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SUBDIFFUSION IN A MEMBRANE SYSTEM�T. Kosztoªowi
z and K. Dwore
kiIntitute of Physi
s, �wi�tokrzyska A
ademy�wi�tokrzyska 15, 25-406 Kiel
e, Poland(Re
eived De
ember 2, 2002)The subdi�usion is de�ned by the relation h(�x)2i � t� with � < 1.We present a new method of 
al
ulating the 
oe�
ient �, whi
h 
an beused to obtain it experimentally. The method refers to the time evolutionof the thi
kness of the so-
alled near-membrane layers.PACS numbers: 02.50.�r, 05.40.+e, 82.65.Fr1. Introdu
tionA large number of physi
al pro
esses display the anomalous di�usion,su
h as a di�usion in porous media. In one dimension subdi�usion is 
har-a
terized by a time dependen
e of mean square displa
ement, whi
h is ofthe form h(�x)2i � t� (1)with 0 < � < 1; for � = 1 the pro
ess is 
alled normal or Gaussian di�usion[1℄. Re
ently our experimental investigations of the transport of organi
substan
es in the membrane system with gel solvent show some deviationfrom the results already obtained for the Gaussian di�usion. The strongdeviation is observed in time evolution of the thi
kness of near-membranelayer Æ. This layer is de�ned as a distan
e from the membrane where thesubstan
e 
on
entration drops � times with respe
t to the membrane surfa
e.In our previous paper [2℄ we showed that for Gaussian di�usion the relationtakes the following form Æ � t
 with 
 = 1=2. The experiment of the gelsolvent gives 
 < 1=2. There arises a question: 
an the 
oe�
ient 
 be usedto identify the anomalous di�usion in the membrane system and is it relatedwith the 
oe�
ient � of Eq. (1) whi
h holds for homogeneous media?� Presented at the XV Marian Smolu
howski Symposium on Statisti
al Physi
s,Zakopane, Poland, September 7�12, 2002.(3699)
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ki2. Time evolution of near-membrane layersWhen the substan
e di�uses a
ross the membrane into the pure solvent,for the initial 
on
entrationC(x; 0) = � C0 ; x < 0 ;0 ; x > 0 ;the thi
kness Æ of the near-membrane layer is de�ned as a length over whi
hthe 
on
entration de
reases � times,C(Æ; t) = �C(0+; t) (2)with � < 1. The 
on
entration pro�les 
an be 
al
ulated by the integralformula C(x; t) = Z dx0G(x; t;x0)C(x0; 0) : (3)The Green's fun
tion G(x; t;x0) is interpreted as a probability density for�nding a parti
le at lo
ation x at time t after a departure from x0 at theinitial moment. From the relations (2) and (3) we dedu
e thatG(Æ; t;x0) = �G(0+; t;x0) : (4)To �nd the time evolution of the near-membrane layer, we use the followingrelation (for x > 0 and x0 < 0)G(x; t; x0) = tZ0 dt0J(0+; t0 ;x0)GRef(x; t� t;; 0+) ; (5)where J is the �ux and GRef denotes the Green's fun
tion for the systemwith fully re�e
ting wall; x = 0 is the lo
ation of membrane. This fun
tion
an be easily obtained by means of the method of images [1℄ asGRef(x; t;x0) = G0(x; t;x0) +G0(�x; t;x0) ;where G0 is the Green's fun
tion for the homogeneous system. Using theLapla
e transform Lff(t)g � f̂(s) = 1Z0 dtf(x) exp(�st) ;from (4) and (5) we obtainĜ(Æ; s;x0) = �Ĝ(0+; s;x0) ;Ĝ(x; s;x0) = Ĵ(0+; s;x0)ĜRef(x; s; 0+)



Subdi�usion in a Membrane System 3701and �nally we get ĜRef(Æ; s; 0+) = �ĜRef(0+; s; 0+) : (6)The Lapla
e transform of the fun
tion GRef is [1℄ĜRef(x; s;x0) = 12pD�s1��2�"exp �jx� x0js�2pD� !+ exp �jx+ x0js�2pD� !# : (7)Using (6) and (7), we �ndÆs =pD� ln�2��s�(1+�=2): (8)The inverse Lapla
e transform of (8) givesÆ � t
 with 
 = �2 :3. Con
luding remarksThe experimental study usually 
on
ern the 
on
entration pro�les of thetransported substan
es. However, the thi
kness of the near-membrane lay-ers 
an be measured mu
h more a

urately than the 
on
entration pro�les.Thus, the identi�
ation of subdi�usion 
an be performed on the basis of timeevolution of near-membrane layers. We show that Æ � At
 with 
 = 1=2 fornormal di�usion and 
 < 1=2 for subdi�usion. In this way, we propose themethod to identify the subdi�usion through the analysis of temporal evolu-tion of the near-membrane layers. The pra
ti
al examples of 
al
ulating the
oe�
ient � from experimental data are presented in the paper [3℄.REFERENCES[1℄ R. Metzler, J. Klafter, Phys. Rep. 339, 1 (2000).[2℄ K. Dwore
ki, T. Kosztoªowi
z, S. W¡sik, S. Mrów
zy«ski, Eur. J. Phys. E3,389 (2000).[3℄ K. Dwore
ki, S. W¡sik, T. Kosztoªowi
z, A
ta Phys. Pol. B 34, (2003).


