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EFFECTIVE FIELD THEORY APPROACHTO ELECTROWEAK TRANSITIONS OF NUCLEIFAR FROM STABILITYMar
o A. HuertasCollege of William and Mary, Williamsburg, VA, USA(Re
eived May 27, 2003)In a previous paper, the 
onvergen
e of the e�e
tive �eld theory ap-proa
h of Furnstahl, Serot and Tang to the nu
lear many-body problemwas studied by applying it to sele
ted doubly-magi
, and neighboring single-parti
le and single-hole, nu
lei far from stability. The su

ess of that ap-proa
h, interpreted through density fun
tional theory, would imply reliabledensities. In this paper, the single-parti
le (Kohn�Sham) wave fun
tionsare probed using weak transitions near the Fermi surfa
e. The weak 
ur-rents are the Noether 
urrents derived from the e�e
tive Lagrangian. Thegeneral single-parti
le transition matrix elements, from whi
h any semi-leptoni
 weak rate 
an be 
al
ulated, are obtained in terms of upper andlower 
omponents of the Dira
 wave fun
tions. Here beta-de
ays in nu
leineighboring 132Sn are studied and 
ompared with available experimentaldata. Calibration of the theoreti
al results for su
h de
ays may also haveuseful appli
ation in element formation.PACS numbers: 23.40.�s, 23.40.H
1. Introdu
tionIn a re
ent paper [1℄ the 
onvergen
e of 
al
ulations to experimental re-sults at di�erent levels of approximation from a new approa
h to the nu
learmany-body problem was studied. This approa
h 
ombines the prin
iples ofE�e
tive Field Theory (EFT) with Density Fun
tional Theory (DFT). Theresults of that work showed that the total binding energy of even�even Snisotope nu
lei 
an be reprodu
ed below the 1% level. In addition to thisagreement for the total binding energy of the doubly-magi
 nu
lei 13250Sn82,10050Sn50, 7828Ni50 and 4828Ni20, the 
hemi
al potential for neighboring nu
lei,di�ering by one parti
le or hole from the doubly-magi
 ones, was also wellreprodu
ed below the 10% level. The agreement in binding energies showsthat the energy fun
tional derived from the e�e
tive Lagrangian of Furn-stahl, Serot and Tang [2℄ is indeed a good approximation and thus, a
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4270 M.A. Huertasing to DFT, the ground-state densities obtained in ea
h 
ase are also a goodapproximation to the true ground-state densities. Although in [1℄ both pro-ton and neutron densities for 132Sn and 100Sn were presented, there hasbeen no dire
t measurement of either of them and thus the 
omparison withexperiment has not yet been established dire
tly.In the Kohn�Sham approa
h, the ground-state density is 
onstru
tedfrom single-parti
le wave fun
tions, obtained by solving the Kohn�Shamequations of the system. These equations are the energy eigenvalue equa-tions for a system of non-intera
ting parti
les subje
t to a lo
al externalpotential. Ex
ept for the energy eigenvalue 
lose to the Fermi surfa
e (i.e.the energy ne
essary to extra
t one parti
le from the system) all other en-ergy eigenvalues have no dire
t physi
al meaning. If the single-parti
le (hole)energy at the Fermi surfa
e agrees with experiment, one 
an assume thatthe wave fun
tion asso
iated with it must also be a good approximation.In this paper the validity of the last statement is studied, and in an indire
tway the a

ura
y to whi
h the ground state density is reprodu
ed. The wavefun
tions des
ribing one parti
le outside a doubly-magi
 
ore or one hole ina doubly-magi
 
ore are used to 
al
ulate various �-transition rates. Thesewave fun
tions represent the initial or �nal nu
lear states (in 
oordinate rep-resentation) in these transitions. Here, based on the above arguments, ana

urate des
ription of the wave fun
tion is assumed to be guaranteed bythe a

ura
y with whi
h its binding energy is reprodu
ed. Therefore, theideal 
ase of study 
orresponds to a ground-state to ground-state transition,sin
e in these 
ases there is a 
loser agreement with the experimental energyvalues. Wave fun
tions of ex
ited states will be less a

urate as these stateslie farther away from the Fermi surfa
e and thus their energy is not wellreprodu
ed. Furthermore, it is expe
ted that the parti
le�parti
le transi-tion will give a 
leaner result sin
e the des
ription of a parti
le outside thedoubly-magi
 
ore 
an be well approximated by a single-parti
le wave fun
-tion. The des
ription of a hole, on the other hand, is more 
ompli
atedsin
e it represents a more 
omplex many-body state and its des
riptionby a single-parti
le wave fun
tion might be expe
ted to be less a

urate.Using the results obtained in [1℄ and the available experimental data, thispaper fo
uses on the 
ore nu
leus 13250Sn82 and its single-parti
le and single-hole neighbors 13350Sn83, 13150Sn81, 13351Sb82 and 13149In82. Using these nu
lei, thetwo types of transitions, parti
le�parti
le and hole�hole, 
an be investigatedand 
ompared with experimental results to validate the observations madeabove. The �rst 
ase, i.e. the parti
le�parti
le transition, 
orresponds to the�-de
ay pro
ess 13350Sn83 ! 13351Sb82 + e� + �e and the se
ond one, the hole�hole 
ase, to the transition 13149 In82!13150Sn81+e�+�e. In both 
ases ground-state to ground-state transitions, as well as transitions from and to low-lyingex
ited states, are 
onsidered.



EFT Approa
h to Ele
troweak Transitions 4271To study these pro
esses a general expression des
ribing semi-leptoni
transitions has been obtained that in
orporates the Dira
 wave fun
tions
al
ulated by solving the Kohn�Sham equations derived from the e�e
tiveLagrangian [1,2℄. The upper and lower 
omponents of the Dira
 spinors arethen used to 
al
ulate the matrix elements of the appropriate ele
troweak
urrents. These 
urrents are obtained from the same e�e
tive Lagrangianand 
orrespond to the leading order Noether 
urrents [3, 4℄. At any level ofapproximation in the e�e
tive Lagrangian, the axial-ve
tor 
urrents satisfyPCAC and show a pion-pole dominan
e [3℄. The matrix elements of the 
ur-rents thus 
onstru
ted are used in a general multipole expansion from whi
hany semi-leptoni
 weak intera
tion 
an be 
al
ulated [4℄. The 
urrents usedhere are one-body operators and as su
h the matrix elements involve only
ontributions from single-parti
le dynami
s. Other e�e
ts su
h as 
ouplingsto 
olle
tive modes are not in
luded1.This paper fo
uses on �-de
ay rates. Appli
ations to other semi-leptoni
pro
esses are being 
onsidered for future work. The 
al
ulated de
ay rateshave been 
orre
ted for the s
reening e�e
t from the valen
e ele
trons in thedaughter nu
leus [6℄ and for the slowing down of the emitted ele
trons dueto the attra
tive Coulomb 
ore (Fermi fun
tion). This last 
orre
tion usesa relativisti
 des
ription of the ele
tron and takes into a

ount the e�e
ts ofthe size of the nu
leus [6℄2.Cal
ulations of �-de
ay properties, like the half-live (�1=2) and �-delayedneutron emission (Pn), have been done extensively using mainly the fol-lowing models: gross theory, quasi-parti
le random phase approximation(pn-QRPA) and shell model 
al
ulations. Gross theory has been used inlarge-s
ale 
al
ulations where the dis
reetness of the �nal energy levels ofthe daughter nu
leus are smoothed out and di�erent single-parti
le strengthfun
tions (Gaussian, modi�ed Lorentz) are used to 
al
ulate the �-de
aystrength [7℄. This approa
h has been used to 
al
ulate both allowed and�rst-forbidden transitions using the Q-values from mass formulas as input.Improvements to this model have been made in whi
h pairing and othershell e�e
ts are taken into a

ount [8℄. Shell model 
al
ulations are one ofthe most elaborate methods used. In this type of 
al
ulation it is possibleto in
orporate multi-parti
le transition amplitudes, whi
h are uniquely de-termined by the spe
i�
ation of the model Hamiltonian. Su
h an approa
hhas the advantage of predi
ting the state and mass dependen
e of observedde
ay strengths making the results independent of any mass formulas input.The disadvantage of this method lies in the large matri
es that have to be
omputed when the number of nu
leons in
reases, therefore, its appli
ations1 These e�e
ts 
an be as large as 50% as dis
ussed in [5℄ for the 
ase of 20982Pb127.2 Ele
tron radial wave fun
tions, as well as relativisti
 
orre
tions to the nu
lear 
urrentoperator in �-de
ay, are further dis
ussed in [30℄.



4272 M.A. Huertashas been limited to small nu
lei. A 
al
ulation for proton-ri
h nu
lei hasbeen attempted for the 
ases of sd-shell nu
lei and 
an be found in [9℄. Thethird approa
h, pn-QRPA, has also been used in extensive 
al
ulations of�-de
ay observables. This approa
h 
an be 
onsidered to be between theshell model and gross theory. A des
ription of the formalism for even�evenmother nu
lei, as well as referen
es, 
an be found in [10℄. The extensions toodd systems and odd nu
lei 
an be found in [11℄ and [12℄.From the above models used to 
al
ulate �-de
ay half-lives, QRPA hasshown to give good agreement with experimental results. Some extensive
al
ulations have been performed [13�15℄ showing an agreement with ex-periment within a fa
tor of two. The 
al
ulations in
luded in [13℄ des
ribethe �-strength fun
tion by applying the pn-QRPA method with a Gamow�Teller residual intera
tion, the strength of whi
h is �tted to experimentallyknown half-lives of known isotopes for a �xed mass number A. Pairing 
or-relations are treated in the BCS model using a 
onstant pairing for
e andwithout taking into a

ount the Pauli blo
king. The proton and neutrongaps are equal and are taken from the values of global systemati
s. In ad-dition to this, spin�isospin ground-state 
orrelations are in
luded. For veryneutron-ri
h nu
lei only allowed Gamow�Teller transitions are 
onsideredand the in�uen
e of �rst-forbidden transitions on the half-lives of nu
lei farfrom stability is negle
ted. Nu
lear deformations also are taken into a

ountusing the Nilsson model from whi
h the wave fun
tions of the parent anddaughter nu
lei are 
al
ulated assuming the same ground-state deformationfor both. The main un
ertainties in these 
al
ulations 
ome from the massformulas used as input, whi
h in general be
ome less a

urate for nu
lei farfrom stability. The results obtained show an agreement with experimentaldata for nu
lei with short half-lives (< 1 s) with an average deviation of 1.4.Other 
al
ulations have 
on
entrated on some spe
i�
 range of nu
leiimportant for the r-pro
ess su
h as those 
lose to 132Sn, as in our 
ase.In [16℄ an analysis of the ground-state properties and �1=2 of nu
lei 
lose to132Sn is performed using the Hartree�Fo
k�Bogoliubov plus BCS pairing ap-proa
h (HFB+BCS). Although some studies indi
ate that the nu
lei in thisregion are spheri
al, the 
al
ulations in
luded both spheri
al and deformednu
lei. Contributions from pairing using a 
onstant strength, zero-rangefor
e were also in
luded. Again here, only allowed GT transitions were
al
ulated and the GT strength fun
tion was obtained using the methodof a self-
onsistent treatment of the ground and ex
ited states of even�evenand odd-A super�uid nu
lei solving QRPA-like equations in the Finite FermiSystem (FFS) theory. Using this method, the Q� were also determined andno additional mass formulas were used. A density fun
tional des
ribing thenu
lear system was used with parameters �tted to stable nu
lear propertiesobtaining three di�erent sets. One of them was spe
ialized to reprodu
e



EFT Approa
h to Ele
troweak Transitions 4273not only known ground-state properties of magi
 nu
lei but also single par-ti
le energies of 132Sn. Details and additional referen
es are given in [16℄.A similar study [17℄, fo
used on nu
lei in the r-pro
ess path, used a generalmethod that 
ombines the mi
ros
opi
 QRPA model for allowed GT �-de
aywith statisti
 gross theory of �rst-forbidden de
ays. In general, the resultsshow that there is a mu
h better agreement with experiment when the �rst-forbidden transitions are in
luded, espe
ially for large values of �1=2. Whenthe 
al
ulated half-lives for a large range of nu
lei were 
ompared with ex-perimental results it was found that the quantity ln(�
al
=�exp) lies in therange 10�0.1.Be
ause of new data and improved methods to 
al
ulate �-de
ay proper-ties, there have been e�orts to 
ompile the existing experimental, as well as
al
ulated data. In [18℄ su
h a 
ompilation 
an be found whi
h in
ludes themost re
ent experimental data for half-lives as well as the results from twodi�erent models: 1. Kratz�Herrmann formula (KHF) and 2. Ma
ros
opi
�mi
ros
opi
 QRPA.Table I summarizes the results obtained from the methods dis
ussedabove in the parti
ular 
ases of the nu
lei 133Sn and 131In. Here one 
anappre
iate the level of agreement with experiment. The best agreement forthe de
ay of 133Sn is given by R3, with a ratio of 
al
ulated to experimentalhalf-lives, �1=2, equal to 0.87 or a deviation of 13%. In the 
ase of 131In, thebest agreements are obtained by KHF and R3 with a deviation of 22% and18%, respe
tively.All these models aim to reprodu
e the known experimental �-de
ay half-lives as well as predi
t its value for other nu
lei, espe
ially those far fromstability. As pointed out in [18℄, most of the models 
an be grouped in two
ategories: those whi
h give a mathemati
al expression (e.g. a polynomial)for the quantity of interest and those based on an e�e
tive intera
tion. Mod-els of the �rst type have no dire
t link to the underlying nu
leon�nu
leonintera
tion and do not give additional information regarding the nu
learsingle-parti
le wave fun
tions. For models of the se
ond type, these ap-proa
hes use di�erent e�e
tive intera
tions �tted to better reprodu
e theexperimental �-de
ay data. In other 
ases, be
ause there is an overparam-etization of the e�e
tive intera
tion, its relation with the nu
leon�nu
leonintera
tion is also lost. Most of these models 
ombine di�erent approa
hesand approximations to better reprodu
e the experimental data.In general, it 
an be said that there is no 
onsistent theory that by �x-ing its parameters on
e, reprodu
es not only the masses but also the single-parti
le levels and �-de
ay properties of nu
lei.In this paper su
h a 
onsistent approa
h is explored and 
ompared withexperimental data for �-transition rates of neighboring nu
lei 132Sn. Thisapproa
h 
orresponds to a new theory that 
ombines Density Fun
tional



4274 M.A. Huertas TABLE ICal
ulated �-de
ay half-lives (in ms) of nu
lei 
lose to 132Sn.Nu
leiReferen
e 13350Sn83 13149 In82KHF a 362 216QRPA-1 a 9479 146QRPA-2 a 9479 146DF2 b 9320 390DF3 b 8200 350R1 b 823 394R2 b 10290 1470R3 b 1260 332GT 
 � 147.1GT+� 
 � 139.2exp d 1450 � 30 280 � 30aSee [18℄.bSee [16℄.
See [17℄.dSee [19, 20℄.Theory and E�e
tive Field theory, where an energy fun
tional is 
onstru
tedwhi
h is 
onsistent with the symmetries of QCD and whose parameters are�tted to properties of stable nu
lei [2℄. The single-parti
le wave fun
tionsare obtained by solving the self-
onsistent Kohn�Sham equations. In orderto maintain a 
onsistent approa
h, the 
orre
t ele
troweak 
urrents, neededto 
al
ulate the �-transition rates, are derived from the same e�e
tive la-grangian. These 
urrents are the leading order Noether 
urrents. The axial-ve
tor 
urrent satis�es PCAC at any order in the e�e
tive lagrangian [3℄.A 
omparison with experimental data will give this approa
h its validationand limitations as a 
al
ulational tool and will also test impli
ations of DFTregarding the single-parti
le wave fun
tions used to 
onstru
t the groundstate density in the Kohn�Sham approa
h.The result for the ground-state to ground-state �-transition rate between13350Sn83 to 13351Sb82 gives a ratio of 
al
ulated to experimental value of 1.47,or a deviation of 47% (21% in the amplitude), a better result than for tran-sitions to ex
ited-states. This is in agreement with the expe
tation that



EFT Approa
h to Ele
troweak Transitions 4275sin
e the binding energy of the nu
lei and the single-parti
le energy 
lose tothe Fermi surfa
e of the parti
le outside the 
ore are well reprodu
ed, thenthe single-parti
le wave-fun
tion are also well reprodu
ed. Transitions toex
ited states show a systemati
 deviation from experimental data, again inagreement with the expe
tation about the wave fun
tions of those ex
itedstates. In the 
ase of hole�hole transitions, studied here, the results are lessreliable.The paper is organized as follows: in Se
. 2 a general expression for semi-leptoni
 transition rates in terms of a multipole expansion and using Dira
wave fun
tions is presented; in Se
. 3 this formulation is used to 
al
ulate �-transition rates for sele
ted nu
lei and results are 
ompared with the existingexperimental data; and �nally, Se
. 4 
ontains the 
on
lusions drawn fromthis study. 2. General semi-leptoni
 pro
essesThe 
al
ulation of �-de
ay rates in this paper is based on a generalexpression that 
an be applied to any semi-leptoni
 pro
ess. In this se
tionthe derivation of that expression is dis
ussed. Mu
h of the material presentedhere follows [4℄.The starting point is the intera
tion Hamiltonian Hw whi
h for low en-ergy pro
esses, like �-de
ay, is des
ribed by the semi-leptoni
 weak Hamil-tonian of the standard model. This intera
tion Hamiltonian is written downto �rst order in the weak 
onstant, G. This implies that leptons are treatedto this order but the strong intera
tion part of the Hamiltonian is treatedto all orders. The intera
tion Hamiltonian is des
ribed by a 
urrent�
urrentform3 Hw = � Gp2 Z d3xjlept� (~x)J�(~x) ; (1)where jlept� (~x) is the lepton 
urrent and J�(~x) the hadroni
 
urrent. Bytaking matrix elements of this Hamiltonian between the initial and �nalstates (lepton and hadron) the leptoni
 and hadroni
 parts fa
torize and thematrix elements of the leptoni
 
urrents 
an be expressed byhfljjlept� (~x) jili = l�e�i~q�~x ; (2)where ~q = ~ke + ~k� is the momentum transferred in the pro
ess and ~ke, ~k�are the 
orresponding ele
tron and neutrino momenta. fl and il representinitial and �nal lepton states. In addition, l� = (~l; il0) and l3 = ~l � q̂, whereq̂ is a unit ve
tor in the dire
tion of ~q, i.e. ~q=j~qj.3 For 
harge-
hanging semileptoni
 pro
esses G� = G 
os �C where G = 1:0267 �10�5=m2p and 
os �C = 0:974. See [4℄.



4276 M.A. HuertasUsing the expression in Eq. (1) and making a multipole expansion ofthe hadroni
 
urrent to proje
t irredu
ible tensor operators, one arrives atthe following expression for the matrix elements4. In this and the followingequations the magnitude of ~q is de�ned by k = j~qj.hf jHwjii = �Gp2 Df ���n�XJ�1p2�(2J+1)(�i)J X�=�1 l� h�T magJ�� (k)+T elJ��(k)i+ XJ�0p4�(2J + 1)(�i)J [l3LJ0(k)� l0MJ0(k)℄o���iE ; (3)The four multipole operators o

urring in the previous expression are de�nedin the following way [4, 22℄:MJM (k) = Z d3x [jJ(kx)YJM (
x)℄J0(~x) ; (4)LJM(k) = ik Z d3xf~r [jJ (kx)YJM (
x)℄g � ~J (~x) ; (5)T elJM(k) = 1k Z d3xf~r� hjJ(kx)~Y MJJ1(
x)ig � ~J (~x) ; (6)T magJM (k) = Z d3x hjJ (kx)~Y MJJ1(
x)i � ~J (~x) : (7)The multipole operators have the ve
tor�axial-ve
tor (V�A) stru
ture.The general form of the hadroni
 
urrent is given byJ� = J� + J�5 (8)and the di�erent parts of the total 
urrent J� (ve
tor and axial) used in thispaper are given byJ� = i y
4
� + (�p � �n)2m ��x� � y
4��� � ; (9)J�5 = �Æ�� + 1m2� � ���� ��x� ��x��FAi y
4
5
� ; (10)where �p and �n are the anomalous magneti
 moments of the nu
leon and���� stands for the d'Alambertian operator. FA is taken as a 
onstant,i.e. we 
onsider here small momentum transfers, and its numeri
al valueis �1:257. These 
urrents are the leading 
urrents as des
ribed in [2, 3℄.4 Single nu
leon matrix elements of the 
urrents also 
ontain multipli
ative form fa
-tors [2,4℄ whi
h are unimportant for the low momentum transfer pro
esses 
onsideredhere.
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h to Ele
troweak Transitions 4277There are no additional 
ontributions to the one-body 
urrent 
oming fromhigher order terms in the e�e
tive Lagrangian [3℄. The next 
ontributionto the 
urrent 
omes from two-body e�e
ts whi
h are estimated to be ofthe order of O(q=m�), with q the momentum transfer. Sin
e the maximumvalue of q is of the order of a few MeV, this 
ontribution 
orresponds to a fewper
ent 
orre
tion. Additional 
ontributions, from still higher order terms,are redu
ed by a fa
tor of q=M , with M the nu
leon mass. These estimatesdo not take into a

ount the spin stru
ture of these two-body 
urrents, andthe a
tual 
orre
tion will depend on a detailed 
al
ulation, whi
h lies beyondthe s
ope of the present work5.In order to evaluate the nu
lear matrix elements of the four multipoleoperators it is ne
essary to de�ne the basis wave fun
tions that are goingto be used. For this we employ the wave fun
tions obtained by solvingthe Kohn�Sham equations 
orresponding to the e�e
tive Lagrangian thatdes
ribes the nu
lear many-body system. This Lagrangian and the 
orre-sponding Kohn�Sham equations 
an be found in [1, 2℄.At this point, the important aspe
t of the wave fun
tions used is thatthey are des
ribed by Dira
 spinors and thus the 
ontributions of both upperand lower 
omponents have to be taken into a

ount to all orders. Both
urrents and wave fun
tions are used without a non-relativisti
 redu
tion.The form of the Dira
 spinors is given by n�m(~x) = 1r 0� iG(r)n���m(
x)�F (r)n����m(
x) 1A �t ; (11)where ��m(
x) are spin spheri
al harmoni
s de�ned by��m(
x) = Xmlms 
lml 12msjl 12jm�Ylml(�; �)�ms (12)and �ms are two-
omponent spinors. �t is a two 
omponent isospinor de-s
ribing either a proton or a neutron6.The 
urrents as well as the multipole operators have a matrix stru
ture(two by two blo
k matrix) due to the Dira
 matri
es in
luded in them,mixing the upper and lower 
omponents of the initial and �nal nu
leonwave fun
tions. In what follows, the elements of the matrix form of these5 For one 
al
ulation of higher order 
ontributions within the present framework,see [21℄. There exists a substantial literature on axial-ve
tor ex
hange 
urrents in�-de
ay, see for example [29℄.6 The quantum number � is related to the orbital angular momentum quantum number,l by the following relation: l = � if � > 0, l = �(�+1) if � < 0. The magnitude of �is given by j�j = j+1=2, where j is the total angular momentum quantum number [4℄.



4278 M.A. Huertasmultipoles play an important role and to keep tra
k of them they will belabeled as follows. OJM =  dJM1 bJMbJM dJM2 ! : (13)Using Eqs. (9) and (10) and the following matrix form for the Dira
 
 ma-tri
es (here the 
onventions of [4℄ are used)~
 = � 0 �i~�i~� 0 � ; (14)� = � 1 00 �1 � ; (15)then the elements of the multipole matri
es 
an be obtained.The matrix elements of the multipole operators shown in Eq. (3) will mixthe upper and lower 
omponents of the Dira
 wave fun
tions as shown in thefollowing expression. Here all quantum numbers referring to the �nal stateare indi
ated by a prime. Those 
orresponding to the lower 
omponentsof the wave fun
tions, either from initial or �nal states, are denoted by anunderline. Thus the Dira
 wave fun
tion given in Eq. (11) is symboli
allywritten as  n�m(~x) =  i  n(l1=2)jmj�  n(l1=2)jmj ! : (16)Combining this with the matrix given in Eq. (13) one obtains an expres-sion for the matrix elements of the multipole operators between initial and�nal nu
lear stateshf jOJM jii � hj0m0jjOJM jjmji= hn0(l01=2)j0m0jjdJM1 jn(l1=2)jmji+ hn0(l01=2)j0m0jjdJM2 jn(l1=2)jmji+ ihn0(l01=2)j0m0jjbJM jn(l1=2)jmji� ihn0(l01=2)j0m0jjbJM jn(l1=2)jmji ; (17)where OJM represents any of the multipole operators o

urring in Eq. (3).By applying the Wigner�E
kard theorem to the above matrix elementsa redu
ed formed is obtained.hj0m0j jOJM jjmji = (�1)j�mjp2J + 1 
j0m0jj �mj jj0jJM� hj0kOJkji ; (18)



EFT Approa
h to Ele
troweak Transitions 4279where the redu
ed matrix elements of OJM are given byhj0kOJkji = fhn0(l01=2)j0kdJ1 kn(l1=2)ji+ hn0(l01=2)j0kdJ2 kn(l1=2)ji+ i(hn0(l01=2)j0kbJkn(l1=2)ji� ihn0(l01=2)j0kbJkn(l1=2)ji)g : (19)Ea
h of these redu
ed matrix elements is 
omposed of a 
oe�
ient 
orre-sponding to the angular momentum stru
ture of the matrix element and aradial integral involving the radial wave fun
tions, G(r) and F (r) and spher-i
al Bessel fun
tions. The angular momentum 
oe�
ients are tabulated and
an be found in [22, 23℄. The radial integrals were performed numeri
ally.Table II shows the form of ea
h matrix element of every multipole oper-ator de�ned by Eqs. (4)�(7). Here we have de�ned �(k) = k(�p � �n)=2mand �(k) = 1� k2=(m2� + q2), where q2 = k2�!20 and k = j~qj. The quantity!0 is identi�ed as the total de
ay energy. TABLE IIThis table shows the matrix elements for ea
h of the multipole operators. Herewe have used the notation �(k) = k(�p � �n)=2m and �(k) = 1 � k2=(m2� + q2),where q2 = k2 � !20 and k = j~qj. Here !0 is the total de
ay energy.Multipole operator dJM1 dJM2 bJMMJM MMJ dJM1 �i�(k)�00MJM5JM �i(!0k )[1��(k)℄FA�00MJ dJM1 FAMMJLJM 0 dJM1 i�00MJL5JM i�(k)FA�00MJ dJM1 0T elJM �(k)�MJ �dJM1 i�0MJT el;5JM iFA�0MJ dJM1 0TmagJM i�(k)�0MJ �dJM1 �MJTmag;5JM �(k)FA�MJ dJM1 0Several new de�nitions taken from [22℄ have been used in this table.They are reprodu
ed here for 
ompleteness.



4280 M.A. Huertas�MJ (k~x) = ~MMJJ(k~x) � ~� ;�0MJ (k~x) = �i�1k ~r� ~MMJJ(k~x)� ;�00MJ = �1k ~rMMj (k~x)� � ~� ; (20)and where MMJ (k~x) = jJ (kx)YJM (
x) ;~MMJL(k~x) = jJ (kx)~Y MJL1(
x) : (21)All redu
ed matrix elements of the multipole operators are now given by
ombining Eq. (19) and the expressions given in Table II. From the derivationgiven in [4℄, one arrives at the following expression whi
h is general for anysemi-leptoni
 pro
ess.12j + 1Xm0j Xmj jhf jHwjiij2 = G22 4�2j + 1�nXJ�1 h � jhj0kT elJ kjij2 + jhj0kT magJ kjij2� 12 �~l �~l� � l3 � l�3�� 12 i�~l �~l��3 2Re �hj0kT elJ kjihj0kT magJ kji�� i+ XJ�0 hl3l�3jhj0kLJkjij2 + l0l�0jhj0kMJkjij2� 2Re �l3l�0hj0kLJkjihj0kMJkji�� io: (22)The rest of this derivation, and the 
al
ulations done, 
on
entrate on �-tran-sition pro
esses. For this parti
ular semi-leptoni
 pro
ess the transition rateis given byd! = V 2(2�)5 d
" d
�k"(!0 � ")2d" 12j + 1 Xleptonspins Xm0j Xmj jhf jHwjiij2 ; (23)where the " and � subs
ripts identify quantities related to the ele
tron andthe neutrino, respe
tively, and !0 is the total de
ay energy. In addition,V 
orresponds to the volume of quantization for the lepton wave fun
tions,
 is the solid angle in the dire
tion of emission of the lepton, either ele
tron
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h to Ele
troweak Transitions 4281or neutrino, 2j+1 is the statisti
al fa
tor 
orresponding to the initial nu
learstate and mj 
orresponds to the proje
tions of the total angular momentumof the initial and �nal nu
lear states. Using Eq. (22) and evaluating the spinsums (i.e. lepton tra
es) one arrives at the �nal expression that des
ribes�-transition rates [4℄d! = V 2(2�)5 d
" d
� k" (!0 � ")2d" 4�G22j + 1�nXJ�1 h�jhj0kT elJ kjij2 + jhj0kT magJ kjij2��1� (q̂ � ~�)(q̂ � �̂)�+ q̂ � (�̂ � ~�) 2Re�hj0kT elJ kjihj0kT magJ kji��i+ XJ�0 h�1� �̂ � ~� + 2(q̂ � ~�)(q̂ � �̂)� jhj0kLJkjij2+(1 + ~� � �̂)jhj0kMJkjij2� q̂ � (�̂ + ~�) 2Re �hj0kLJkjihj0kMJkji��io ; (24)where q̂ = ~q=j~qj, �̂ = ~�=� and ~� = ~k=�, ~q is the momentum transfer, ~� isthe momentum of the neutrino and � its energy, ~k is the momentum of theele
tron and " its energy.This expression 
an be integrated over the 
orresponding phase-spa
eto obtain the desired �-transition rate. All the nu
lear stru
ture input tothis formula is embedded in the redu
ed matrix elements of the multipoleoperators. These in turn are generally 
omposed of four terms as givenby Eq. (19) and the expressions of Table II. For the last part of this se
-tion a summary of the expressions needed to evaluate these redu
ed matrixelements is in
luded.As mentioned above, all redu
ed matrix elements of the multipole op-erators are 
omposed of two fa
tors: one 
orresponding to the angular mo-mentum stru
ture of the matrix elements and the other 
orresponding toan integral over the initial and �nal wave fun
tions weighted by spheri
alBessel fun
tions. Their expressions are given in [23℄.hn0(l01=2)j0kMJ (k~x)kn(l1=2)ji = (4�)�1=2AJ(l0j0; lj)hn0l0j0jjJ(�)jnlji ; (25)hn0(l01=2)j0k�J(k~x)kn(l1=2)ji = (4�)�1=2DJ(l0j0; lj)hn0l0j0jjJ (�)jnlji ; (26)hn0(l01=2)j0k�0J(k~x)kn(l1=2)ji = (4�)�1=2�n� J1=2D+J (l0j0; lj)hn0l0j0jjJ+1(�)jnlji+(J + 1)1=2D�J (l0j0; lj)hn0l0j0jjJ�1(�)jnljio ; (27)



4282 M.A. Huertashn0(l01=2)j0k�00J (k~x)kn(l1=2)ji = (4�)�1=2�n(J + 1)1=2D+J (l0j0; lj)hn0l0j0jjJ+1(�)jnlji+J1=2D�J (l0j0; lj)hn0l0j0jjJ�1(�)jnljio : (28)In all these expressions jJ(�) 
orresponds to a spheri
al Bessel fun
tionof order J and argument � = kx. The 
oe�
ients AJ , DJ , D+J and D�Jare tabulated in [22, 23℄ for a large, but limited number of transitions. For
oe�
ients of transitions not in
luded in these tables, expli
it expressions ofthe above 
oe�
ients in terms of 3-j and 6-j symbols 
an be found in [22℄7.The integral over the initial and �nal radial wave fun
tions is given byhn0l0j0j�(�)jnlji = 1Z0 dr u(r)n0�0�(�)v(r)n� : (29)Here �(�) stands for the appropriate spheri
al Bessel fun
tion and u(r)and v(r) for either the upper or lower 
omponent of the Dira
 wave fun
tion,i.e. either G(r) or F (r) of Eq. (11), of the initial and �nal nu
leon state.Related relativisti
 
al
ulations of ele
troweak pro
esses have been pre-viously 
arried out for A = 3; 17 in [32℄, and of �rst-forbidden �-de
ay forA = 207; 209 in [31℄. In both 
ases, Dira
 wave fun
tions where generatedfrom a simple model lagrangian, e�e
tive 
ovariant 
urrent operators wereused, and the de
ay involved a stable partner.3. ResultsThe 
al
ulations of �-transition rates are done by numeri
al integrationof Eq. (24) over the ele
tron and neutrino phase�spa
e. These transitionrates are very sensitive to the exa
t de
ay energy !0. Although the resultsobtained for total binding energies of the nu
lei involved in this study agreewithin 1% of its experimental values, here the 
al
ulations of the de
ay ratesare done using the experimental de
ay energies so as to take into a

ount thefull phase�spa
e available to the pro
ess. This way, no additional un
ertain-ties are introdu
ed and the dire
t 
ontributions 
oming from the 
al
ulatednu
lear wave fun
tions 
an be a

ounted for. The de
ay energies used hereare taken from [19, 20℄. The Dira
 wave fun
tions used in these 
al
ula-tions are solutions to the Kohn�Sham equations derived from the e�e
tiveLagrangian given in [2℄ using the G1 parameter set.7 Some 
oe�
ients for the hole�hole transition (1g9=2)�1 ! (1h11=2)�1 where obtainedusing the expli
it expressions given in [22℄ and tabulated 3-j and 6-j 
oe�
ients [24℄.
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ordingly.Two types of transitions are investigated in this paper: (i) parti
le�parti
le and (ii) hole�hole. The diagrammati
 representation of the transi-tions studied here are shown in Fig. 1 for transitions of the parti
le�parti
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orresponds to the results obtained using theEFT/DFT approa
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al
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le transitions, the 
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4284 M.A. Huertasto ex
ited states. On the other hand, based on the agreement obtained forthe ground-state binding energies of the parent and daughter nu
lei [1℄, itis expe
ted that the wave fun
tions 
orresponding to these states, i.e. 2f7=2and 1g7=2, respe
tively, are a good approximation. These parti
les are out-side a �lled 
ore and in this approa
h they only intera
t with it through themean-�elds. An assumption has been made here that these nu
lei, with oneparti
le outside its 
ore, 
an be des
ribed by spheri
ally symmetri
 wavefun
tions.The approximation of an undistorted 
ore negle
ts 
ore polarization dueto the valen
e parti
le. Su
h an e�e
t resolved the previous �magneti
 mo-ment problem�, whereby the single-parti
le isos
alar 
onve
tion 
urrent wasredu
ed by a fa
tor of M�=M [4, 25, 26℄, bringing the stati
 moments ba
kto the S
hmidt values. Here the weak 
urrents are pure isove
tor and arederived 
onsistently from the same e�e
tive Lagrangian that renders the en-ergy fun
tional and 
orresponding Kohn�Sham equations. Core-polarizationof this type (ie. �ba
k�ow�) in �rst-forbidden �-de
ay with a simple modelrelativisti
 Lagrangian has been examined in [31℄ and found to be small.Corre
tions to the isove
tor 
urrents 
oming from many-body e�e
ts andex
hange 
urrents within the present framework [3℄ remain to be investi-gated.In the 
ase of the nu
lei 
onsidered here for hole�hole transitions, sev-eral 
ompli
ations emerge. First, the level ordering of the daughter nu
leus,13150Sn81 is reprodu
ed ex
ept for the (2d3=2)�1 state, whi
h is the measuredground-state. The 
al
ulated ground-state 
orresponds to the 1h11=2 level,whi
h lays approximately 200 keV o� the experimental value. Another 
om-pli
ation arises from the fa
t that there are no ground-state to ground-statetransitions in the hole�hole 
ase, so a dire
t 
omparison with the parti
le�parti
le situation 
annot be made. Here all transitions go from or to ex
itedstates. Yet another 
ompli
ation 
omes from the assumption that it is pos-sible to approximate a hole state wave fun
tion by a single-parti
le wavefun
tion. The hole state 
orresponds to an un�lled 
ore, with one parti
lemissing, and no intera
tions among the parti
les in the un�lled 
ore havebeen taken into a

ount beyond the mean-�eld one. These three situationsmake it di�
ult to 
ompare the hole�hole type of transitions with experi-ment. Still the results, as will be shown below, are not so di�erent than other
al
ulations and in general follow the pattern of behavior of the experimentaltransition rates.The 
al
ulation of �-transition rates using Eq. (24) employs the initialand �nal nu
lear wave fun
tions. These wave fun
tions enter into the 
al
u-lation in a di�erent form depending on the type of transition, i.e. parti
le�parti
le or hole�hole. In the parti
le�parti
le 
ase the initial and �nal wavefun
tions 
orrespond with the initial and �nal nu
lear states. For example,
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h to Ele
troweak Transitions 4285for the ground-state to ground-state transition 13350Sn83 !13351 Sb82 the initialand �nal wave fun
tion are 2f7=2 and 1g7=2 respe
tively, see Fig. 1. Hole�hole transitions, on the 
ontrary, 
an be interpreted as a parti
le transitionsgoing in the opposite dire
tion [27℄. Thus, for example, in the transition13149 In82 !13150 Sn81 going from ground-state to the (1h11=2)�1 state, the ini-tial and �nal wave fun
tions would be (1h11=2) and (1g9=2) respe
tively8.Examples of the single-parti
le wave fun
tions used in the 
al
ulation of�-transition rates are given in Fig. 3 through 6. In these �gures the upper
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 wave fun
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ompared with experimentalvalues for ea
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al
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ross. The ratio of 
al
ulated to experimental value for the ground-state to ground-state transition is 1.47, or a deviation of 47%. The othertransitions go from the ground-state of the parent nu
leus to an ex
ited statein the daughter nu
leus.8 In the hole�hole 
ase, there is an additional phase fa
tor 
oming from ex
hangingthe 
reation and destru
tion operators in the matrix elements of the tensor operator.The states are 
hara
terized by their total angular momentum quantum number j,therefor, if the initial and �nal states are denoted by jj�1b i and jj�1a i, then the matrixelements of the transition matrix element of a tensor operator OJM will be given byhj�1a kOJkj�1b i = �(�1)ja+jb�JhjbkOJkjai [27℄.
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ted of DFT. Sin
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ulations have been performedusing the experimental de
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 wave fun
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he
king it.



EFT Approa
h to Ele
troweak Transitions 4287

0 5 10

r (fm)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

G
(r

) 
a
n

d
 F

(r
) 

(f
m

-1
/2

)

1g
9/2

 - G(r)
1g

9/2
 - F(r)

2d
5/2

 - G(r)
2d

5/2
 - F(r)

131

49
In

82
→131

50
Sn

81Fig. 6. Upper and lower 
omponents of the initial and �nal nu
leon wave fun
tions.This 
orresponds to a hole�hole transition pro
eeding from the ground-state of13149 In82 to an ex
ited state of 13150Sn81.

2f
7/2

→1g
7/2 2f

7/2
→2d

5/2
* 2f

7/2
→2d

3/2
*

0.0001

0.001

0.01

0.1

1

D
ec

ay
 r

at
es

 ω
(s

-1
)

133

50
Sn

83
→133

51
Sb

82

Fig. 7. This �gure shows the 
al
ulated results of the �-transition rates in the 
asesof parti
le�parti
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ase, the results are less satisfa
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ase. The experimental results are shown here as arrows indi
atingupper limits to the de
ay rates. From the three 
ases 
al
ulated here, onlyone lies within the experimentally determined range. This transition 
or-responds to a ground-state to ex
ited state hole�hole transition. The twoother 
ases shown o

ur from ground-state to ex
ited state and ex
ited to
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troweak Transitions 4289ground-state respe
tively. Their numeri
al results are very similar. In these
ases, there is no dire
t ground-state to ground-state transition whi
h makesit di�
ult to 
ompare with the parti
le�parti
le 
ase.4. Con
lusionsThis paper shows the results of 
al
ulations of the �-transition rates ofnu
lei 
lose to 13250Sn182. These 
al
ulations were inspired from the su

ess ofthe results obtained in a previous paper [1℄ dealing with the appli
ation ofthe EFT/DFT approa
h to the nu
lear many-body system to nu
lei far fromstability. In rea
hing this goal several important results have been obtained:1. A general expression to 
al
ulate any semi-leptoni
 pro
ess has beenderived. The main equations and de�nitions needed are given by Eqs.(19)�(22), (25)�(28) and Table II. The nu
leon wave fun
tions are theDira
 wave fun
tions obtained from solving the Kohn�Sham equationsderived in the EFT/DFT approa
h and 
onsiders relativisti
 
orre
-tions to all orders in the nu
leon wave fun
tions. Additionally, thesingle-parti
le ele
troweak 
urrents used 
orrespond to the leadingNoether 
urrents obtained dire
tly from the same e�e
tive Lagrangian.In this sense, the 
al
ulation is self-
onsistent sin
e all relevant ele-ments have been obtained dire
tly from a single theory.2. The assumption at the beginning of this paper regarding the view thatthe transitions between ground-states are expe
ted to be in betteragreement than those involving ex
ited states, 
an at this point be
onsidered only as a 
onje
ture sin
e the amount of eviden
e providedby the two test 
ases studied here, while suggestive, do not 
on
lusivelysupport this view. A more 
omprehensive study has to be undertakenthat requires a whole set of systemati
 
al
ulations on a larger setof nu
lei using the framework presented here. This goes beyond thepresent s
ope of the paper.Although �rst-forbidden single-parti
le beta transitions have been ex-tensively studied in the past, and a 
omprehensive analysis on this matter
an be found in su
h basi
 texts as [5, 28, 30℄, the author believes he hasmade a 
ontribution to this subje
t: The nu
lear dynami
s (binding en-ergies, 
hemi
al potentials, predi
tions for ground-state J� of odd nu
lei,et
.), and the weak 
urrents used to probe the nu
lei studied here, fol-low self-
onsistently from a single, 
ovariant Lagrangian that manifests thespontaneously broken 
hiral symmetry of QCD. Furthermore, the author hassu

essfully extended the original approa
h of Furnstahl, Serot and Tang



4290 M.A. Huertasto nu
lei far from stability. To the author's knowledge these are new 
on-tributions. In addition, general expressions are given for 
al
ulating anysemi-leptoni
 pro
ess within this framework. A theory 
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