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LOCATING ECTOPIC FOCI ON A CYLINDER�Paweª Kukliky and Jan J. �ebrowskizFa
ulty of Physi
s, Warsaw University of Te
hnologyKoszykowa 75, 00-662 Warszawa, Poland(Re
eived De
ember 3, 2002)Arrhythmia is a 
ondition in whi
h an additional e
topi
 pa
emakeris present in the tissue of the heart. Lo
alization of e
topi
 fo
i is essen-tial for su

essful radio-frequen
y ablation, an important surgi
al way oftreating arrhythmia. In one of the possible me
hanisms, arrhythmia in-du
ed by an e
topi
 fo
i lo
ated in one of the main blood vessels leadingout or onto the heart. The therapeuti
 pro
edure in this 
ase is usuallyablation of the whole jun
tion of the blood vessel with heart wall. In thisway, whatever ex
itation o

urs inside the vessel, it 
annot penetrate theventri
les perturbing their 
ontra
tion 
y
le. Su
h an ablation pro
edureis long and burdened with the risk of the perforation. A more safe methodwould involve the lo
alization of the sour
e of the ex
itation (i.e. the e
-topi
 fo
i) and its ablation. The methods used in 
ardiology at presentinvolve 
ompli
ated lo
alization systems and are time-
onsuming with thepatient spending a long time on the operating table. Re
ently, Hall andGlass have developed numeri
al methods whi
h allow to qui
kly to modelthe lo
alization of the e
topi
 fo
i in a �at, square sample of an inhomo-geneous medium. Here, we demonstrate an extension of this model for the
ase of a 
ylinder 
ontaining an e
topi
 fo
i, that 
an be a model of a bloodvessel with the sour
e of the e
topi
 beat inside it. Three methods of lo-
alization are implemented. Standard ele
trodes 
ontaining several a
tivetips are used to stimulate the medium lo
ally and lo
ate the fo
i judgingfrom the rea
tion of the system. The �rst one uses ele
trode a
tivationtimes to 
ompute the lo
ation of the e
topi
 site. The se
ond one lo
alizesit by measuring the resetting response of the fo
i, and the third one, useswavefront 
urvature. Spe
i�
ally for the 
ylindri
al geometry of the bloodvessel, we developed a lo
alization pro
edure that allows to qui
kly lo
alizethe pa
emaker.PACS numbers: 87.19.Hh, 87.19.Nn� Presented at the XV Marian Smolu
howski Symposium on Statisti
al Physi
s,Zakopane, Poland, September 7�12, 2002.y e-mail: kuklik�if.pw.edu.plz e-mail: zebra�if.pw.edu.pl (3761)



3762 P. Kuklik, J.J. �ebrowski1. Introdu
tionArrhythmia is a 
ondition in whi
h an additional e
topi
 pa
emaker ispresent in the tissue of the heart. The lo
alization of e
topi
 fo
i is essentialfor su

essful radio-frequen
y ablation, an important surgi
al way of treatingarrhythmia in whi
h the abnormal pa
emaker is dea
tivated. In one of thepossible me
hanisms, arrhythmia is indu
ed by an e
topi
 fo
i lo
ated inone of the main blood vessels leading out or onto the heart. The therapeuti
pro
edure in this 
ase is usually ablation of the whole jun
tion of the bloodvessel with heart wall. In this way, whatever ex
itation o

urs inside thevessel, it 
annot penetrate the ventri
les perturbing their 
ontra
tion 
y
le
ausing arrhythmia.Su
h an ablation pro
edure is long and burdened with the risk of theperforation. A more safe method would involve the lo
alization of the sour
eof the ex
itation (i.e. the e
topi
 fo
i) and its ablation. The methods used in
ardiology at present involve 
ompli
ated lo
alization systems and are time-
onsuming with the patient spending a long time on the operating table.Re
ently, Hall and Glass [1℄ have developed geometri
al methods whi
hallow to qui
kly lo
alize the e
topi
 fo
i using a triangular spa
ing of ele
-trodes on a �at, square sample of an inhomogeneous medium des
ribed bymodi�ed FitzHugh-Nagumo equations with non-�ux boundary 
onditions.In this paper, we dis
uss a modi�
ation of the algorithms proposed in [1℄using a general pla
ement of ele
trodes. In this way, we dis
uss the use and
onsequen
es of the methods proposed in Ref. [1℄ when the more usual inablation pra
ti
e linear ele
trodes are applied.Next, we demonstrate an extension of this model for the 
ase of a 
ylin-der 
ontaining an e
topi
 fo
i, that 
an be a model of a blood vessel with thesour
e of the e
topi
 beat inside it. Two methods of lo
alization are imple-mented. In both, spe
ial but standard ele
trodes 
ontaining several a
tivetips are used to stimulate the medium lo
ally and lo
ate the fo
i judgingfrom the rea
tion of the system. The �rst one uses ele
trode a
tivation timesto 
ompute the lo
ation of the e
topi
 site. The se
ond one lo
alizes it bymeasuring the resetting response of the fo
i. The anisotropy of the ele
tri
al
ondu
tion along the blood vessel and the 
hara
teristi
 way of the propaga-tion of the ex
itation wave both methods 
an lead to a wrong interpretationand, 
onsequently, to a lo
alization whi
h is false. Spe
i�
ally for the 
ylin-dri
al geometry of the blood vessel, we developed a lo
alization pro
edurethat allows to qui
kly lo
alize the pa
emaker and avoid 
onfusion.



Lo
ating E
topi
 Fo
i on a Cylinder 37632. Numeri
al modelSimulations are performed in a model of 
ardia
 tissue using simpleFitzHugh-Nagumo rea
tion-di�usion equations [1℄�v�t = 1� �v � 13v3 � !�+Dxr2v +Dyr2v + Ipa
e + Istim(t) ; (1)�!�t = �(v + � � 
v)f(v) ; (2)where v is the transmembrane voltage, ! is a slow 
urrent, and with a simpli-�ed with respe
t to Ref. [1℄ f(v)f(v) = 8>><>>: !L v < �1!H�!L2 v + !H+!L2 v 2< �1; 1 >!H v > 1 ; (3)where k = 4:0, !H = 0:6, !L = 0:4 in the pa
emaker area and 0.13 inthe rest of the sample. The pa
emaker is a 
ir
ular area with a radiusof 1.6 mm and with the ability to a
tivate spontaneously every �xed timeintervals. The parameter � = 0:3 
ontrols the time s
ales of the a
tionpotential, the 
onstant � is set to 0.7 and 
 to 0.5. Ipa
e is a 
onstant pa
ing
urrent added to pa
emaker area to make it os
illate. Istim is a harmoni
allyos
illating stimulation 
urrent used to ex
ite 
ells. The stimulation 
urrentwith amplitude 20 and frequen
y 10 rad/s is added to the e
topi
 fo
i areawithin a radius of 0.8 mm. The system of equations was integrated usingthe Euler s
heme on a re
tangular grid. The spatial grid spa
ing was set to0.4mm and the time step to 0.05ms. The sample was a re
tangular (100�100 grid elements), two-dimensional area with zero-�ux boundary 
onditionson the edges. Applying periodi
 boundary 
onditions at the opposite edgesof the sample simulated a 
ylinder. D is a di�usion 
oe�
ient responsible forthe magnitude of the propagation velo
ity of the wave front. In homogeneoussamples, it was �xed at 0.5. In anisotropi
 
ases, Dx = 0:1 and Dy = 0:6resulting in 
ondu
tion velo
ity anisotropy in the x and y dire
tions withthe ratio of velo
ities equal to 1:3. Varying di�usive 
oe�
ients a
ross thesample in
luded the heterogeneity of the system. This was implemented bymultiplying all di�usion 
oe�
ients at grid points by a random number ofa uniform distribution from the range 0.5 to 1.0. This resulted in an averagedi�usion 
oe�
ient 0.375 in the isotropi
 
ase, and, in the anisotropi
 
ase,0.075 in the x dire
tion, and 0.45 in the y dire
tion.



3764 P. Kuklik, J.J. �ebrowski3. Lo
alization methodsWe needed to lo
alize the pa
emaker site with 
ertain �nite pre
isiononly. For 
atheter ablation, lo
alization within a 3 mm distan
e from thetrue e
topi
 fo
us is su�
ient, be
ause the ablation area radius has a fewmillimeters in diameter. The important 
ondition for the e�e
tive e
topi
fo
i ablation is ele
trode positioning over the pa
emaker. Glass and Hallin their work assumed that ele
trodes are 6 mm apart, arranged in a right-angled triangle. In our work, we assumed that ele
trodes positions 
anbe varied independently. However, the lo
alization pro
edures require thespatial positions of the ele
trodes to be known. To obtain them, we per-form a respe
tive ele
trodes lo
alization pro
edure. In respe
tive ele
trodeslo
alization pro
edure every ele
trode is stimulated 
ausing a 
ir
ular a
-tivation pattern propagates through the sample, a
tivating the rest of theele
trodes. As a
tivation time, we understand the moment when ele
trodespotential rea
hes maximum during the ex
itation of the lo
al medium. Afterapplying stimulation to all ele
trodes, for ea
h pair of the ele
trodes we knowthe time whi
h the wave front needs to propagate between them. If the prop-agation velo
ity is 
onstant, the distan
es between every two ele
trodes 
anbe 
omputed. Next, two ele
trodes must be 
hosen, as the base for therespe
tive lo
alization re
onstru
tion. The rest of the ele
trodes lie at theinterse
tion points of the 
ir
les 
entered on the base ele
trodes and the radiifrom the distan
es 
al
ulated (Fig. 1).

A

B

X’ X’’
R

Fig. 1. Respe
tive lo
alization pro
edure. A and B are arbitrary 
hosen baseele
trodes. X' and X� are possible positions of re
onstru
ted ele
trode position.The right one is 
hosen by using referen
e ele
trode R and re
onstru
ting the propera
tivation sequen
e.
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topi
 Fo
i on a Cylinder 37654. Hyperboli
 and resetting lo
alizationBoth methods developed by Glass et al., [1℄ were shown to be able to lo-
alize e
topi
 fo
i in a �at sample using three ele
trodes arranged in triangle.The hyperboli
 method uses a
tivation times of the ele
trodes due to awave
oming from the pa
emaker. If the a
tivation times di�eren
e between twoof them is known, it means that the pa
emaker lies on a hyperbola the fo
iof whi
h are those ele
trodes (Fig. 2(a))r2 � r1 = v�t ; (4)where r1 and r1 are distan
es from the e
topi
 fo
i to the ele
trodes, v is themean 
ondu
tion velo
ity, and �t is the time di�eren
e between a
tivationsof the ele
trodes.

( A ) ( B ) ( C )
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foci

ectopic
foci
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e2
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e1 e2

e3

(a) (b) (c)Fig. 2. Three e
topi
 fo
i lo
alization methods. Hyperbola lo
alization (a), reset-ting lo
alization (b) and 
urvature lo
alization (
).In order to 
ompute the pa
emaker lo
ation, two pairs of ele
trodes areneeded giving two hyperbole. Two hyperbolae 
an interse
t maximally infour points. The valid one is 
hosen by 
omputing a
tivation sequen
e of
ir
ular wave 
oming out from ea
h of suspe
ted points.In resetting lo
alization, we assume that the e
topi
 fo
i beats with 
on-stant frequen
y (or that the frequen
y 
hanges slowly). If an a
tivation wavepasses through the pa
emaker area, it be
omes depolarized and needs sometime before the next spontaneous a
tivation. This time, CL, is also the rateof pa
emaker a
tivity [1℄. When an ele
trode is stimulated and the a
ti-vation wave passes the e
topi
 fo
i, the time CL must pass until the nexta
tivation. The time when the response will arrive to the ele
trodeCI = 2 rv + CL ; (5)



3766 P. Kuklik, J.J. �ebrowskiwhere v is the propagation velo
ity and r is the distan
e between the pa
e-maker and the ele
trode. If this stimulation is done for two di�erent ele
-trodes, two distan
es are obtained. The e
topi
 fo
i lies on an interse
tionof two 
ir
les 
entered at the ele
trodes (Fig. 2(b)), with the radii equal tothose distan
es. Again, the valid interse
tion point is distinguished from thea
tivation sequen
e. If CI is equal 2CL, it means that the stimulated waveannihilated with the one 
oming from the pa
emaker.5. Curvature lo
alizationIn this method, two pairs of the ele
trodes are positioned to be a
tivatedsimultaneously. Assuming 
ir
ular a
tivation wave shape, the pa
emakerwill lie on the bise
trix to the ele
trodes in the pair. If two bise
tri
es areobtained, they will 
ross at the pa
emaker area (Fig. 2(
)). This te
hniqueis quite di�
ult in 
lini
al appli
ation be
ause of a limited maneuverabilityof the ele
trodes. 6. Iteration of the pro
eduresThe above lo
alization methods are sensitive to position of the ele
-trodes, the 
ondu
tion velo
ity anisotropy, the heterogeneity of the sampleand the pa
emaker frequen
y. This sensitiveness results in erroneous e
topi
fo
i lo
ation predi
tion. Hall and Glass [1℄ 
ondu
ted numeri
al simulationswhi
h show that hyperboli
 and resetting lo
alization method predi
t pa
e-maker lo
ation whi
h is 
loser to the true position. This gives the possibilityto iterate the lo
alization pro
edure and obtain 
onverging distan
e to thepa
emaker after ea
h step. After ea
h iteration, a lo
alization pro
edure [1℄should be performed in order to as
ertain if the ele
trode is in the pa
emakerarea. The e�e
tiveness of the 
urvature method is approximately the sameas that of the other two methods proposed in [1℄.7. The e�e
t of the respe
tive position of the ele
trodeson the methodsThe predi
ted e
topi
 fo
i lo
ation is, in the best 
ase, a linear fun
tion ofthe ele
trodes position. This 
an be modi�ed by 
hanging their lo
alizationwith respe
t to e
topi
 fo
i. In Fig. 3 we show two extreme 
ases for ea
hlo
alization pro
edure.The hyperboli
 and the 
urvature lo
alization methods give the bestpredi
tions if the ele
trodes are a
tivated simultaneously (whi
h means thatduring the a
tivation, all ele
trodes lie on the wave front). Consequently, ifthe ele
trodes and the e
topi
 fo
i are 
o-linear, both methods fail.
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Hyperbolic localization Resetting localization Curvature localization
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Fig. 3. Examples of ele
trodes and e
topi
 fo
i respe
tive lo
alization. In �rstrow, 
ases with minimal in�uen
e of ele
trodes position on the pa
emaker lo
ationpredi
tion, in se
ond, 
ases with maximal in�uen
e. e1, e2, e3, e4 are ele
trodes,P and P 0 are pa
emaker positions before and after one of the ele
trodes movement,whi
h in�uen
e on lo
alization as dashed line.The resetting method gives the best results if distan
e between ele
trodesis 
omparable with distan
e to the e
topi
 fo
i area. In the opposite 
ase,when those distan
es are quite di�erent (the ele
trodes are very 
lose toea
h other and the pa
emaker far away) during the pa
emaker lo
alizationtwo similar 
ir
les are obtained. The interse
tion point of these 
ir
les isvery sensitive both to the ele
trodes position (the 
ir
le 
enter) and thepa
emaker distan
e (the 
ir
le radius).8. The e�e
t of pa
emaker frequen
y on the resetting methodThe resetting lo
alization method assumes 
onstant the pa
emaker a
-tivation frequen
y (CL = 
onst.). This frequen
y stability depends on thenature e
topi
 fo
us. In the 
ardia
 mus
le, the sour
e of the e
topi
 beat
an be due to 
ells with an enhan
ed automati
ity, due to re-entry (i.e.a 
losed path of the wave) 
aused by an anatomi
al obsta
le or due to thefun
tional blo
k whi
h 
an be des
ribed as a spiral wave. The un
ertaintyof the distan
e resulting from the variability of CL is derived from Eq. (5)�r = 12 v�CL : (6)



3768 P. Kuklik, J.J. �ebrowskiThe e�e
t of this un
ertainty on the predi
ted pa
emaker lo
ation de-pends on respe
tive lo
alization of the ele
trodes and is minimized whenthe distan
e between the ele
trodes and the pa
emaker are equal (two baseele
trodes and pa
emaker are form a right-angled triangle).9. The e�e
t of 
ondu
tion anisotropy on the methodsCondu
tion anisotropy in ex
itable media results in an ellipti
al shapeof the a
tivation pattern 
oming out of the e
topi
 fo
us. This phenomenaresults from a preferential 
ondu
tion dire
tion. In the numeri
al model,anisotropy was modeled by di�erent di�usion 
oe�
ients in two �xed per-pendi
ular dire
tions.The hyperboli
 and 
urvature methods, in fa
t, utilize the lo
al geometryof the wave front, approximating it by a 
ir
le and lo
ating the fo
i at its
enter. So the hyperboli
 method predi
tions depends on the lo
al 
urvatureof wave front, whi
h, in the 
ase of an ellipti
al wave front varies. Theresetting method, on the other hand, utilizes only the information about thetime needed by the ex
itation wave to travel from the e
topi
 fo
i to theele
trode, without any assumptions about the geometry of the wave front.The a
tivation of the ele
trodes by the ex
itation wave 
oming out of thepa
emaker is shown in Fig. 4. If the time intervals t1, t2 needed by the waveto travel from the pa
emaker to the ele
trode e1 and e2, respe
tively, areknown, the pa
emaker lo
ation 
an be derived from
P[P  ,P  ]

e1[e  ,e  ]x y

x y

x

y

v  t
v  t

x
y 1

1

Fig. 4. Ex
itation wave 
oming out of e
topi
 fo
i area P and a
tivating ele
trodee1. Ellipti
al wave front shape is 
aused by 
ondu
tion velo
ity anisotropy.



Lo
ating E
topi
 Fo
i on a Cylinder 37698>><>>: (e1x � Px)2(vxt1)2 + (e1y � Py)2(vyt1)2 = 1 ;(e2x � Px)2(vxt2)2 + (e2y � Py)2(vyt2)2 = 1 ; (7)where Px, Py are the e
topi
 fo
i 
oordinates, e1x, e1y, e2x, e2y are 
oordi-nates of the two base ele
trodes and vx , vy are 
ondu
tion velo
ities in thex and y dire
tions, respe
tively.10. The e�e
t of di�usion tensor heterogeneity on the methodsIn our simulations, the heterogeneity of the ex
itable medium was 
re-ated by varying the di�usion tensor 
oe�
ients, resulting in a 
ondu
tionvelo
ity heterogeneity. The hyperboli
 and 
urvature lo
alization methodswere strongly a�e
ted by the distortion of the shape of wave front. If dis-tortion ex
eeds a 
ertain threshold (depending on the ele
trodes respe
tiveposition), both methods 
an lose 
onvergen
e. A possible solution in this
ase 
an be in
reasing spa
ing of the ele
trodes.The resetting lo
alization method is less a�e
ted by wave front distor-tion. All e�e
ts a

umulate resulting in the 
omputed pa
emaker distan
edepending on the di�eren
e between the measured mean velo
ity and thevelo
ity of the wave front propagating from pa
emaker toward the base ele
-trode. 11. Lo
alization proto
ol on a 
ylinderThe dynami
s of wave front propagation on a 
ylindri
al two-dimensionalex
itable medium introdu
es new phenomena whi
h must be taken into a
-
ount in the lo
alization of the e
topi
 fo
i. The most important phenomenais 
ollision of the 
ir
ular wave pattern on the opposite side of the 
ylinderresulting in two rings traveling along it. After the formation of the two rings,both the hyperboli
 and the 
urvature methods be
ame useless be
ause thewave front 
urvature radius qui
kly in
reases to very large numbers. Onlyif the ele
trodes were a
tivated before formation of the ring, the wave front
urvature radius pointed to the e
topi
 fo
i lo
ation. This possibility 
an beused when ele
trodes are 
lose to the pa
emaker.Due to these di�
ulties, we present a lo
alization proto
ol on a 
ylin-der based on the resetting method. We assume an anisotropi
 
ondu
tionvelo
ity with a greater velo
ity along the 
ylinder. Also, we assume thatele
trodes are arranged along a straight line with a 
onstant spa
ing (thistype of the ele
trodes is usually used during 
atheter ablation).



3770 P. Kuklik, J.J. �ebrowskiThe �rst step is the measurement of the 
ondu
tion velo
ities along theaxis and a
ross the 
ylinder. This is done by stimulating one of the ele
trodesand measuring the a
tivation time of the others. This time is then dividedby the ele
trode spa
ing. To minimize the e�e
t of the wave front velo
itydispersion relation in ex
itable media, the ele
trodes spa
ed the most apartare 
hosen for this measurement.The se
ond step is the positioning of all ele
trodes along the 
ylinder andmeasuring the sequen
e of their a
tivation by the ex
itation wave 
omingfrom e
topi
 fo
us. If one of the two most distant ele
trodes is a
tivated, allele
trodes are moved along 
ylinder until the ele
trode a
tivated the �rst isone of the middle ones.The third step is the use of the 
ondu
ting resetting lo
alization proto
ola

ording to Eqs. (7). (taking into a

ount the anisotropy of the velo
ity)and positioning all ele
trodes in su
h a way that the middle ele
trode is overthe predi
ted e
topi
 fo
i position.The fourth step is the use of 
ondu
ting 
on�rmation proto
ol des
ribedby Hall and Glass [1℄ and repeating third step until the e
topi
 fo
us isfounded.This proto
ol 
an be more made more general by assuming a more generalarrangement of the ele
trodes. But the respe
tive lo
alization proto
ol mustbe performed after ea
h movement and there appears a possibility that thea
tivation sequen
e 
an be perturbed by the a
tivation of the ele
trodesfrom by a wave 
oming from both sides of 
ylinder.12. Con
lusionsThis work is a response to the interest of 
ardiologists in e
topi
 fo
i lo-
alization in the veins and aortas of the heart. These vessels whi
h may beapproximated by 
ylinders. The e
topi
 fo
i lo
alization and ablation shouldbe performed as qui
kly as possible be
ause of the high risk of perforationof the wall of the vessel. This motivated us to 
reate a proto
ol allowingto lo
alize the e
topi
 fo
i on a 
ylinder with 
ondu
tion anisotropy andheterogeneity, and having a relatively small radius in 
omparison with thespa
ing of the ele
trodes � the 
onditions during 
atheter ablation in bloodvessels. We started from the two methods developed by Hall and Glass [1℄(hyperboli
 and resetting) and from the 
urvature lo
alization method. Af-ter analyzing the e�e
t of the 
onditions whi
h 
an o

ur in blood vessel onthese methods, we 
hose the resetting method as the most suitable to thisenvironment. The hyperboli
 and the 
urvature methods also 
an be usedduring lo
alization in blood vessel but only if the distan
e from the e
topi
fo
i is less than the 
ir
umferen
e of the vessel (then we 
an expe
t thatwave front has still a 
ir
ular shape, yielding information about pa
emaker
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topi
 Fo
i on a Cylinder 3771lo
ation). Numeri
al simulations showed that the iteration of the resettinglo
alization method 
onverges to the true pa
emaker lo
ation. The mainweakness of our proto
ol is the assumption of the 
onstant pa
emaker fre-quen
y, required by the resetting method. Sin
e the nature of the pa
emakerme
hanism in a blood vessel remains un
lear, this reality of this assumptionrequires further investigation.The e
topi
 lo
alization proto
ol on a 
ylinder 
an be performed withstandard 
atheter ele
trode 
on�guration (several metal tips along 
atheter),without the need of an expensive mapping system. It is also importantbe
ause of the very high risk of perforation during the mapping blood vesselwith many ele
trode tips simultaneously.The authors are very grateful to do
. Fran
iszek Wal
zak, MD and�ukasz Szumowski, MD for enlightening dis
ussions and en
ouragement.This work was supported by grant from the Warsaw University S
ien
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