamental equations (Fig. 2). In otherwords, the mean free path � is longer than the moleule length s.This result an be understood in frames of the geometration piture.One hooked, the moleule is strethed along the �eld and its arms areunlikely to hook again. On the ontrary, the onformation of unhookedmoleules is far from a straight line beause of entropy fores, and in thisstate a hooking beomes probable.We note that the aordane between the results of the two methodsis only qualitative. In partiular, the experimental variation of the veloitywith the moleule length (Fig. 3) is smaller than this one alulated (Fig. 1).The list of possible origins of this disrepany inludes thermal �utuations,whih are absent in the analytial alulation.
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