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NNLO QCD CALCULATIONS OFRARE B DECAYS�Mikoªaj MisiakInstitute of Theoretial Physis, Warsaw UniversityHo»a 69, 00-681 Warszawa, Poland(Reeived May 30, 2003)Present status of the NNLO QCD alulations of the rare deays�B ! Xsl+l� and �B ! Xs is summarized.PACS numbers: 13.20.He 1. IntrodutionA variety of rare B-meson deays an be studied using large data samplesthat have been olleted so far at the B fatories. However, only a limitednumber of them are sensitive to new physis and theoretially lean at thesame time. Among suh modes, the inlusive deays �B ! Xsl+l� (l =e or �) and �B ! Xs are of partiular interest. For appropriately hosenkinematial uts, their widths are well approximated by the perturbativelyalulable widths of the b-quark deays b! Xpartons l+l� and b! Xpartons ,respetively. The estimated non-perturbative e�ets and the expeted ex-perimental unertainties are smaller than the perturbative Next-Next-to-Leading-Order (NNLO) QCD orretions. Consequently, alulating suhorretions is essential for tightening onstraints on extensions of the Stan-dard Model (SM) that an be derived from the measurements of �B ! Xsl+l�and �B ! Xs. Atually, these two deay modes are the only rare B-deaysfor whih the NNLO QCD orretions are of phenomenologial interest.Large QCD logarithms �s ln(M2W =m2b) are treated as quantities of or-der unity in the renormalization-group-improved alulations of b deays.In onsequene, the perturbative series for the deay amplitudes take thefollowing form� Presented at the Craow Epiphany Conferene on Heavy Flavors, Craow, Poland,January 3�6, 2003. (4397)



4398 M. MisiakA(b! sl+l�) = 1�s(mb)fLO(�) + fNLO(�) + �s(mb)fNNLO(�) + : : : ; (1)A(b! s) = gLO(�) + �s(mb)gNLO(�) + �2s (mb)gNNLO(�) + : : : ; (2)where the funtions f and g are omputed exatly in � = �s(MW )=�s(mb),i.e. � � 1 is treated as a quantity of order unity.One an see that there is an essential di�erene between the two series(1) and (2). Only the �rst of them ontains the O(1=�s) term. If � wasformally expanded in powers of �s, the funtion fLO(�) would beome aquantity of order �s, and the onsidered term would reprodue a logarithmln(M2W =m2b) that ours in the purely eletroweak b ! sl+l� amplitude(Fig. 1). On the other hand, sine the eletroweak one-loop b ! s am-plitude (Fig. 2) is free suh logarithms, there is no O(1=�s) term in theseries (2).l � l l l l l; Z ; ZW W u; ; t u; ; t W Wb u; ; t s b W s b u; ; t sFig. 1. Leading-order Feynman diagrams for b! sl+l� in the SM. u; ; t u; ; t W Wb W s b u; ; t sFig. 2. Leading-order Feynman diagrams for b! s in the SM.The funtion fLO(�) turns out to be very small for the atual value of� ' 0:56. In e�et, the �rst two terms in Eq. (1) are lose in size. Conse-quently, the NNLO term in this equation is numerially as important as theNext-to-Leading-Order (NLO) QCD orretions in many other proesses.Theoretial unertainties in the SM predition for BR[ �B ! Xsl+l�℄ getredued below 10% only after this term is inluded1.In the ase of BR[ �B ! Xs℄, theoretial unertainties are brought downto the �10% level already after inluding the NLO orretions. However,1 The neessary kinematial uts will be disussed in the next setion.



NNLO QCD Calulations of Rare B Deays 4399sine the experimental errors will soon beome signi�antly smaller than10%, a alulation of gNNLO(�) is neessary. Suh a alulation is urrentlyunderway.In the present paper, status of the perturbative QCD alulations ofthe two onsidered proesses is summarized. Setion 2 is devoted to the raresemileptoni deay for whih the NNLOQCD alulations have been reentlyompleted. The rare radiative deay is disussed in Setion 3. Setion 4ontains the onlusions.2. The rare semileptoni deayTheoretial preditions for the dilepton invariant mass spetrum in�B ! Xsl+l� are presented in Fig. 3. The dashed urve orresponds tothe perturbative b! sl+l� deay. The solid line inludes non-perturbativeontributions from intermediate � states that have been alulated using�naive� fatorization and dispersion relations [1℄. The shape of the solidurve tells us that the perturbative methods fail in the region of intermedi-ate  and  0 resonanes. On the other hand, the perturbative alulationsare believed to work fairly well for low values of ml+l� (below 2 or even2.5 GeV) 2.
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4400 M. MisiakThe �rst measurement of the inlusive �B ! Xsl+l� branhing ratio wasannouned in August 2002 by the Belle ollaboration [2℄. Cuts onml+l� thatwere applied in their analysis are indiated by the dotted lines in Fig. 3. Theperturbative (dashed) urve was used to extrapolate the measured spetrumto the range ml+l� 2 [0:2 GeV;mB �mK ' 4:8 GeV℄. After averaging overeletrons and muons, the following result for the �total� branhing ratio wasobtained: BR[ �B ! Xsl+l�℄exp = (6:1 � 1:4 +1:4�1:1)� 10�6: (3)It agrees within 1� with the SM phenomenologial analysis of Ali et al. [3℄who have found BR[ �B ! Xsl+l�℄SM = (4:2 � 0:7)� 10�6 (4)for the same kinematial uts.The unertainty of the SM predition (4) an be redued in the futureby reanalyzing the harm-quark mass dependene along the same lines as itis usually done in the determinations of Vb. Furthermore, one an get ridof sizeable the non-perturbative unertainties by restriting to the domainŝ � �ml+l�mb �2 2 [0:05; 0:25℄ (5)that has been used in several NNLO QCD analyses [4, 5℄. It orresponds toml+l� 2 [1:05; 2:35℄ GeV. The upper bound of this domain is determined bythe requirement of not getting too lose to the intermediate  resonane. Thelower bound has been introdued in order to exlude intermediate photons oflow virtuality and, in onsequene, inrease sensitivity to suh new physise�ets that are not yet onstrained by �B ! Xs. In the following, we shallrestrit our disussion to the interval (5).The standard framework for �B ! Xsl+l� analyses is set by the e�etiveLagrangianLe� = LQCD�QED(u; d; s; ; b; e; �) + 4GFp2 V �tsVtb 10Xi=1 Ci(�)Oi : (6)The operators Oi and the numerial values of their Wilson oe�ients at



NNLO QCD Calulations of Rare B Deays 4401the sale � = mb are as follows:
Oi = 8>>>>>>>>>><>>>>>>>>>>:

(�s� i)(�� 0ib); i = 1; 2; jCi(mb)j � 1;(�s�ib)�q(�q� 0iq); i = 3; 4; 5; 6; jCi(mb)j < 0:07;emb16�2 �sL���bRF�� ; i = 7; C7(mb) � �0:3;gmb16�2 �sL���T abRGa�� ; i = 8; C8(mb) � �0:15;e216�2 (�sL�bL)(�l�l); i = 9 jC9(mb)j � 4;e216�2 (�sL�bL)(�l�5l); i = 10 jC10(mb)j � 4: (7)Here, � and � 0 stand for various produts of the Dira and olor matries(see e.g. [4, 5℄).Calulations of the b ! Xpartons l+l� deay amplitude are usually per-formed in three steps:� Mathing: Evaluating Ci(�0) at �0 � MW by requiring equality ofthe SM and e�etive theory Green's funtions at the leading order in(external momenta)=MW .� Mixing: Deriving the e�etive theory Renormalization Group Equa-tions (RGE) and evolving Ci(�) from �0 down to �b � mb.� Matrix elements: Evaluating the on-shell amplitudes at �b � mb.The Wilson oe�ients Ci(�b) are perturbatively expanded as follows:Ci(�b) = Æi9 4��s(�b)C(�1)9 (�b) + C(0)i (�b) + �s(�b)4� C(1)i (�b)+��s(�b)4� �2C(2)i (�b) + : : : ; (8)where C(n)i (�b) depend on �s only via the ratio � � �s(�0)=�s(�b). Theorigin of the O(1=�s) term in C9 has been already explained in the intro-dution. Its presene implies that a alulation in whih C(0)9 is inluded isalled a NLO one. On the other hand, sine C(0)9 (�b) ' 2:2 andC(�1)9 (mb) ' 0:033� 1 ) 4��s(mb)C(�1)9 (mb) ' 2 ; (9)the NLO ontribution is not smaller (but rather larger) than the LO one.Consequently the �rst atual QCD orretion to the amplitude is the NNLOontribution that inludes C(1)i (�b).



4402 M. MisiakThe oe�ients C(�1)9 (mb) and C(0)10 are known sine 1989 when theLO alulations were ompleted [6℄. The oe�ients C(0)9 and C(1)10 werefound in Refs. [7,8℄ and [9,10℄, respetively. The alulation of C(1)9 involves2-loop mathing and 3-loop mixing. Two-loop mathing results for all theoperators (7) were found in Ref. [4℄. The neessary 3-loop mixing alulation(Fig. 4(a)) is urrently being ompleted. Preliminary results have alreadybeen announed [11℄. Their numerial e�et on the branhing ratio does notexeed 2%.
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(a) (b)Fig. 4. Sample diagrams for (a) 3-loop mixing of O1;2 into O9 (b) 2-loop matrixelement of O9.As far as the matrix elements are onerned, most of the neessary tree-level and one-loop ones were inluded already at the LO and NLO [6�8℄.One-loop diagrams with insertions of O9 and O10 (and the orrespondingbremsstrahlung orretions) were read out from the b! Xue�� deay alu-lations of Je»abek and Kühn [12℄.The most involved terms that arise at the NNLO are the 2-loop matrixelements of the 4-quark operators O1;2 (Fig. 5). They were ompleted in

Fig. 5. Sample diagrams for 2-loop matrix elements of the 4-quark operators.



NNLO QCD Calulations of Rare B Deays 44032001�2002 by two independent groups. The �rst of them [5℄ applied Mellin�Barnes transforms to the Feynman-parameter integrals. The other one [13℄used numerial integration after redution to the so-alled sunrise topologies.Two elements are still missing in the omplete NNLO alulation ofb! Xpartons l+l�:� Two-loop matrix element of O9 (Fig. 4b) and the orresponding brems-strahlung orretion. Its integral over ml+l� an be read out from theb ! Xue�� results of van Ritbergen [14℄. Implementing the neessaryuts would require a new alulation. However, the onsidered ontri-bution is proportional to the small Wilson oe�ient C(�1)9 (mb) (9).Thus, its numerial e�et on the deay width is expeted to be verysmall.� Two-loop matrix elements of the so-alled penguin operators O3, . . . ,O6. Sine the orresponding Wilson oe�ients are small (see Eq. (7)),this ontribution an hardly exeed 1%.Thus, the existing NNLO results an be alled �pratially omplete�.Unertainties due to the unalulated higher-order orretions have alreadybeen signi�antly redued. It is illustrated in Figs. 6(a) and (b) that origi-nate from Refs. [5℄ and [13℄, respetively.Fig. 6(a) presents the ŝ-dependene ofRquark(ŝ) � d� [b! Xpartons l+l�℄=dŝ� [b! Xparton e��e℄ � d� [ �B ! Xsl+l�℄=dŝ� [ �B ! Xe��e℄ (10)for three di�erent values of �b: 2.5, 5 and 10 GeV. The solid lines orrespondto the urrent NNLO results. The dashed lines show what one would obtain(a) (b)
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Fig. 6. (a) Rquark(ŝ) and (b) AFB(ŝ) for di�erent values of �b (see the text).



4404 M. Misiakbefore inluding the NNLO matrix elements of the 4-quark operators. Theweaker sale-dependene of the new results is learly seen.Fig. 6(b) shows the forward�bakward asymmetryAFB(ŝ) � 1� [ �B ! Xe��e℄ 1Z�1 d os �d2� [ �B ! Xsl+l�℄dŝ d os � sgn(os �) (11)as a funtion of ŝ. The three lower urves desribe the urrent NNLO re-sults, while the three upper urves refer to the old NLO ase. In bothases, the middle solid line orresponds to �b = 5 GeV and the two dashedlines orrespond to the two other values of �b (2.5 and 10 GeV). Again, itis learly seen that the sale-dependene has shrinked after inluding theNNLO orretions.The integrated BR[ �B ! Xsl+l�℄ over the domain (5) reads [15℄3BR = (1:36 � 0:08sale)� 10�6 ; (12)where the sale-dependene unertainty has been determined using the samevariation of �b as above. This sale dependene serves us as an estimate ofthe yet unalulated higher-order orretions. The remaining unertaintieshave been analyzed so far only in Ref. [3℄ where other kinematial uts wereused and the m-dependene errors were overestimated. Thus, a detailedanalysis of theoretial unertainties in the domain (5) is still awaited. Severalgroups plan to perform suh an analysis one the �nal results on the 3-loopanomalous dimensions [11℄ are published.3. The rare radiative deayThe e�etive Lagrangian that governs the �B ! Xs deay is the sameas in Eq. (6), exept for that O9 and O10 do not need to be inluded at theleading order in �em. Thus, at the LO, one inludes only C(0)i (�b) in Eq. (8),at the NLO � also C(1)i (�b), and at the NNLO � also C(2)i (�b). The historyof the LO and NLO alulations together with appropriate referenes has b sFig. 7. Two-loop b! s matrix elements of the operators O1 and O2.3 The non-perturbative O(�2=m2;b) orretions are inluded in this number.



NNLO QCD Calulations of Rare B Deays 4405 u; ; tb W� sFig. 8. Sample diagram for the NLO mathing.   O2 O8b s  O2b sb s O2  
O2

O8b s  O2b sb sFig. 9. Sample diagrams for the mixing.been summarized in Ref. [16℄. Figs. 7, 8 and 9 show examples of Feynmandiagrams that have been evaluated for the matrix elements, mathing andmixing, respetively.Fig. 10 presents a omparison of the experimental determinations ofBR[ �B ! Xs℄ with some of the theoretial alulations. It is interestingto notie that the entral value of the urrent world average [17℄BR[ �B ! Xs; (E > 120mb)℄ = (3:34 � 0:38) � 10�4 (13)pratially overlaps with the entral value of the �rst SM predition [32℄ inwhih most of the leading-logarithmi QCD e�ets were taken into aount.The visible shrinking of the theoretial unertainties in 1996 was due to(pratial) ompletion of the NLO QCD alulations by that time. Theentral value of the SM predition got modi�ed of in 2001/2002 as a resultof hanging the parameter mmb from the ratio of pole masses tom(�)MS=m1Sb(see below)4.The largest NLO QCD orretion (in the MS sheme) originates fromthe 2-loop matrix elements of O1 and O2 (Fig. 7) that involve harm-quarkloops. These on-shell diagrams were alulated �rst with the help of Mellin�Barnes transform of Feynman-parameter integrals [26℄. The results had aform of a series in powers of mmb and ln mmb . They were later on�rmed withthe help of asymptoti expansions [33℄.4 Here, m1Sb stands for the b-quark mass in the so-alled �1S-sheme�. It is de�ned ashalf of the perturbative ontribution to the � mass.
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exp. w. a.: (3:34 � 0:38) � 10�4 [17℄BaBar [18℄ f Gambino, Misiak [19℄, Buras et al. [20℄Cleo [21℄Belle [22℄ Kagan, Neubert [23℄Aleph [24℄ Chetyrkin, Misiak, Münz [25℄, Greub, Hurth, Wyler [26℄,Adel, Yao [27℄, Ali, Greub [28℄Cleo [29℄ Ciuhini et al. [30℄, Buras et al. [31℄
Grinstein, Springer, Wise [32℄BR[ �B ! Xs℄� 104Fig. 10. Measurements and (some of the) theoretial alulations of BR[ �B ! Xs℄.Reently, two-loop matrix elements of all the four-quark operators (notonly O1 and O2) have been found [20℄. This was the very last element inthe NLO QCD program for �B ! Xs. It required alulating the diagramsfrom Fig. 7 with q-quark loops for mq 2 fmb;m; 0g. In pratie, analytiexpressions were obtained for arbitrary values on mq=mb. Apart from for-mally ompleting the NLO QCD alulation, these results allow us to studythe behaviour of BR[ �B ! Xs℄ for arbitrary values of m, whih is going tobe very useful in the following disussion.The main unertainty in the present SM predition [19, 20℄BR[ �B ! Xs; (E > 1:6 GeV)℄ = (3:57 � 0:30) � 10�4 ; (14)BR[ �B ! Xs; (E > 120mb)℄ = 3:70 � 10�4 (15)originates from the 2-loop matrix elements of O1 and O2 (Fig. 7). Thesediagrams with harm quark loops are the only soure of m-dependene of



NNLO QCD Calulations of Rare B Deays 4407the b! s amplitude. Sine the NNLO QCD orretions are unknown yet,the renormalization sheme form remains arbitrary, at least within a ertainlass of �reasonable� shemes that do not arti�ially enhane the unknownorretions. As argued in Ref. [19℄, the unertainty in Eq. (14) stemmingfrom this sheme-dependene an be aounted for by setting m=mb =m(�)MS=m1Sb and varying the sale � between m and mb. Suh a variationis the dominant soure of the error in Eq. (14).The onsidered unertainty should be removed beause the errors inEqs. (13) and (14) are lose in size, while prospets for improvement onthe experimental side are bright. Thus, the NNLO QCD orretions b !Xpartons  should be alulated. Some of the diagrams that need to be eval-uated an be obtained from Figs. 7, 8 and 9 by adding one more gluon.The NNLO mathing onditions for O1�O6 are already known [4℄. The 3-loop mathing onditions for O7 and O8 are urrently being alulated [34℄.Our preliminary results imply that the e�et of all the NNLO mathingonditions on BR[ �B ! Xs℄ is negative and amounts to around �1:5% (inthe MS sheme).As far as the NNLO mixing is onerned, all the 3-loop ontributionsshould soon be known [11℄. Computer algebra algorithms for evaluating theneessary 4-loop diagrams exist [35℄. However, no alulation has yet begun.Evaluation of the matrix elements is tehnially muh more di�ult thanthe mathing or mixing beause no expansion in external momenta an beapplied. Finding the 2-loop on-shell matrix elements of O7 and O8 as wellas the orresponding bremsstrahlung ontributions is in the plans of theBern group [36℄. The diagrams with fermioni loops have already beenalulated [37℄. There remain 10 two-loop 1PI diagrams for O7 and 34 suhdiagrams for O8. The quasi-numerial approah of Ref. [13℄ might be appliedfor their evaluation.The 3-loop matrix elements of O1 and O2 are the most problemati5. Themassive on-shell 3-loop diagrams that one obtains from Fig. 7 by insertinga fermion loop on the gluon line have been already found [37℄. However,if a new gluon line is added instead, the presently known tehniques fail.The number of suh 3-loop diagrams is too large (around 200) to follow the�manual� approah of Ref. [37℄. On the other hand, algorithmi proeduresfor suh diagrams are not well developed even at the 2-loop level.A method of estimating ontributions from suh 3-loop diagrams an befound by studying harm-mass dependene of BR[ �B ! Xs℄. It is shown inFig. 11 where m is varied between 0 and 40 GeV, while all the other SMparameters are set to their measured values. The two dotted vertial lines5 The remaining 4-quark operators have so small Wilson oe�ients that their NNLOmatrix elements an safely be negleted.
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NNLO QCD Calulations of Rare B Deays 4409order of magnitude of the NNLO orretions. The question whether an on-shell alulation might be feasible form = 0 is urrently under investigation.If it was, the extrapolation in m would beome an interpolation, whihwould de�nitely improve our ontrol over the �nal result and its unertainty.However, no de�nite statement onerning the m = 0 ase an be made yet.4. SummaryThe NNLO QCD alulations of rare B deays are of phenomenologialinterest only for the inlusive modes �B ! Xsl+l� and �B ! Xs. Sensitivityof these deays to new physis, relatively good ontrol over non-perturbativee�ets and prospets for small experimental errors at the B-fatories makethe NNLO enterprise inevitable. In fat, the NNLO orretions for �B !Xsl+l� are known sine more than a year. Order �2s alulations for �B !Xs have only just started. However, it is realisti to expet their ompletionwithin a year or so given the number of researh groups that have undertakenomplementary tasks.This work was supported in part by the Polish State Committee for Si-enti� Researh (KBN) under the grant 2 P03B 121 20 and by the EuropeanCommunity's Human Potential Programme under the ontrat HPRN-CT-2002-00311, EURIDICE. REFERENCES[1℄ F. Krüger, L. M. Sehgal, Phys. Lett. B380, 199 (1996).[2℄ J. Kaneko et al. (Belle Collaboration), Phys. Rev. Lett. 90, 021801 (2003).[3℄ A. Ali, E. Lunghi, C. Greub, G. Hiller, Phys. Rev. D66, 034002 (2002).[4℄ C. Bobeth, M. Misiak, J. Urban, Nul. Phys. B574, 291 (2000).[5℄ H.H. Asatrian, H.M. Asatrian, C. Greub, M. Walker, Phys. Lett. B507, 162(2001); Phys. Rev. D66, 034009 (2002); H.M. Asatrian, K. Bieri, C. Greub,A. Hovhannisyan, Phys. Rev. D66, 094013 (2002).[6℄ B. Grinstein, M.J. Savage, M.B. Wise, Nul. Phys. B319, 271 (1989).[7℄ M. Misiak, Nul. Phys. B393, 23 (1993); B439, 461 (E) (1995).[8℄ A.J. Buras, M. Münz, Phys. Rev. D52, 186 (1995).[9℄ G. Buhalla, A.J. Buras, Nul. Phys. B398, 285 (1993), B400, 225 (1993).[10℄ M. Misiak, J. Urban, Phys. Lett. B451, 161 (1999).[11℄ U. Haish, talk presented at the Ringberg PhenomenologyWorkshop on HeavyFlavors, Tegernsee, Germany, April 27�May 2, 2003; P. Gambino, M. Gorbahn,U. Haish, to be published.[12℄ M. Je»abek, J.H. Kühn, Nul. Phys. B320, 20 (1989).
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