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hesse Charlotte, 2014 Luxembourg(Re
eived May 21, 2003)Based on the ti
k-by-ti
k pri
e 
hanges of the 
ompanies from the U.S.and from the German sto
k markets over the period 1998�99 we reanal-yse several 
hara
teristi
s established by the Boston Group for the U.S.market in the period 1994�95, whi
h serves to verify their spa
e and time-translational invarian
e. By in
reasing the time s
ales, in the region 
ov-ered by the data, we �nd a signi�
antly more a

elerated departure fromthe power-law (� � 3) asymptoti
 behaviour of the distribution of returnstowards a Gaussian, both for the U.S. as well as for the German sto
kmarkets. In the latter 
ase the 
rossover is even faster. Consistently, the
orresponding auto
orrelation fun
tions of returns and of the time averagedvolatility also indi
ate a faster loss of memory with in
reasing time. Thisroute towards e�
ien
y, as seen in a �xed time s
ale, may re�e
t a system-ati
 in
rease of the quality of information pro
essing when going from pastto present.PACS numbers: 89.20.�a, 89.65.Gh, 89.75.�k1. Introdu
tionBesides its obvious pra
ti
al impli
ations studying the nature of �nan
ial�u
tuations proves extremely inspiring and produ
tive for fundamental rea-sons [1℄. The related 
ontributions by Ba
helier [2℄ and by Mandelbrot [3℄,(4293)
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ienti�
 
onsequen
es of these 
ontributions, provide immedi-ate examples. In �nan
ial dynami
s, even though somewhat opposite, thetwo 
orresponding s
enarios of un
orrelated random Gaussian [2℄, versusLévy stable [3℄ �u
tuations, turn out to be taking part and leaving theirimprints. As do
umented by Stanley and 
ollaborators [4�6℄, the 
entralpart of the distribution of returns falls within the Lévy stable regime, whilelarger �u
tuations are governed by a power law with an exponent � � 3,well outside the Lévy stable regime. At the same time the auto
orrelationfun
tion for returns sampled at short time s
ales drops down very qui
klyand after about 20 min it rea
hes the noise level. Consequently, be
auseof the 
entral limit theorem, the 
onvergen
e to a Gaussian distribution onlonger time s
ales is expe
ted. Quite surprisingly, su
h a 
onvergen
e hasbeen shown [4�6℄ to be extremely slow. In fa
t, for returns of up to approx-imately 4 days, the fun
tional form of their distribution even is retained forboth, the individual 
ompanies [6℄ as well as for the global sto
k marketindex [5℄. Based on this analysis a visible 
rossover to a Gaussian takespla
e only after about 16 days. The volatility auto
orrelation fun
tion, onthe other hand, de
ays very slowly with time, largely a

ording to a powerlaw, and remains positive for many months. These higher order 
orrelations
an thus be 
onsidered responsible for su
h an ultraslow 
onvergen
e to aGaussian. These, at present, are the so 
alled stylised empiri
al fa
ts whi
h
onstitute a referen
e for realisti
 theoreti
al models. In 
onne
tion with thefa
t that the s
aling range visible in the �nan
ial data typi
ally extends overonly 1�1.5 order of magnitude, one has to keep in mind that the stret
hedexponential distributions 
an also be 
onsidered reasonable 
andidates [7℄for modeling the �nan
ial �u
tuations. Other interesting related s
enariois the one whi
h 
orresponds to subordinated sto
hasti
 pro
esses [8℄ wheretime itself is a sto
hasti
 pro
ess, or its multifra
tal [9℄ and elasti
 time [10℄generalizations.From the point of view of the 
entral limit theorem an essential elementis the speed of de
ay of 
orrelations between the 
onse
utive elementaryevents. The speed of su
h a de
ay 
an be expe
ted to be related to theavailability of information, opportunities to a

ess it and quality of its pro-
essing. These de�nitely systemati
ally in
rease when going from past topresent whi
h �nds, for instan
e, eviden
e in a systemati
ally in
reasing fre-quen
y of trading. A natural question thus is to what extent su
h elements
an modify the dynami
s of markets and, in parti
ular, if they 
an in�uen
ethe 
hara
teristi
s mentioned above.In addressing the related issues on the empiri
al level, we systemati
allystudy the databases 
omprising the ti
k-by-ti
k pri
e 
hanges of the 30 
om-panies in
luded in the Dow Jones Industrial Average (DJIA) [11℄ for mostof the time during the period 1998�99, and of the 30 
ompanies in
luded in
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he Aktienindex (DAX) [12℄ for most of the time during the sameperiod. This 
orresponds to a sele
tion of sto
ks of similar market 
api-talization and thus their dynami
s 
ompatible within either of these twogroups, respe
tively. Sin
e we are dealing with a more re
ent history of thesto
k market dynami
s than the one presented in previous systemati
 anal-ysis for the Ameri
an market by the Boston Group [6℄ (years 1994�95), by
omparison, our present study 
an be oriented towards verifying the timetranslational invarian
e of the relevant 
hara
teristi
s, of primary interestbeing the probability of returns over varying time s
ales. Se
ondly, su
h asele
tion of sto
ks also allows to 
ompare the two di�erent sto
k marketsin the same time intervals. Similarly as in Ref. [6℄ the data from the TAQdatabases have been �ltered to remove o

asional spurious events.2. 1998�1999 sto
k market �u
tuationsWhen determining the distribution of returns, in order to obtain a rea-sonable statisti
s, we 
onsider �u
tuations of all the 
ompanies individuallyrather than those of the 
orresponding global index. The resulting samplesize (for the pri
e 
hanges sampled every 5 min) then equals 30� 39000 forthe Ameri
an market and 30 � 52000 for the German market. As it hasbeen shown in Ref. [6℄, the �u
tuations of the market and of its individual
ompanies are typi
ally governed by distributions of essentially the samefun
tional form and the 
rossover to a Gaussian is even slower in the latter
ase (4 versus 16 days). For this reason the �u
tuations of the 
ompanies areexpe
ted [6℄ to provide un upper bound for the distribution 
hara
terising�u
tuations of the global index.For the time series Pi(t) representing the share pri
e of i-th 
ompany weuse the 
ommonly a

epted de�nition of returns asGi � Gi(t;�t) = lnPi(t+�t)� lnPi(t) : (1)As another standard pro
edure, in order to make �u
tuations of di�erent
ompanies 
omparable, we make use of the normalised returns gi � gi(t;�t)de�ned as gi = Gi � hGiiTvi ; (2)where vi � vi(�t) of 
ompany i is the standard deviation of its returns overthe period T v2i = hG2i iT � hGii2T (3)and h: : :iT denotes a time average. Sin
e the distribution of return �u
tua-tions is typi
ally, to a good approximation, symmetri
 [5, 6℄ with respe
t to
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ontribution we do not dis
uss su
h `higher order' e�e
ts,and, in the following, by returns we simply mean the moduli of returns.The 
umulative distributions of su
h returns for the two sets of the 
om-panies spe
i�ed above are shown in Fig. 1. The most relevant here is theirasymptoti
 behaviour whi
h, based on the previous study, is expe
ted toobey a power-law P (g > x) � x��; (4)with � � 3. The 
orresponding slope is indi
ated by the dash�dotted linein this �gure. On the short time s
ales (�t = 5 min and 30 min) the-DJIA-asso
iated sto
k pri
es �u
tuate a

ording to su
h a law, indeed. However,a deviation towards a Gaussian (dashed line) 
an be seen starting alreadywith �t = 120 min and it systemati
ally in
reases with in
reasing �t. Forthe largest value of �t = 780 min (two trading days for the DJIA) forwhi
h this 
hara
teristi
s has been 
al
ulated, no s
aling regime exists. The
orresponding transition in the 
ase of the DAX 
ompanies turns out too

ur even more rapidly. In fa
t, in this 
ase, already at �t = 5 min, thedistribution signi�
antly deviates from � = 3 towards its larger value. Thisis to be 
ompared to a study [13℄ based on the older DAX data whi
h shows
onsisten
y with � = 3 for mu
h larger time s
ales. For the present datathe �u
tuations on the time s
ale of already one trading day (for DAX this
orresponds to 510 min) assume fun
tional form mu
h 
loser to a Gaussianthan to any s
aling power-law.A more global quantitative measure of distributions is in terms of themoments. For the normalised returns g these are de�ned as�k = hjgjki; (5)and h: : :i denotes here an average over all the normalised returns for allthe bins. For both sets of returns the so-
al
ulated spe
trum of momentsis shown in Fig. 2 for the same sequen
e of time s
ales as in Fig. 1. Themoments 
an be seen to re�e
t basi
ally the same tenden
y as it 
an bededu
ed from the distributions of returns, i.e., a systemati
ally in
reasingdeparture from the � = 3 s
aling law in the region 
overed by the a
tualdata.A question now arises: is the above observation 
onsistent with somemore dynami
ally oriented 
hara
teristi
s, like the auto
orrelation fun
tionof returns or the time averaged volatility v(�t) on di�erent time s
ales �t?Indeed, an impressive 
onsisten
y 
an be identi�ed when inspe
ting these
hara
teristi
s shown in Figs. 3 and 4, 
al
ulated here from the returnsof the 
orresponding global indi
es, DJIA and DAX respe
tively, versus thebehaviour of the distribution of returns from Fig. 1. The previous study [5,6℄shows that 
orrelations in returns drop down to the level of noise after about
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Fig. 1. Cumulative distributions of the moduli of normalised returns of the 30
ompanies whi
h were in
luded in the Dow Jones Industrial Average (a) and of the30 
ompanies whi
h were in
luded in the Deuts
he Aktienindex (b) for most of thetime during the same period 1998�99. Di�erent lines 
orrespond to varying times
ales �t starting from 5 min up to two trading days (780 min for DJIA and 1020min for DAX).
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Fig. 2. Fra
tional moments for the normalised returns for the same 
ases and forthe same time s
ales as in Fig. 1. The solid full line shows the Gaussian moments.20 min. In our 
ase, this time is 
learly mu
h shorter and equals about 5min for both markets. This provides an independent eviden
e that in theperiod 1998�99 the sto
k market 
orrelations 
ease to exist mu
h fasterthan in the period 1994�95. Interestingly, even though rea
hing the noiselevel after about the same 5 min, the speed of disappearan
e of 
orrelationsis larger for the DAX than for the DJIA. This ni
ely 
orrelates with the
orresponding more abrupt transition with in
reasing �t towards Gaussian
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tuations of the DAX 
ompanies than those of the DJIA. Itis also at the same �t of 5 min where v(�t) � �tÆ 
hanges its slope fromsuperdi�usive (Æ > 0:5) to normal (Æ = 0:5) for both markets. As 
onsistentwith behaviour of the auto
orrelation fun
tion, the dynami
s of DJIA ismore superdi�usive (Æ = 0:68) in these initial 5 min than the one of theDAX.
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Fig. 3. Time-lag � dependen
e of the auto
orrelation fun
tions 
omputed from thereturns of the DJIA index and from the returns of DAX index both sampled at a�t = 1 min time s
ale within the time interval 1998-99.In order to further illuminate on a possible origin of su
h a 
hange of thesto
k market dynami
s we split our 1998�99 time interval into two halves andfor them separately 
al
ulate the auto
orrelation fun
tions of returns. Asshown in Fig. 5, we again 
an see an amazing 
onsisten
y for both markets:the more re
ent period of 1999 turns out to be asso
iated with a visiblyfaster de
ay of 
orrelations than 1998, and the auto
orrelation fun
tions forthe whole period 1998�99, to a good approximation, 
onstitute the averagesof the ones 
al
ulated over the 
orresponding subintervals.Finally, as an extra test of our analysis pro
edure and on the way to-wards identifying further 
orrelations between the above observations andother measurable market 
hara
teristi
s, we sele
t the three groups from theTAQ database, in
luding 30 
ompanies ea
h, representing signi�
antly dif-ferent market 
apitalisations S. These in
lude (a) S � 90, (b) 10 � S � 15and (
) 0:1 � S � 0:3, (all in units of 109 USD), i.e., the 
ompanies of thelargest, medium and the lowest 
apitalisation, respe
tively. The �rst group
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Fig. 4. (a) Time averaged volatility v(�t) as a fun
tion of the time s
ale �t for theDJIA and (b) for the DAX within the same time interval. Dashed lines represent�ts in terms of v(�t) ' �tÆ . Verti
al dotted lines indi
ate the 
rossover (�) ataround �t = 5 min.partially overlaps with the DJIA. The 
orresponding 
umulative distribu-tions of returns for the same di�erent s
ales of time aggregation as beforeare shown in Fig. 6(a)�(
). As it 
an be 
learly seen the 
ase (a) follows thesame tenden
y as the DJIA, the 
ase (b) is somewhat less pronoun
ed in
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Fig. 5. Time-lag � dependen
e of the auto
orrelation fun
tions of returns for theDJIA (a) and for the DAX (b) returns sampled at a �t = 1 min time s
ale withinthe time interval 1998 and 1999, separately.this respe
t but in the 
ase (
) the slope of the distribution remains essen-tially preserved up to the largest time s
ales 
onsidered. Fig. 6(d)�(f) showsthe time averaged volatilities v(�t) for ea
h of the above three groups, 
or-respondingly. v(�t) is here 
al
ulated from an �index� whi
h is a sum ofpri
es of the 
ompanies involved. Summing up the pri
es is in fa
t 
lose tothe pri
e-weighted pro
edure of 
onstru
ting the DJIA index. In the 
ases
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Fig. 6. (LEFT) Cumulative distributions of the moduli of normalised returns during theperiod 1998�99 of the three groups in
luding 30 
ompanies ea
h, representing signi�
antlydi�erent market 
apitalisations S. These in
lude (a) the largest (S � 90), (b) medium(10 � S � 15) and (
) the lowest (0:1 � S � 0:3, all in units of 109 USD), available
apitalisation, respe
tively. Di�erent lines 
orrespond to varying time s
ales �t startingfrom 5 min up to 780 min (two trading days). In (
) the time s
ale of 5 min is omitteddue to a too large number of zero returns o

urring in this group of sto
ks. (RIGHT)Time averaged volatilities v(�t) for ea
h of the three groups, 
orrespondingly. In all thesethree 
ases v(�t) is 
al
ulated from an �index� whi
h is a sum of split-adjusted pri
es ofthe 30 
ompanies involved (d) and (e) and of 300 small 
ompanies (f).
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ompanies listed in Fig. 6(a)�(b), whilein the 
ase (f), in order to resolve the dynami
s down to the time s
ales of1 min, the 
orresponding list of the small 
ompanies is extended up to 300(the small 
ompanies are signi�
antly less frequently traded whi
h results inmany zero 1 min �index� returns if a too small number of su
h 
ompanies isused). As one 
an see, in the 
ase of the largest 
ompanies v(�t) behavesvery similarly as for the DJIA itself (Fig. 4(a)), in
luding the time s
ale(5�6 min) of the transition from superdi�usive to normal. For the mediumsize 
ompanies su
h a transition is somewhat delayed (�20 min) and evennot to a fully normal di�usion (from Æ = 0:64 to Æ = 0:54). Continuingthis way, for the small 
ompanies the dynami
s remains superdi�usive overthe whole interval of the time s
ales 
onsidered but still a transition fromÆ = 0:73 to Æ = 0:64 
an be seen at around �t=30 min. Again all this looksrather 
onsistent with the 
orresponding development of the distributions ofreturns.The analysis presented in Fig. 6 provides thus a test of signi�
an
e ofthe original (Figs. 1�4) results for the DJIA and for the DAX, sin
e thenumbers of data points used are the same in all those 
ases. Se
ondly, inview of the fa
t that an average frequen
y of transa
tions in the above threegroups of the 
ompanies is about (a) 15/min, (b) 1.5/min and (
) 0.2/minper 
ompany, 
orrespondingly, it points just to this physi
al parameter asthe one whi
h is dire
tly related to the observed e�e
ts. However, as a visibledi�eren
e between the DAX and the DJIA in approa
hing a limit of normaldistributions shows, this de�nitely is not the only relevant parameter. Forthe DAX the average number of transa
tions per 
ompany is about 1/minand still it is DAX whose departure from s
aling and the de
line of 
orrela-tions in time is the fastest among the 
ases 
onsidered here. A leading roleof the DJIA in di
tating dire
tion of the global sto
k market developmenthas re
ently been identi�ed [14℄ by studying 
orrelation between the DAXand the DJIA. Whether it is DAX whi
h bene�ts from information alreadyprepro
essed by the DJIA is an interesting possibility to be 
onsidered inthis 
onne
tion. 3. Con
lusionsThese results provide quite a remarkable indi
ation that the 
ontempo-rary �nan
ial dynami
s on average is more e�
ient in the sense of the e�-
ient market hypothesis [15℄ in its weak form, as 
ompared to a more distanthistory. From the pra
ti
al point of view this may be 
onsidered good newsfor the 
onventional option pri
ing methods [16,17℄ whi
h assume a normaldistribution of �nan
ial �u
tuations. In a sense this result also providessome more arguments in favour of the standard extreme value theory [18℄
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ial Flu
tuations Sooner : : : 4305for estimating the value-at-risk for very low probability extreme events. Therelated literature assumes independent returns whi
h implies the de
reasingdegree of fatness in the tails. There is still one more element that is to bekept in mind when trying to interpret the present observations. The worldsto
k markets, in
luding the two 
onsidered here, were experien
ing moresizable in
reases during the period 1998�99 than during 1994�95. As shownin Ref. [19℄, su
h periods are typi
ally more noisy and more 
ompetitive asfar as 
orrelations among the individual sto
ks are 
on
erned. Just a time-translation is thus not the only element when relating those two periods ofthe sto
k market history. In any 
ase, however, the issue of the so-
alled�nan
ial stylised fa
ts needs to be revised and, possibly, generalised to in-
orporate an in
reasing a

ess to information and ability to pro
ess it whengoing from past to present. All this provides further arguments for beingtime-adaptive, and even market-adaptive, when looking into the dynami
sof the �nan
ial markets, whi
h is espe
ially important for an appropriateper
eption of the risk involved.S.D. a
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