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ON THE APPLICATION OF PIFS-SF AND Dq(f(�))TO DENDRITES ANALYSIS�Zbigniew J. Grzywnay, Monika Krasowskaand Ja
ek Stolar
zykDepartment of Physi
al Chemistry and Te
hnology of PolymersSe
tion of Physi
s and Applied Mathemati
sSilesian University of Te
hnologyKs. M. Strzody 9, 44-100 Gliwi
e, Poland(Re
eived November 29, 2002)Partitioned iterated fun
tion system-semifra
tals (PIFS-SF) and gener-alized fra
tal dimension (Dq) or f(�) formalism to analysis of ama
rine den-drites of gold �sh retina has been applied. The number of 
odes(PIFS-SF) has been used as a measure of dendrites 
omplexity in 
om-parison with Dq=f(�) behaviour. Some stru
ture-fun
tions (ele
trophysio-logi
al) 
orrelations based on Dq negative part have also been shown.PACS numbers: 61.43 Hr 1. Introdu
tionDendrites are the most spe
ta
ular part of nerve 
ells or neurons. Theyextend from the 
ell body like antennae and provide an enlarged surfa
e areato re
eive signals from the other nerve 
ells. Neurons of di�erent fun
tional
lasses show an astonishing variety in the patterns of bran
hing of theirdendrites where the most fundamental input�output adaptive pro
esses takepla
e [1, 2℄. Quantitative, and e�e
tive, analyti
al des
ription of dendritesstru
ture is of great importan
e for interpreting experimental data, or inother words, for understanding the stru
ture fun
tions relationship. In thepresent work we will fo
us on dendrites of gold�sh retina ama
rine 
ells(see Fig. 1).� Presented at the XV Marian Smolu
howski Symposium on Statisti
al Physi
s,Zakopane, Poland, September 7�12, 2002.y e-mail: grzywna�zeus.polsl.gliwi
e.pl(3681)
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Fig. 1. The stru
ture of retina. The ama
rine 
ells form the middle layer.Ama
rine 
ells 
reate an interneuronal bran
hing system in retina. Oneof their basi
 fun
tions is to parti
ipate in a 
ourse of 
ombining informationas well as presenting its image on the retina. The essen
e of visualisationpro
ess in retina 
onsists of splitting the nerve signal into two ON andOFF paths, respe
tively (
f. [3℄). In a

ordan
e with this pattern the innerplexiform layer (IPL), where ama
rine 
ells re
eive their synapti
 inputs,has been found to be organised broadly into two halves: OFF pathwaysare found in sublamina �a� (distal half), and ON signals are segregated tosublamina �b� (proximal half). This segregation is dire
tly 
onne
ted to thesize and stru
ture of the respe
tive sublaminae. The problem is howeverto �nd the �right� measure of the stru
ture in question whi
h will help toshow the stru
ture-fun
tions relation. Traditional approa
h of measuringthe 
ross-se
tional area of dendrites or the number of their bran
hes givesno signi�
ant di�eren
e between sublaminae �a� and �b� [3℄. In the presentwork we would like to show the appli
ation of the generalized dimension (Dq)and f(�) along the line showed only re
ently [4℄ as well as the possibility ofusing partional iterated fun
tion system � semifra
tals (PIFS-SF), tested,so far, only on analysis of the prototype stru
tures [4, 5℄.2. Obje
t of analysisThe obje
t of our analysis were the ama
rine 
ells of gold�sh retina �a model of the 
entral nervous system [1, 3℄. Retinae were isolated fromdark-adapted gold�sh (Carassius auratus).The �nal set of 
ells is shown in Table I.Note: the last letter indi
ates the sublamina a and b, other 
hara
tershave no parti
ular meaning but are used for dis
rimination.
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rine 
ells of gold�sh retinae.sublaminae a sublaminae ba1a a1bab1a ab1bab2a ab2bab3a ab3bad3a ad3ban4a an4bb1a b1be2a e2b3. ToolsTwo di�erent tools are going to be used in the present paper i.e. thegeneralized dimension (Dq) and its Legendre transform f(�), and the par-titioned iterated fun
tion system-semifra
tals (PIFS-SF). Both are new inanalysis of dendriti
 �elds of ama
rine 
ells. The ne
essity of new approa
hhas been 
learly shown by failure of a traditional one whi
h was basedon measuring the 
ross-se
tional area of dendrites, or the number of theirbran
hes [8℄. 3.1. Fra
tal and generalized dimensionsDue to the well-established symmetry of dendrites in question, with soma
entrally lo
ated, we have to alter the 
lassi
al Box Counting Method (BCM)to Equal Area Box Counting Method (EABCM) while 
al
ulating dF and
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zykDq. (see Table II) dF = lim"!0 lnN(")ln 1=" ; (1)where N(") � number of nonempty boxes needed to 
over the set" � the 
urrent size of the boxDq = 1q � 1 lim"!0 lnPN(")i=1 P qiln " : (2)Results from �ve di�erent methods i.e. IRRM (in
reasing radius andrings method) [6℄, BCM (box 
ounting method) [6℄, IAM (in
reasing anglemethods) [6℄, MRM (mass radius method) [7℄ and EABCM (equal-area box
ounting method) [3℄ have been used in fra
tal analysis of dendriti
 treesof ama
rine 
ells. The studies have shown that di�erent methods 
overeddi�erent aspe
ts of the 
omplex nature of investigated sets, espe
ially if theyare spatially oriented.Properties of Dq/f(�) spe
tra needed for our analysis have been de-s
ribed in the previous paper [4℄.3.2. PIFS-SFThe te
hnique of Partitioned Iterated Fun
tion System takes advantageof the image intrinsi
 self-similarities. Rather than being written as a matrixof points with given value (brightness/darkness), the image is treated as aset of linear 
ontra
tive transforms of one fragment of itself into another.The basi
 idea of en
oding an image in terms of transforms 
omes fromthe work of Barnsley [10℄ on IFS. Sin
e it is rather un
ommon for any realobje
t (image) to be 
omposed of its own diminished 
opies, like in theoriginal Barnsley's treatment, Ja
quin [9℄ enhan
ed the 
on
ept by allow-ing parts of the image to be 
ontra
ted 
opies of di�erent parts. Indeed abran
hing se
tion of the dendrite does not look like a whole dendrite, yetit may be very similar to other bran
hing se
tions, possibly seen in di�er-ent s
ale. In further development Grzywna et al. [5℄ adopted the notion ofsemifra
tals [11℄ so that not all transforms need to be 
ontra
tive. Someof them may be s
ale-preserving (theoreti
ally all but one, but in pra
ti
eusually mu
h less). It follows from another observation that parts of theimage often resemble other parts of the same size. The en
oding algorithmbased on PIFS is widely used as an image 
ompression tool, but 
ompressionissues are not subje
ts of present study.The details of the te
hnique are given elsewhere [5℄, we shall 
on
entratehere on its appli
ation to dendrites. The image is partitioned into �range
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al
ulation dF and Dq.
BCMEABCM
MRM
IAM
IRRMblo
ks� and ea
h blo
k is 
oded separately � for ea
h blo
k a mat
hing�domain blo
k� is sear
hed in the image:� = N[i=1�eRi : (3)Ea
h range blo
k �Ri is itself 
oded by a transform � or it is a union ofsmaller range blo
ks �eRi = � ��eDi� [ K[j=1�eRi;j : (4)
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zykRepeating re
ursively su
h algorithm on the image of the dendrite shownin Fig. 2 (subimage ab1a) produ
es a sequen
e of partitions.
1 2 3
4 5 6Fig. 2. Sequen
e of partitions given by Eqs. (3) and (4).Set of 
odes 
al
ulated on ea
h step of en
oding (see Fig. 2) may bede
oded to get a 
orresponding sequen
e of images with improving quality,shown in Fig. 3.
1 2 3
4 5 6Fig. 3. Sequen
e of images 
orresponding to the sequen
e of partitions presentedin Fig. 2.The interesting feature of 
oding an obje
t as a set of transforms isthat no matter what the initial image looks like (it may even be noise) thede
oding pro
edure qui
kly 
onverges to the en
oded obje
t. Figure 4 shows�rst four steps of de
oding and re
overing the en
oded image of a dendrite.
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a b 
 d eFig. 4. Initial image (a) and four 
onse
utive steps (b)�(e) of de
oding pro
edureby appli
ation of PIFS-SF transforms.4. Results and dis
ussion4.1. DqThis paper shows �ve methods: IRRM, IAM, BCM, EABCM and MRM.IRRM determines dF on the basis of s
aling of the obje
t's mass with itsradius while IAM method uses s
aling of the obje
t's mass with an angle.Both methods 
an reveal iso/anisotropy of the obje
t. The relation lnM(")versus ln " shows whether:� the mass of the obje
t is homogeneously distributed along the radius(IRRM)(see Fig. 5(a));� the number of bran
hes and their thi
kness brings about a homoge-neously distribution of a mass, independently of the dire
tion (IAM)(see Fig. 5(b)).
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(a) (b)Fig. 5. Relation lnM(") versus ln " for IRRM and IAM methods.In 
ase of anisotropi
 obje
ts however the value of dF is lowered. While
overing the obje
t by a grid of smaller and smaller size, the methods BCMand EABCM give information about self-similarity of the obje
t. In the
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zykBCM method it is a re
tangular grid, whi
h does not take into a

ount thesymmetry of the analysed obje
t. The grid used in the method EABCM
onsists of re
tangles of equal areas, arranged like rings around the geomet-ri
 
entre of an obje
t. Results from fra
tal analysis by using BCM andEABCM methods are given in Tables III to VI. The method MRM [7℄ isbased on analysing self-similarity a

ording to 12 randomly 
hosen pointsof the obje
ts and su

essive averaging of obtained results. Only two of�ve methods presented here 
an be applied for determination of Dq: BCMand EABCM. It is possible then to de�ne a probability of �nding a part ofanalysed obje
t in a given element of a grid. For isotropi
, regular obje
tsfor whi
h a self-similarity does not depend either on a radius or on an angle,the values of dF and Dq are the same (see Fig. 6). TABLE IIIResults from BCM method � part1.
ell b1a a1a e2a ab2a ab1a an4a ab3aVo�(mV) 2.13 2.15 3.13 3.53 3.63 4.31 6.75D�1 2.20 2.04 1.88 2.04 1.93 1.97 2.00D�3 1.91 1.78 1.66 1.79 1.71 1.74 1.74D�2 1.83 1.70 1.60 1.71 1.65 1.68 1.67D�1 1.71 1.61 1.53 1.61 1.57 1.59 1.58D0 1.61 1.52 1.45 1.52 1.49 1.50 1.49D1 1.55 1.47 1.40 1.47 1.44 1.44 1.43D2 1.52 1.44 1.37 1.44 1.41 1.40 1.40D3 1.50 1.42 1.35 1.42 1.39 1.38 1.38D+1 1.40 1.31 1.25 1.28 1.24 1.29 1.28 TABLE IVResults from BCM method � part2.
ell ab1b ab2b a1b b1b e2b ab3b an4bVon(mV) 1.50 2.09 2.25 2.44 3.31 5.25 6.19D�1 2.04 2.01 2.03 2.11 2.02 2.08 1.96D�3 1.79 1.77 1.80 1.85 1.78 1.84 1.72D�2 1.73 1.70 1.73 1.77 1.72 1.77 1.65D�1 1.64 1.61 1.64 1.67 1.64 1.68 1.57D0 1.57 1.53 1.56 1.58 1.56 1.59 1.49D1 1.52 1.48 1.51 1.53 1.51 1.53 1.44D2 1.49 1.45 1.48 1.50 1.48 1.49 1.40D3 1.47 1.43 1.46 1.48 1.46 1.47 1.38D+1 1.33 1.43 1.35 1.33 1.30 1.36 1.28
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zyk TABLE VResults from EABCM method � part1.
ell b1a a1a e2a ab2a ab1a an4a ab3aVo�(mV) 2.13 2.15 3.13 3.53 3.63 4.31 6.75D�1 1.91 2.03 2.10 2.01 2.01 2.07 2.17D�3 1.67 1.71 1.78 1.75 1.76 1.81 1.88D�2 1.61 1.63 1.70 1.68 1.69 1.74 1.81D�1 1.54 1.56 1.60 1.61 1.63 1.67 1.72D0 1.45 1.48 1.50 1.53 1.55 1.57 1.63D1 1.43 1.45 1.47 1.51 1.52 1.50 1.60D2 1.42 1.42 1.41 1.47 1.48 1.42 1.58D3 1.21 1.36 1.33 1.35 1.41 1.32 1.36D+1 0.84 1.15 1.10 1.04 1.21 1.01 0.98 TABLE VIResults from EABCM method � part2.
ell ab1b ab2b a1b b1b e2b ab3b an4bVon(mV) 1.50 2.09 2.25 2.44 3.31 5.25 6.19D�1 2.11 2.22 2.22 2.21 2.24 2.37 2.46D�3 1.74 1.78 1.83 1.84 1.83 1.95 2.04D�2 1.63 1.66 1.72 1.73 1.72 1.82 1.91D�1 1.48 1.53 1.56 1.57 1.58 1.67 1.74D0 1.39 1.45 1.47 1.47 1.49 1.57 1.61D1 1.36 1.44 1.40 1.46 1.46 1.54 1.58D2 1.35 1.42 1.34 1.40 1.45 1.52 1.54D3 1.22 1.25 1.29 1.30 1.33 1.31 1.37D+1 0.97 0.94 1.02 1.08 1.13 1.00 1.06Generalized fra
tal dimension analysis (obtain by EABCM method) sug-gested that a 
onsistent relationship exists between the fra
tal dimensionD�2, D�1 and D0 in two fun
tional domains of the IPL, i.e. sublamina a vs.b [3℄. No 
orrelation 
ould be determined for ele
trophysiologi
al propertiesand Dq by BCM method; 
orrelation 
oe�
ient for dF and Von is �0:39,and dF while Vo� equals �0:44. 4.2. PIFSThe most important parameter that may be obtained from analysis byPIFS-SF is a number of 
odes. It allows for dire
t 
omparison betweenvarious analysed dendrites, both in terms of absolute and relative numbers.



On the Appli
ation of PIFS-SF and Dq(f(�)) . . . 3691The absolute numbers of 
odes for dendrites shown in Table I are given inTable VII. TABLE VIINumber of 
odes needed to en
ode dendrites listed in Table I with the same a

u-ra
y. sublaminae a sublaminae bname No. of 
odes name No. of 
odese2a 430 an4b 1225ab1a 1669 ab2b 1990ab3a 1672 e2b 2014an4a 1687 a1b 2269a1a 1999 ab1b 2302ab2a 2002 ab3b 2506b1a 3064 b1b 2680These results may be easily 
ompared with fra
tal dimension 
al
ulatedby methods given in se
tion 3.1. Correlation 
oe�
ients between the numberof 
odes and box 
ounting fra
tal dimension are listed in Table VIII.TABLE VIIICorrelation 
oe�
ients between number of PIFS-SF 
odes and fra
tal dimension
al
ulated by box-
ounting. �a� refers to sublaminae a, �b� to sublaminae b, re-spe
tively. �ab� stands for the whole set of dendrites.�(PIFS,dF ) value�a 0.952�b 0.950�ab 0.935It appears that the 
orrelation between results from these two te
hniquesof analysis is very good, disrespe
tive of the parti
ular type of dendritesin question. More insight may be obtained by inspe
ting relative results(relative with respe
t to the highest value in ea
h group, i.e. number of
odes and fra
tal dimension). These values have been 
olle
ted in Table IX.The results given in Table IX show that PIFS-SF seems to be far moresensitive. Number of 
odes 
hanges �ve-fold while the fra
tal dimensionvaries between dendrites only by about 10%. The di�eren
e stems from thepartitions that both methods use to 
over the image. While fra
tal dimen-sion always uses re
tangular latti
e (see Fig. 7(a)), PIFS on ea
h stage ofen
oding automati
ally adjusts itself to the image (Fig. 7(b)). Only relevant�blo
ks� are further divided and be
ome en
oded with better a

ura
y.
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zyk TABLE IXRelative numbers of 
odes and fra
tal dimension for dendrites of ama
rine 
ellsshown in Table I. sublaminae a sublaminae bname n=nmax dF =dFmax name n=nmax dF =dFmaxe2a 0.14 0.90 an4b 0.40 0.93ab1a 0.54 0.93 ab2b 0.65 0.95ab3a 0.55 0.93 e2b 0.66 0.97an4a 0.55 0.93 a1b 0.74 0.97a1a 0.66 0.94 ab1b 0.75 0.98ab2a 0.66 0.94 ab3b 0.82 0.99b1a 1.00 1.00 b1b 0.87 0.98

(a) (b)Fig. 7. Comparison of 
overages used by box 
ounting (a) and PIFS-SF (b).Similarly to results for fra
tal analysis obtained by BCM method, thenumber of PIFS-SF 
odes weakly anti
orrelates (�(PIFS; Vo� ) = �0:48,�(PIFS; Von) = �0:52) with ele
trophysiologi
al responses of the 
ells. Thisis an expe
ted result, as dF and the number of 
odes 
orrelate very well.5. Con
luding remarksThe images of dendrites exhibit an interesting type of self-similarity.Firstly there is this system of thinning bran
hes with repetitive bran
hingse
tions. On the other hand due to its bran
hes extending irregularly froma distinguished 
entre, one 
an analyse s
aling of mass or other propertieswith 
entral symmetry. Therefore spe
ial tools are needed to provide an ad-equate des
ription of the stru
ture and morphology of the dendrites. Fra
talanalysis o�ers several methods to address this problem, however not all ofthem are equally well handling it. Methods like IAM, IRRM or EABCM,
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ation of PIFS-SF and Dq(f(�)) . . . 3693whi
h take into a

ount the geometri
 
entre of the dendrite and analyseirregularities in the bran
hes give an insight into iso/anisotropy of the 
ellstru
ture. Others, like BCM, allow to investigate the bran
hing (frequen
y,number of subbran
hes, thinning of the bran
hes) rather than the aspe
tsof symmetry.PIFS-SF seems to be more sensitive than BCM, but in general, these twote
hniques are rather similar. They both re�e
t the visual 
omplexity of theimage and their results are well 
orrelated with ea
h other (see Table VIII).Moreover their results anti
orrelate with ele
trophysiologi
al responses ofthe 
ells. The values of 
orrelation 
oe�
ient are, however, too low to statethat the anti
orrelation is meaningful.More promising results are obtained for the �rst group of the fra
talmethods (IAM, IRRM, EABCM). It may suggest that the ele
trophysio-logi
al properties of ama
rine 
ells depend more on the mass s
aling and
entral symmetries (whi
h are negle
ted by BCM and PIFS-SF) rather thanbran
hing and spa
e-�lling aspe
ts. However, this 
onje
ture needs furtherexperimental and theoreti
al investigations.We are very grateful to Prof. M.B.A. Djamgoz for helpful dis
ussions andfor providing us with the experimental data of ama
rine 
ells from gold�shretina. We also greatly a
knowledge the support of Silesian University ofTe
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