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FLUCTUATIONS AND LOCAL STRUCTURE INTWO-DIMENSIONAL LENNARD�JONES LIQUID�A.C. Mitu±, R. OrlikInstitute of Physis, University of TehnologyWybrze»e Wyspia«skiego 27, 50-370 Wrolaw, PolandA.Z. PatashinskiInstitute of Physis and Astronomy, North-West University, Evanston, Il., USAA. Patrykiejew, S. SokolowskiDepartment for the Modeling of Physio-Chemial ProessesFaulty of Chemistry, M. Curie-Skªodowska UniversityMarii Curie-Skªodowskiej 2, 20-031 Lublin, Polandand O. RiefertAFL Mihels, 38448 Wolfsburg, Germany(Reeived Deember 3, 2002)We quantify the onept of ensembles of atoms' �utuations for 2D liq-uids lose to and in the two-phase oexistene region, using a probabilistimethod of loal struture analysis. Two ensembles are studied: gas-likeindependent gaussian �utuations (IGF) A.C. Mitu±, A.Z. Patashinski,A. Patrykiejew, S. Sokolowski, Phys. Rev. B66, 184202 (2002) and atruly solid-like �utuations (SF) harateristi for a two-dimensional (2D)triangular solid. For a 2D Lennard�Jones (LJ) system simulated usingMonte Carlo and moleular dynamis methods those ensembles yield a sta-tistially reliable desription of loal solid-like strutures in the two-phaseregion. Both ensembles undergo a spetaular breakdown as the densityhanges. A hypothetial relation of this breakdown to the behaviour of theheat apaity in the two-phase region is proposed.PACS numbers: 61.20.Ja, 64.70.Dv� Presented at the XV Marian Smoluhowski Symposium on Statistial Physis,Zakopane, Poland, September 7�12, 2002.(3751)



3752 A.C. Mitu± et al.1. Outline of the problemThe main objet of our study are the �utuations of the atoms in atwo-dimensional (2D) Lennard�Jones (LJ) liquid. For historial reasons weinterpret the ourring phenomena using the terms of liquidus, solidus andoexistene region, typial for melting taking plae via I-order phase transi-tions [2℄. This by no way exludes the possibility of KTHNY senario [3�7℄,in partiular in light of reent simulations of a liquid of hard disks [8℄.In a reent paper [1℄ we have quanti�ed the onept of a sudden rossoverbetween solid-like and non-solid-like ensembles of the �utuations of thesolid-like atoms (see below) in a liquid of hard disks and in the 2D liquidof atoms interating via LJ potential. Loal struture analysis, based onprobabilisti onepts and mathematial statistis methods, has lead to aninteresting physial piture of various 2D liquids (LJ [1,9℄, hard disks [1,10℄,liquid with quantum degrees of freedom [11℄) as loally solid-like orderedsystems. Namely, in a liquid lose to the oexistene region, some of 7-atomlusters display strutural properties similar to those in a �utuating 2Dtriangular lattie; the entral atoms of those lusters are alled solid-like.The onentration of solid-like atoms lose to the liquidus line onstitutesapproximately 0.5. More details an be found in a review paper [12℄.The loal solid-like struture of 2D LJ liquid and of a liquid of hard diskswas suessfully desribed using an ensemble of independent gaussian �utu-ations (see Setion 2.2) in wide temperature/density intervals on the liquidside of the oexistene regime [1℄. Inside the oexistene regime, a spe-taular breakdown of the IGF ensemble ourred: statistially independent�utuations gave way to more olletive �utuations. However, no furtherspeulations about the harater of those �utuations were made.The aim of this paper is to present some preliminary results supporting ahypothesis that the �utuations of solid-like atoms in the oexistene regimeof 2D liquids are truly solid-like in nature.2. Loal struture analysis (LSA)2.1. Probabilisti formalism of strutural invariantsLoal order in a 2D system in the neighborhood of an atom loated at thepoint ~r is desribed by 2D loal version of bond-order parameter of Nelsonet al. [9, 13, 14℄: Q6m(~r) = 1N0 N0Xi=1 Y6m(�=2; �i) ; (1)where Y6m(�; �) (m = �6; : : : ; 6) denotes the spherial harmoni funtion,the sum is taken over the N0 nearest�neighbors of the atom loated at the



Flutuations and Loal Struture in : : : 3753point ~r and the pair of polar and azimuthal angles, (�i; �i), desribes thediretion between the entral atom ~r and its i-th nearest neighbor. Theinvariant Q(~r) for (N0 + 1)-atom luster with entral atom at ~r is de�nedas [9, 14℄: Q2(~r) = 4�13 6Xm=�6 jQ6m(~r)j2: (2)In the spirit of the method of analysis of loal 2D strutures [1, 9�11℄,we use two patterns as the andidates for the loal struture in the system.Pattern � 6 is a 2D hexagon, i.e. aN0+1 = 7-atom luster from 2D triangularlattie. The nearest-neighbor distane is taken as the unit of length. Pattern�5 is a 7-atom luster entered around a 5-oordinated atom (dislinationin 2D triangular lattie). Flutuating patterns �6 and �5 are desribed interms of the probability density funtions (PDF) �6(Q) and �5(Q), whihdepend on the hoie of an ensemble of the atoms' �utuations.The statistis of invariant Q in the trial on�guration is desribed byPDF �(Q) whih is approximated by the histogram of random variable Q,alulated from the set of data fQ(~ri)g; i = 1; : : : ; N , where N denotes thetotal number of the atoms in the on�guration.The analysis of loal strutures is done using the methods of math-ematial statistis [9℄. We assume that �(Q) depends linearly on PDFs�k(Q) (k = 5; 6): �(Q) = Xk=5;6 k �k(Q) : (3)The �best� deomposition (3) is obtained by maximizing the signi�anelevel �(5; 6); (5 + 6 = 1; 5; 6 � 0) ;alulated from �2-test (see, e.g., in Ref. [15℄) veri�ation of the hypothesiswhih states that the data orresponding to the left-hand side and the right-hand side of (3) are drawn from the same distribution. Very small valuesof � (of order of 10�6 and smaller) indiate that the deomposition (3) isstatistially not reliable. Signi�ane level � plays a entral role in ouranalysis of ensembles of �utuations. More details the interested reader an�nd, e.g., in [1, 12, 16℄.2.2. Model ensembles of �utuationsIn this paper two ensembles of atoms' �utuations are studied. The�rst one [1, 9�11℄ uses independent gaussian �utuations for the modelingof the �utuations of the atoms. Eah of the six neighbors of the entral



3754 A.C. Mitu± et al.partile �utuates independently of the other atoms, aording to a gaussiandistribution P (Ær; �) = 1�p� exp��(Ær)2�2 �; (4)with random displaement vetors Ær and root-mean-square (r.m.s.) dis-plaement �. The resulting PDFs �6(Q; �) and �5(Q; �) for �6 and �5, re-spetively, are dependent on the amplitude � of the �utuations.The seond ensemble aounts for solid-like �utuations (SF) present ina 2D solid with triangular lattie. Their harateristi feature are stronglydeveloped long-wavelength �utuations, leading to olletive movements ofsmall parts of a system as a whole (the role of long-range �utuations inrestoring, in the thermodynami limit, of translational symmetry in 2D solidswas established long ago by Peierls [17℄ and Landau [18℄; see also in [19℄).In the present study we alulate the orresponding PDFs �6(Q) from thesimulations in the solid phase, see next Setion. Those funtions depend onthe temperature and density: �6(Q) = �6(Q;T; �).3. Two-dimensional Lennard�Jones liquid3.1. SimulationsWe have simulated a 2D system of N = 2500 atoms interating viaLennard�Jones potential vLJ(r)vLJ(r) = 4 � ���r �12 � ��r �6� ; (5)at T � � kBT=� = 0:7. Here kB stands for Boltzmann onstant and T fortemperature. A standard NVT moleular dynamis (MD) method [20℄ withveloity Verlet algorithm was used; the time step was t0 = 0:064� , wherethe time unit � = 0:3113 ps. Long-range orretions for potential energyand pressure were alulated; potential uto� was hosen to be 2.5 �. Theequilibrium harateristis were sampled after 5000 equilibration steps. Theloal struture parameters were averaged over 20 on�gurations.Melting at T � = 0:7 was also studied via a standard NVT Monte Carlomethod [20,21℄ for a system of 1024 atoms. For thermalization 2�106 MonteCarlo steps (MCS) (1 MCS orresponds to one sweep over all partiles)were used and the equilibrium parameters were alulated using 2 � 106MCS. In Fig. 1 we present the plot d(��) of the dependene of the distaned between two hosen partiles, being initially nearest neighbours, on theredued density �� = �2 �. The data were averaged over 2000 on�gurationsafter equilibration. We �nd that a dramati inrease of d ours lose tothe density �� = 0:87, in agreement with MD results [1℄. Thus, we assume



Flutuations and Loal Struture in : : : 3755that the density �� = 0:87 orresponds to the solidus line at T � = 0:7. Ashort disussion of this topi is given in Setion 4. The PDFs �6(Q;T �; ��)for T � = 0:7 and �� � 0:87 (i.e., for a solid) were alulated from MCsimulations.
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reduced densityFig. 1. Plot of an average distane between two atoms (see text) against redueddensity for a 2D LJ system at T � = 0:7 lose to the two-phase region.3.2. Loal struture analysisA typial PDF �(Q) alulated from MD simulations at T � = 0:7;�� = 0:82 is shown in Fig. 2. The results of the deomposition (f. (3))of �(Q) into patterns �utuating aording to IGF [1℄ and SF ensembles areshown in Fig. 3. In the latter ase, we have used the funtion �6(Q;T �; ��)alulated at �� = 0:87, i.e., at the lowest density orresponding to the solidphase. In both ases the non-solid-like omponent of loal struture was de-sribed by �5(Q; �). The vertial lines denote the boundaries (liquidus andsolidus) of the oexistene region found via LSA in [1℄.The results are as follows. Similarly as in the ase of IGF ensemble [1℄,the reliability of the deomposition using SF ensemble undergoes a dramatihange. This time, however, the deomposition is not reliable on the liquidusline (�� = 0:825), where the signi�ane level is low: � < 10�6. This meansthat the �utuations of the atoms forming loal solid-like strutures (i.e.,solid-like atoms) annot be desribed in a satisfatory way via solid-like SFensemble; IGF ensemble, on the ontrary, an be safely used. On the otherhand, lose to the solidus line (�� = 0:87) the signi�ane level � takesvalues larger than 0:1, whih implies that SF ensemble is a good andidatefor the desription of the �utuations of solid-like atoms. This time, IGFensemble is not reliable sine the orresponding signi�ane level drops below10�6. We onlude that in the oexistene region a rossover between IGFand SF ensembles takes plae. Some omments on the size-dependene ofsigni�ane analysis are given in the next setion.
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Fig. 2. A typial PDF �(Q) alulated from one on�guration of a 2D LJ system of2500 atoms at T � = 0:7; �� = 0:82. Solid line (fourth-order polynomial �t) servesas a guide for an eye.
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Fig. 3. Plot of the signi�ane level log� against redued density �� for a 2D LJsystem of 2500 atoms at T � = 0:7 lose to the two-phase region. Squares anddiamonds denote, respetively, the results obtained from deomposition (3) usingIGF [1℄ and SF ensembles for PDF �6(Q). Vertial lines mark the oexisteneregion found in [1℄. 4. DisussionIn this paper we have presented some preliminary results onerning thequanti�ation of the onept of �utuations in a two-phase region of 2Dliquids.First of all let us omment on a simulation of 2D systems in this re-gion. It has been pointed out [22, 23℄ that standard simulations may leadto disrepanies of results due to possible overheating of simulated systems,



Flutuations and Loal Struture in : : : 3757originated by a slow nuleation in omputer experiments. This is probablynot true in the 2D ase. Melting/freezing of hard disks takes plae eithervia two ontinuous phase transitions (KTHNY) or is a very weak I-ordertransition [8℄. In the �rst ase there are no hysteresis e�ets (overheating,superooling) at all, in the seond � they are very small. We believe thatthis is also true for 2D LJ system.In this ontext, we report the following unexpeted observation. The2D LJ system at the temperature T � = 0:7 and at the density �� = 0:86,i.e. in the two-phase region very lose to the solidus line, displays nearlyperfet instantaneous loal solid-like struture; nevertheless the atoms arenot bound to �xed positions in spae, as seen from Fig. 1. Whether thise�et has any relation to the hypothetial hexati phase of KTHNY theory,where the orientational orrelations are muh stronger (power law) than thespatial orrelations (exponential law), is an interesting question.The main methodologial result of the paper is an introdution of a re-liable (in a probabilisti sense) ensemble of �utuations of solid-like atomsin a two-phase region of a 2D LJ liquid. This SF ensemble is truly solid-likein nature; atually, we have used simulations of a 2D triangular solid toalulate the �utuations of patterns of loal solid-like struture. We pointout that a priori it is by no way a trivial result in spite of its apparent sim-pliity. Together with earlier introdued ensemble of independent gaussian�utuations IGF [1, 9�11℄ those two ensembles yield a statistially reliabledesription of loal solid-like strutures in the two-phase region of a 2D LJliquid. Both ensembles undergo a spetaular breakdown in this regime;on the liquidus line IGF ensemble yields reliable results while SF ensembledoes not. Close to the solidus line the situation hanges: SF are aeptablewhile IGF are not. Let us point out, in this ontext, that the results of thestatistial analysis are strongly dependent on the size of the system [1℄. Inthe light of this observation we expet that for larger systems the breakdownof the ensembles will be more spetaular, i.e., the intervals of the densitieswhere IGF and SF ensembles beome non-reliable will be narrower.The next remark onerns the fat that we have used the PDF �6(Q;T � =0:7; �� = 0:87) for a solid-like pattern under SF �utuations. We haverepeated an analysis using patterns �utuating at higher densities, e.g.�6(Q;T � = 0:7; �� = 0:88). The results were also reliable, but the sig-ni�ane level, see Fig. 3, was smaller. Still higher densities gave no sta-tistially aeptable results. We point out in this ontext that two PDFs,�6(Q;T � = 0:7; ��) and �6(Q;T � = 0:7; �� + ���), with ��� = 0:01 wereidential in the sense of Kolmogorow�Smirnow test [15℄, while it was not thease for ��� � 0:02.The results presented in the paper provide further quanti�ation of thephysial piture of 2D liquids lose to the two-phase region, formulated re-



3758 A.C. Mitu± et al.ently in Ref. [1℄. Namely, those liquids have both solid-like features (largeonentration of loal solid-like strutures) and gas-like features (IGF ensem-ble). The onset of freezing is aompanied by a disappearane of gas-likefeatures in loal solid-like omponent of a liquid; the �utuations beomesolid-like in nature (ensemble rossover). Those statements quantify quali-tative onepts formulated earlier [24�26℄.Finally, let us note that the quanti�ation of the onept of ensembles of�utuations might be important in view of the behaviour of heat apaityat onstant volume V in 2D systems. Namely, the maximum of the heatapaity at �� = 0:833 appeared at T � ' 0:65, well below the temperatureinterval T � = 0:72 � 0:75 where the two-phase region starts [1℄. Similarobservations were made for T � = 0:7. In Fig. 4 we present the plot ofV (��) for a 2D LJ system of 1024 atoms, alulated from MC simulationsdesribed in Setion 3. Its maximum is loated at �� ' 0:85, lose to thedensity where the two signi�ane plots in Fig. 3 interset. The energyrelations in the system are determined by �utuations both of loal solid-like and of non solid-like omponents of loal struture. Ensemble rossoverfrom IGF to SF may be of a notieable interest in this ontext.
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