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�-MESON AND !�� MIXING EFFECTSIN ! ! �+��
 DECAYA. Gokalpy, A. Ku
ukarslan, S. Solmaz and O. YilmazzPhysi
s Department, Middle East Te
hni
al University06531 Ankara, Turkey(Re
eived Mar
h 17, 2003; revised version re
eived April 15, 2003)We 
al
ulate the bran
hing ratio of ! ! �+��
 de
ay in a phenomeno-logi
al framework in whi
h the 
ontributions of VMD, 
hiral loops, �-mesonintermediate state amplitudes and the e�e
ts of !�� mixing are 
onsidered.We 
on
lude that the �-meson intermediate state amplitude and !�� mix-ing make substantial 
ontribution to the bran
hing ratio.PACS numbers: 12.20.Ds, 12.40.Vv, 13.20.Jf, 13.40.HqThe radiative de
ays of neutral ve
tor mesons into a single photon anda pair of neutral pseudos
alar mesons have been a subje
t of 
ontinuousinterest both theoreti
ally and experimentally sin
e their study providestests for the theoreti
al ideas about the interesting me
hanisms and newphysi
s feature involved in these de
ays. The value B(! ! �0�0
) =(6:6+1:4�0:8 � 0:6) � 10�5 for the bran
hing ratio of the ! ! �0�0
 de
ayobtained in the re
ent experimental study of � ! �0�0
 and ! ! �0�0
de
ays by SND Collaboration [1℄ was larger than the theoreti
al estimatesof this bran
hing ratio to date whi
h, therefore, requires reexamination ofthe me
hanism of this de
ay.The theoreti
al study of ! ! ��
 de
ays was initiated by Singer [2℄who postulated the sequential ve
tor meson de
ay me
hanism ! ! (�)� !��
 involving the dominan
e of the intermediate ve
tor meson 
ontribution(VMD). Bramon et al., [3℄ also 
onsidered the 
ontribution of intermedi-ate ve
tor mesons to the ve
tor meson de
ays into two pseudos
alars anda single photon V ! PP 0
 using standard Lagrangians obeying the SU(3)symmetry. Bramon et al., [4℄ later studied various su
h de
ays within theframework of 
hiral e�e
tive Lagrangians using 
hiral perturbation theoryy agokalp�metu.edu.trz oyilmaz�metu.edu.tr (4095)



4096 A. Gokalp et al.and they showed that there is no tree-level 
ontribution to the amplitudesof su
h de
ay pro
esses and the one-loop 
ontributions are �nite. Guettaand Singer [5℄ in a re
ent work 
ombined all the improvements on the simpleBorn term of VMD me
hanism. They 
onsidered !�� mixing, momentumdependen
e of intermediate state �-meson width, the in
lusion of the 
hi-ral loop amplitude as given by Bramon et al., [4℄, and using the resultingfull amplitude whi
h in
ludes all these e�e
ts they obtained the theoreti
alresult B(! ! �0�0
) = (4:6 � 1:1) � 10�5 for the bran
hing ratio of the! ! �0�0
 de
ay whi
h is 
onsiderably less than the latest experimentalresult [1℄.Another interesting 
ontribution to the de
ay me
hanism of this de
aymay involve �-meson as an intermediate state. The existen
e of �-meson haslong been 
ontroversial, however, re
ently a large number of analyses pointto its existen
e [6℄. The re
ent Fermilab E791 experiment found strong di-re
t experimental eviden
e for �-meson in the measured D+ ! ��+ ! ���de
ay [7℄. Therefore, this important meson must be in
luded in the analysesof hadroni
 pro
esses and its 
ontribution to the me
hanisms of su
h pro-
esses should be examined. However, the nature and the quark substru
tureof �-meson have not been established yet, whether it is a 
onventional q�qstate or a �� resonan
e has been a subje
t of debate. Therefore, analysisof the role of �-meson in V ! PP
 de
ays may also provide informationabout the 
ontroversial nature of �-meson.The three of the present authors in an attempt to explain the latestexperimental result of the bran
hing ratio of ! ! �0�0
 de
ay, re
onsid-ered the de
ay me
hanism of this de
ay in a phenomenologi
al frameworkin whi
h the 
ontributions of VMD and 
hiral loop amplitudes, the e�e
tsof the !�� mixing, and the 
ontribution of �-meson intermediate state am-plitude are in
luded, and as the result of their analysis they 
on
luded that�-meson intermediate state should be in
luded in the de
ay me
hanism of! ! �0�0
 de
ay in order to explain the latest experimental result, andutilizing the experimental value of the bran
hing ratio of ! ! �0�0
 de
ay,whi
h resulted in a quadri
 equation for g!�
 , estimated the 
oupling 
on-stant g!�
 as g!�
 = 0:11 and g!�
 = �0:21 [8℄. An essential assumptionof that work was that there is no SU(3) ve
tor meson�sigma�gamma ver-tex, therefore, !�
-vertex 
annot be related to the ��
-vertex. The e�e
tsof �-meson in the me
hanism of radiative �0-meson de
ays is in
luded byassuming that �-meson 
ouples to �0-meson through the pion�loop [8, 9℄.However, in the me
hanism of ! ! �0�0
 de
ay a !�
-vertex was assumedwhi
h may be 
onsidered as representing the e�e
tive �nal state intera
tionsin ��-
hannel [8℄. The small value of the 
oupling 
onstant g!�
 obtainedresulted in a 
hange in the Born amplitude of ! ! �0�0
 de
ay whi
h wasof the same order of magnitude as it is typi
al of �nal state intera
tions.Indeed, Levy and Singer [10℄ in a study of the ! ! �0�0
 de
ay using



�-Meson and !�� Mixing E�e
ts in ! ! �+��
 De
ay 4097dispersion-theoreti
al approa
h showed that �nal state intera
tions result-ing in a de
ay rate of the same order of magnitude as the one 
al
ulated fromthe Born term 
an be parametrized with the e�e
tive-pole approximation.In order to investigate the proposed role of �-meson in radiative �0- and!-meson de
ays further and to obtain more results that 
an be tested byexperiment, we study in this work ! ! �+��
 de
ay in a phenomenologi-
al approa
h by 
onsidering the ve
tor meson dominan
e, 
hiral loops, and�-meson intermediate state amplitudes as well as the e�e
ts of !�� mixing.We 
al
ulate the bran
hing ratio of this de
ay and we obtain the photonspe
tra for the bran
hing ratio of ! ! �+��
 de
ay whi
h 
an be testedexperimentally. If only Born term VMD amplitude is used one has the re-lation � (! ! �0�0
) = 1=2� (! ! �+��
) whi
h follows from 
harge
onjugation invarian
e to order � whi
h imposes pion pairs of even angularmomentum as shown by Singer [2℄. Sin
e the fa
tor 1/2 holds to the �rstorder in �, the present 
al
ulation is also of interest sin
e the amplituderesulting from the assumed de
ay me
hanism for !- and �-meson de
ays inthe present work 
ontains terms of order e3.
π

ρ ρ+
ω ω

γ γa:

b:

π

ππ

γω
σ π

π

+

−

+

− +

−
− +

Fig. 1. Feynman diagrams for the de
ay ! ! �+��
.Our 
al
ulation is based on the Feynman diagrams shown in Fig. 1 for! ! �+��
 de
ay and in Fig. 2 for �0 ! �+��
 de
ay. The dire
t termsshown in the diagrams in Fig. 2(a), (b), (
) are required to establish thegauge invarian
e. The !��-vertex is des
ribed by the Wess�Zumino anomalyterm of the 
hiral Lagrangian [11℄Le�!�� = g!��"������!���~�� � ~� : (1)This e�e
tive Lagrangian also de�nes the 
oupling 
onstant g!�� whi
hwas determined by A
hasov et al., [12℄ through an experimental analysisas g!�� = (14:4�0:2)GeV�1 . Similarly we des
ribe the ��
-vertex with thee�e
tive Lagrangian Le���
 = g��
"������~�� � ~���A� ; (2)
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Fig. 2. Feynman diagrams for the de
ay �0 ! �+��
.and we use the experimental partial width of the radiative �! �
 de
ay [13℄to dedu
e the 
oupling 
onstant g!�
 as g��
 = (0:274� 0:035)GeV�1. The!�
-vertex is des
ribed by the e�e
tive LagrangianLe�!�
 = eM! g!�
��!�(��A� � ��A�)� : (3)The 
oupling 
onstant g!�
 was estimate as g!�
 = 0:11 and g!�
 = �0:21by three of the present authors [8℄ in their analysis of ! ! �0�0
 de
ay ina similar phenomenologi
al framework. We des
ribe the ���-vertex by thee�e
tive Lagrangian Le���� = 12 g���M�~� � ~�� ; (4)and using the experimental values for M� and �� as M� = (483 � 31) MeVand �� = (338 � 48) MeV [7℄ where statisti
al and systemati
 errors areadded in quadrature we determine the strong 
oupling 
onstant g��� asg��� = (5:3�0:55). The ���-vertex is des
ribed by the e�e
tive LagrangianLe���� = g���~�� � (��~� � ~�) ; (5)and the experimental de
ay width of the de
ay � ! �� [13℄ yields thevalue g��� = (6:03 � 0:02) for the 
oupling 
onstant g���. The e�e
tiveLagrangians Le���� and Le���� result from an extension of the � model where



�-Meson and !�� Mixing E�e
ts in ! ! �+��
 De
ay 4099the isove
tor � is in
luded through a Yang�Mills lo
al gauge theory based onisospin with the ve
tor meson mass generated through the Higgs me
hanism[14℄.Meson�meson intera
tions were studied by Oller and Oset [15℄ using thestandard 
hiral Lagrangian in lowest order of 
hiral perturbation theory. Weuse their result for the isospin I = 0 �+�� ! �+�� amplitude that we needin the loop diagrams in Fig. 2(b), thus we negle
t the small I = 2 amplitude.We note that as shown by Oller [16℄ due to gauge invarian
e the o�-shellparts of the amplitudes, that should be kept inside the loop integration,do not 
ontribute, and 
onsequently the amplitude M�(�+�� ! �+��)fa
torizes in the expression for the loop diagrams.In our 
al
ulation of the invariant amplitude, we make the repla
ementq2�M2!q2�M2+iM� in �-meson and �-meson propagators. We use for�-meson the momentum dependent width that follows from Eq. (4)�� �q2� = ��M2�q2 s q2 � 4M2�M2� � 4M2� � �q2 � 4M2�� ; (6)and for �-meson we use the following momentum dependent width as 
on-ventionally adopted [17℄�� �q2� = �� M�pq2 � q2 � 4M2�M2� � 4M2��3=2 � �q2 � 4M2�� : (7)Loop integrals similar to the ones appearing in Fig. 1 and Fig. 2 wereevaluated by Lu
io and Pestiau [18℄ using dimensional regularization. We usetheir results and, for example, we express the 
ontribution of the pion�loopamplitude 
orresponding to �0 ! (�+��)
 ! �+��
 rea
tion in Fig. 2(b)asM� = � e g���M�(�+��!�+��)2�2M2� I(a; b) [(p � k)(" � u)�(p � ")(k � u)℄ ; (8)where a=M2�=M2� , b=(p�k)2=M2� , M�=�(2=f2�)(s+M2�=6), s = (p�k)2,f� = 92:4 MeV, p(u) and k(") being the momentum (polarization ve
tor)of �-meson and photon, respe
tively. A similar amplitude 
orrespondingto �0 ! (�+��)
� ! �+��
 rea
tion 
an also be written. The fun
tionI(a; b) is given asI(a; b) = 12(a� b) � 2(a� b)2 �f �1b�� f �1a��+ a(a� b)2 �g�1b�� g�1a�� ; (9)



4100 A. Gokalp et al.where f(x) = 8><>: � har
sin� 12px�i2 ; x > 1414 hln� �+���� i�i2 ; x < 14g(x) = 8><>: (4x� 1) 12 ar
sin� 12px� ; x > 1412(1� 4x) 12 hln� �+���� i�i ; x < 14�� = 12x h1� (1� 4x) 12 i : (10)We des
ribe the !�� mixing by an e�e
tive Lagrangian of the formLe���! = ��!!��� ; (11)where !� and �� denote pure isospin �eld 
ombinations. The mixing allowsthe transition ! ! � in the pro
ess ! ! �+��
, thus the amplitude of thede
ay 
an be written as M =M0 + "M0 where M0 in
ludes the 
ontribu-tions 
oming from the diagrams shown in Fig. 1 for ! ! �+��
 and M0represents the 
ontributions of the diagrams in Fig. 2 for �0 ! �+��
. Themixing parameter " is given as [17℄" = ��!M2! �M2� + iM��� � iM!�! : (12)O`Connell et al., [17℄ determined ��! from �ts to e+e� ! �+�� data as��! = (�3800 � 370) MeV2 from whi
h the mixing parameter is obtainedas " = (�0:006 + i0:036). Another e�e
t of !�� mixing is that it modi�esthe �-propagator in diagrams in Fig. 1(a)1D�(s) ! 1D�(s) �1 + g!�
g��
 ��!D!(s)� ; (13)where D�(s) = s �M2� + iM���(s). This e�e
t is relevant sin
e a

ordingto SU(3) relation g!�
=g��
 = 3 it makes a sizable 
ontribution.We 
al
ulate the invariant amplitudeM (E
 , E1) this way for the de
ay! ! �+��
 from the 
orresponding Feynman diagrams shown in Fig. 1and Fig. 2 for the de
ays ! ! �+��
 and �0 ! �+��
, respe
tively.



�-Meson and !�� Mixing E�e
ts in ! ! �+��
 De
ay 4101The di�erential de
ay probability for an unpolarized !-meson at rest is thengiven as d�dE
dE1 = 1(2�)3 18M! j M j2 ; (14)where E
 and E1 are the photon and pion energies, respe
tively. We performan average over the spin states of the ve
tor meson and a sum over thepolarization states of the photon. The de
ay width is then obtained byintegration � = E
;maxZE
;min dE
 E1;maxZE1;min dE1 d�dE
dE1 : (15)Although the minimum photon energy is E
;min = 0, in our 
al
ulations itis taken asE
;min=30MeV be
ause of the presen
e of bremsstrahlung amp-litude, and the maximum photon energy is given as E
;max=(M2!�4M2�)=2M! = 341MeV. The maximum and minimum values for pion energy E1are given byE1 = 12(2E
M! �M2!)� ��2E2
M!+3E
M2!�M3! �E
q(�2E
M!+M2!)(�2E
M!+M2!� 4M2�) � :As the result of our 
al
ulation, if we use the full amplitudes resultingfrom the Feynman diagrams in Fig. 1 and in Fig. 2, we obtain for the bran
h-ing ratio of ! ! �+��
 de
ay the value B(! ! �+��
) = 0:43�10�3 usingthe 
oupling 
onstant g!�
 = 0:11 and B(! ! �+��
) = 0:67 � 10�3 if weuse the 
oupling 
onstant g!�
 = �0:21. These values are 
onsistent withthe present experimental upper limit B(! ! �+��
) < 3:6�10�3 [13℄. If weuse only the VMD amplitude for ! ! �+��
 de
ay we obtain the bran
h-ing ratio B(! ! �+��
) = 7:2 � 10�5. If we use the VMD amplitude for! ! �+��
 and the bremsstrahlung amplitude for �0 ! �+��
, as a resultof !�� mixing we obtain the bran
hing ratio B(! ! �+��
) = 0:46�10�3.On the other hand, if we use VMD and �-meson intermediate state ampli-tudes for ! ! �+��
 de
ay and do not 
onsider !�� mixing, the resultingbran
hing ratio is B(! ! �+��
) = 0:13 � 10�3 for g!�
 = 0:11 andB(! ! �+��
) = 0:12� 10�3 for g!�
 = �0:21. The values of the bran
h-ing ratio B(! ! �+��
) resulting from the di�erent amplitudes for the



4102 A. Gokalp et al. TABLE IThe values of the bran
hing ratio B(! ! �+��
) resulting from the VMD am-plitude, VMD amplitude and (! � �) mixing with the bremsstrahlung amplitude,�-meson intermediate state amplitude, VMD and �-meson intermediate state am-plitude, and full amplitude in
luding VMD, �-meson intermediate state and (!��)mixing for the 
oupling 
onstant g!�
 = 0:11.Amplitude VMD VMD+ � VMD+� VMD+�(! � �) +(! � �)B(! ! �+��
)� 105 7.2 46 2.5 13 43
oupling 
onstant g!�
 = 0:11 are shown in Table I for 
omparison. Thesevalues show the importan
e of not only !�� mixing but also of the �-mesonintermediate state amplitude in ! ! �+��
 de
ay.

Fig. 3. The photon spe
tra for the bran
hing ratio of ! ! �+��
 de
ay for g!�
 =0:11. The separate 
ontributions resulting from the amplitudes of VMD; VMD andbremsstrahlung with !�� mixing; VMD and bremsstrahlung, 
hiral loop with !�� mixing; and from the full amplitude using the diagrams in Fig. 1 and in Fig. 2in
luding �-meson intermediate state with !�� mixing.



�-Meson and !�� Mixing E�e
ts in ! ! �+��
 De
ay 4103The photon spe
tra for the bran
hing ratio of the de
ay ! ! �+��
,whi
h may be tested in future experiments, are plotted in Fig. 3 for g!�
 =0:11 and in Fig. 4 for g!�
 = �0:21 as a fun
tion of photon energy E
 , andthe 
ontributions of di�erent amplitudes are indi
ated. We note that thebremsstrahlung amplitude of �0 ! �+��
 de
ay as the result of !�� mixinga�e
ts mostly the lower part of the photon spe
tra, 
hanging it drasti
ally,but be
omes pra
ti
ally negligible toward the higher photon energy partof the spe
trum. Therefore, the model and the ideas about the role of !��mixing and the importan
e of the 
ontribution of �-meson intermediate statein ! ! �+��
 de
ay presented in this work 
an be tested experimentally iffew events are 
olle
ted at the 
hara
teristi
 parts of the photon spe
tra.

Fig. 4. The photon spe
tra for the bran
hing ratio of ! ! �+��
 de
ay for g!�
 =�0:21. The separate 
ontributions resulting from the amplitudes of VMD; VMDand bremsstrahlung with !�� mixing; VMD and bremsstrahlung, 
hiral loop with!�� mixing; and from the full amplitude using the diagrams in Fig. 1 and in Fig. 2in
luding �-meson intermediate state with !�� mixing.REFERENCES[1℄ M.N. A
hasov et al., Phys. Lett. B537, 201 (2002).[2℄ P. Singer, Phys. Rev. 128, 2789 (1962).[3℄ A. Bramon, A. Grau, G. Pan
heri, Phys. Lett. B283, 416 (1992).



4104 A. Gokalp et al.[4℄ A. Bramon, A. Grau, G. Pan
heri, Phys. Lett. B289, 97 (1992).[5℄ D. Guetta, P. Singer, Phys. Rev. D63, 017502 (2001).[6℄ N.A. Törnqvist, KEK Pro
eedings 2000-4, Kyoto, Japan, 2000, p. 224�231;Soryushiron Kenkyu (Kyoto) 102, E224-E231 (2001).[7℄ E791 Collaboration, E.M. Aitala et al., Phys. Rev. Lett. 86, 770 (2001).[8℄ A. Gokalp, A. Ku
ukarslan, O. Yilmaz, Phys. Rev. D67, 073007 (2003).[9℄ A. Gokalp, S. Solmaz, O. Yilmaz, Phys. Rev. D67, 073008 (2003).[10℄ N. Levy, P. Singer, Phys. Rev. D3, 2134 (1971).[11℄ J. Wess, B. Zumino, Phys. Lett. B37, 65 (1971).[12℄ M.N. A
hasov et al., Nu
l. Phys. B569, 158 (2000).[13℄ Parti
le Data Group, D.E. Groom et al., Eur. Phys. J. C15, 1 (2000).[14℄ B.D. Serot, J.D. Wale
ka, A
ta Phys. Pol. B 23, 655 (1992).[15℄ J.A. Oller, E. Oset, Nu
l. Phys. A620, 438 (1997); Erratum, Nu
l. Phys.A652, 407 (1999).[16℄ J.A. Oller, Phys. Lett. B426, 7 (1998).[17℄ H.B. O`Connell, B.C. Pear
e, A.W. Thomas, A.G. Williams, Prog. Nu
l. Part.Phys. 39, 201 (1997).[18℄ J. Lu
io, J. Pestiau, Phys. Rev. D42, 3253 (1990); Phys. Rev. D43, 2446(1991).


