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TOP PAIR PRODUCTION AT THRESHOLDAND EFFECTIVE THEORIES �André H. HoangMax-Plan
k-Institut für Physik, (Werner-Heisenberg-Institut)Föhringer Ring 6, 80805 Mün
hen, Germany(Re
eived August 18, 2003)I give an introdu
tion to the e�e
tive �eld theory des
ription of top pairprodu
tion at threshold in e+e� annihilation. The impa
t of the summa-tion of logarithms of the top quark velo
ity in
luding most re
ent resultsat next-to-next-to-leading order is dis
ussed.PACS numbers: 14.65.Ha, 12.38.Cy1. Introdu
tionThe so-
alled �threshold s
an� of the total 
ross se
tion lineshape of toppair produ
tion 
onstitutes a major part of the top quark physi
s programat a future e+e� 
ollider [1℄. In the Standard Model the top quark width�t � 1:5 GeV is mu
h larger than the typi
al hadronization energy �QCD.In 
ontrast to the J= or the � region, it is therefore expe
ted that non-perturbative e�e
ts are strongly suppressed, and that the threshold lineshapeis a smooth fun
tion of the 
.m. energy. Throughout this talk I will there-fore negle
t non-perturbative e�e
ts asso
iated with the hadronization s
ale�QCD. From the lo
ation of the rise of the 
ross se
tion a pre
ise measure-ment of the top quark mass will be possible, while from the shape and thenormalization of the 
ross se
tion one 
an extra
t the top quark Yukawa
oupling yt (for a light Higgs), the top width or the strong 
oupling. In thepast, numerous studies have been 
arried out to assess the feasibility andpre
ision for extra
ting various top quark properties from a threshold run(see e.g. Ref. [2℄ for a re
ent study).In the threshold region, ps ' 2mt � 10GeV, the top quarks move withnonrelativisti
 velo
ity in the 
.m. frame. Let us de�ne mtv2 � ps� 2mt.We see that parametri
ally jvj <� �s. Be
ause in the loop expansion one� Presented at the Cra
ow Epiphany Conferen
e on Heavy Flavors, Cra
ow, Poland,January 3�6, 2003. (4491)
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ounters terms proportional to (�s=v)n (n = 0; 1; : : :) in the amplitude, itis ne
essary to 
ount �s=v of order one and to 
arry out an expansion in �sas well as in v. S
hemati
ally one needs an expansion of �t�t = �(e+e� ! t�t)of the formR = �t�t��+�� = v Xk ��sv ��� 1 (LO) ; �s; v (NLO) ; �2s ; �sv; v2 (NNLO)� ; (1)where �s=v is 
ounted as order one. The indi
ated terms are of leadingorder (LO), next-to-leading order (NLO), and next-to-next-to-leading or-der (NNLO). I 
all the expansion s
heme in Eq. (1) �xed-order perturbationtheory , although it involves the summations of the terms proportional to(�s=v)n. It 
an be implemented systemati
ally using the fa
torization prop-erties and the power 
ounting of non-relativisti
 QCD (NRQCD) [3℄. TheNNLO QCD 
orre
tions to the total 
ross se
tion were 
al
ulated some timeago in Refs. [4�10℄. Surprisingly, the 
orre
tions were found to be as largeas the next-to-leading order (NLO) QCD 
orre
tions, and from the residuals
ale dependen
e in the NNLO result, the normalization of the 
ross se
-tion was estimated to have at least 20% un
ertainty [11℄. It was 
on
ludedthat the top quark mass in a threshold mass s
heme 
an be determinedwith a pre
ision of 200 MeV or better from the shape of the 
ross se
-tion [11℄. However, the large NNLO QCD 
orre
tions to the normalizationof the 
ross se
tion jeopardized 
ompetitive measurements of the top width,strong top 
oupling, or the top Yukawa 
oupling. Moreover, the large NNLO
orre
tions seemed to indi
ate that, despite the perturbative nature of thet�t system, high pre
ision 
omputations might not be feasible. The 
ompletedetermination of higher orders would be ne
essary to 
larify the feasibilityof the �xed-order approa
h. Figure 3(a) shows the ve
tor-
urrent-indu
ed
ross se
tion �(e+e� ! 
� ! t�t) at LO, NLO and NNLO in �xed-orderperturbation theory for typi
al 
hoi
es of parameters and renormalizations
ales. (Top threshold produ
tion mediated by the axial ve
tor 
urrent issuppressed by v2 and small and not relevant here for the dis
ussions on the
onvergen
e of the perturbative expansion. See e.g. Refs. [11, 12℄.)One way to understand the large s
ale un
ertainties and the large sizeof the �xed-order NNLO QCD 
orre
tions is to re
all that the perturba-tive t�t threshold dynami
s is governed by vastly di�erent energy s
ales, thetop mass (mt � 175GeV), the top three-momentum (p ' mv ' 25GeV)and the top kineti
 or potential energy (E ' mv2 ' 4GeV). This hier-ar
hy of s
ales is the basis of NRQCD fa
torization, whi
h separates hardand soft e�e
ts, and whi
h 
an be implemented in the �xed-order s
hemeshown above. However, in �xed-order perturbation theory NRQCD matrix
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tive Theories 4493elements involve logarithmi
 terms su
h asln� �2m2t � ; ln��2p2� ; ln� �2E2� ; (2)whi
h 
annot be rendered small for a single 
hoi
e of the renormalizations
ale �. For example, sin
e E � 4GeV, one �nds �s(mt) ln(m2t =E2) ' 0:8for � = mt whi
h is of order unity, and �xed-order perturbation theory be-
omes unreliable. Moreover, at the higher orders, �xed-order perturbationtheory 
annot distinguish the s
ale at whi
h to evaluate �s. Mistaking an�s(mt) for an �s(mtv2) is a di�eren
e of a fa
tor of two. Both problems
annot be addressed systemati
ally within the framework of �xed-order per-turbation theory. But they 
an be avoided in a framework that allows forrenormalization group improved perturbative 
omputations, where all loga-rithmi
 terms are summed through renormalization group equations. Thusa better expansion should have the s
hemati
 formR = �t�t��+�� = v Xk ��sv �Xi (�s ln v)i�� 1 (LL); �s; v (NLL); �2s ; �sv; v2 (NNLL)� ; (3)where the indi
ated terms are of leading logarithmi
 (LL), next-to-leadinglogarithmi
 (NLL), and next-to-next-to-leading logarithmi
 (NNLL) order.I have used the expression �better expansion� be
ause in QCD 
omputationsone should favor expansion s
hemes where logarithmi
 terms are summedinto 
oe�
ients and not 
ontained in isolated form in matrix elements.This is even true in 
ases where the non-logarithmi
 
orre
tions are size-able too, be
ause possible 
an
ellations between large logarithmi
 and largenon-logarithmi
 terms 
an be unphysi
al. To a

omplish a renormalizationgroup improved 
al
ulation one needs to employ a more sophisti
ated ef-fe
tive �eld theory approa
h than the one that is used for the �xed-order
omputations.In this talk I give a basi
 introdu
tion to �velo
ity NRQCD� (vNRQCD)Ref. [12�15℄ (for a review see also Ref. [16℄), whi
h is an e�e
tive theoryfor heavy non-relativisti
 quark pairs that, through renormalization, sumsall logarithms involving ratios of the s
ales mt, jpj and E. The program issimilar in spirit to let us say summing QCD logarithms of MW =mb for theele
troweak Hamiltonian des
ribing b-quark de
ays. However, in the non-relativisti
 
ase the program is more 
ompli
ated be
ause the stru
ture ofthe relevant degrees of freedom in the e�e
tive theory a
tion is more involvedand be
ause the two low energy s
ales p � mv and E � mv2 are 
orrelatedthrough the heavy quark equation of motion E = p2=m. At �rst sight it
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orrelation of s
ales and to render the loga-rithms in the e�e
tive theory matrix elements shown in Eq. (2) small (whi
his equivalent to saying that all logarithms are summed into Wilson 
oe�-
ients of the e�e
tive theory). In the e�e
tive theory this problem is dealtwith by using two renormalization group s
ales in the e�e
tive Lagrangian:�S for soft gluons, whi
h �u
tuate at energies � mv, and �U for ultrasoftgluons, whi
h �u
tuate at energies � mv2. The matrix elements of the ef-fe
tive theory then only 
ontain the logarithms ln(�2S=p2) and ln(�2U=E2).Both renormalization s
ales are related by �U = �2S=mt = mt�2, where �is a dimensionless parameter. All renormalization group equations of thee�e
tive theory are expressed in terms of �. Running from � = 1 to � � v,where v is the typi
al top quark velo
ity, sums all logarithms of v and min-imizes both ln(�2S=p2) and ln(�2U=E2) in the matrix elements. (Logarithmsinvolving mt are minimized by mat
hing QCD onto the e�e
tive theory at� = 1.) In dimensional regularization the fa
tors of ��S and ��U multiplyingea
h operator in the e�e
tive theory a
tion are uniquely determined fromits mass dimension and v power 
ounting. In this way the s
heme indi
atedin Eq. (3) 
an indeed be a
hieved.With this setup and after having formulated the e�e
tive theory a
tionthe program is similar the one for summing QCD logarithms for the ele
-troweak Hamiltonian:1. Mat
hing 
omputation of the 
oe�
ients Ci(�) of the e�e
tive theoryoperators (in
luding external 
urrents) at � = 1 in a perturbationseries in �s(mt).2. Computation of the anomalous dimensions of the operators of the ef-fe
tive a
tion and s
aling of Ci(�) from � = 1 to � = v0 ' v ' CF�susing the renormalization group.3. Computation of the 
ross se
tion using the e�e
tive Lagrangian andthe 
urrents renormalized at the low s
ale � = v0.In this talk I show how the vNRQCD e�e
tive Lagrangian is 
onstru
ted,and I also spend some time on the points 1.�3. des
ribed above in
ludingnew re
ent results for the total top pair produ
tion 
ross se
tion at thresholdin e+e� annihilation. At the end I will brie�y dis
uss the status of top pairprodu
tion at threshold.
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tive Theories 44952. The vNRQCD LagrangianThe physi
al system we wish to des
ribe is that of a heavy quark andantiquark with mass mt, and energies E � mv2, and momenta p � mv inthe 
.m. system where v � 1. The degrees of freedom from whi
h we haveto build the e�e
tive a
tion 
an be identi�ed from the relevant momentumregions that 
an be found in an asymptoti
 expansion of non-relativisti
s
attering diagrams in the 
.m. frame [17℄. The regions in
lude hard modeswith momenta (k0;k) � (mt;mt), soft modes with momenta � (mtv;mtv),potential modes with momenta � (mtv2;mtv) and ultrasoft modes withmomenta � (mtv2;mtv2). Flu
tuations with o�-shell momenta are inte-grated out be
ause they do not resonate, while for modes that 
an resonate�elds are introdu
ed from whi
h we build the e�e
tive Lagrangian. Res-onating heavy quarks 
an only live in the potential regime, while masslessmodes 
an live either in the soft or the ultrasoft regime. Thus the e�e
-tive Lagrangian is build from heavy potential quarks and antiquarks ( p,�p), soft gluons, ghosts, and massless quarks (A�q , 
q, 'q) and ultrasoft glu-ons, ghosts, and massless quarks (A�, 
, 'us). The ultrasoft gluons are thegauge partners of momenta � mv2, while soft gluons are the gauge partnersof momenta � mv. This 
lassi�
ation is, of 
ourse, only meaningful in the
.m. frame for a non-relativisti
 heavy quark-antiquark pair. Double 
ount-ing is avoided sin
e ultrasoft gluons reprodu
e only the physi
al gluon poleswhere k0 � k � mv2, while soft gluons only have poles with k0 � k � mv.It is essential that both soft and ultrasoft gluons are in
luded at all s
alesbelow mt be
ause the heavy quark equation of motion 
orrelates the softand ultrasoft s
ales. We will also see later in Se
. 3, when I show new resultsfor the 3-loop (NNLL) anomalous dimension for the t�t produ
tion 
urrent,that both soft and ultrasoft running 
an in general feed into anomalous di-mensions indu
ed by potential loops. The dependen
es on soft energies andmomenta of potential and soft �elds appear as labels on the �elds, whileonly the lowest-energy ultrasoft �u
tuations are asso
iated by an expli
it
oordinate dependen
e. Formally this is a
hieved by a phase rede�nition forthe potential and soft �elds [13℄�(x)!Xk e�ik�x�k(x) ; (4)where k denotes momenta � mv and ���k(x) � mv2�k(x). This means thatthe e�e
tive Lagrangian 
ontains sums over �elds with soft indi
es, whi
halso build up potential and soft loop integrations when we renormalize thetheory or 
ompute matrix elements.
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tive vNRQCD Lagrangian for a t�t angular momentum S-waveand 
olor singlet state has terms [13�15℄L =Xp � yp�iD0� (p�iD)22m + p48m3 + : : : � p + ( ! �)�� 14G��G����2�S g2s Xp;p0;q;q0;��12  yp0 [A�q0 ; A�q ℄U (�)��  p + ( ! �) + : : : �+Xp ��p�A�p � p�A�p ��2 + : : :� Xp;p0 �2�S V (p;p0) yp0 p�y�p0��p+Xp;p0 2i�2�S V
(p0 � p)4 fABC(p� p0):(��UguAC)[ yp0TA p�y�p0 �TB��p℄ + : : : ;(5)where 
olor and spin indi
es have been suppressed and gs � gs(m�), gu �gs(m�2). All 
oe�
ients are fun
tions of the renormalization parameter �,and all expli
it soft momentum labels are summed. The 
ovariant derivativein the �rst line 
ontains only the ultrasoft gluon �eld. There are 4-quarkpotential-like intera
tions of the form (k = (p� p0))V (p;p0) = V
k2 + Vr(p2 + p02)2m2tk2 + V2m2t + Vsm2t S2 ; (6)where S is the total t�t spin operator. There is some freedom in the 
hoi
e ofthe operator basis for the potential intera
tions shown in Eq. (6), whi
h 
ana�e
t the mat
hing 
onditions and the anomalous dimensions. In Refs. [12,18,19℄ we also used a potential intera
tion term of the form 1=(mjkj), while inRef. [20℄ the order 1=(mjkj) potentials were implemented only by potential-like intera
tions with additional sums over intermediate indi
es as explainedbelow. At NNLL order for the total 
ross se
tion the 
oe�
ient V
 of the1=k2 potential has to be mat
hed at two loops [21℄ be
ause it 
ontributes atthe LL level, whereas the 
oe�
ients of the order 1=m2t potentials have tomat
hed at the Born level [14℄. The 1=(mjkj)-type potentials are of order �2sand have to be mat
hed at two loops [19℄. There are also 4-quark intera
tionswith the radiation of an ultrasoft gluon (last line) and intera
tions betweenquarks and soft gluons (se
ond line). Due to momentum 
onservation atleast two soft gluons are required. The potential terms shown in Eq. (6),and time-ordered produ
ts of soft intera
tions 
ontribute to the potentialsthat des
ribe the instantaneous intera
tions between the top quarks. For
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tive Theories 4497example, the time-ordered produ
t at two loops of two soft intera
tions atleading order in the v-
ounting leads to the potential intera
tion [21℄~Vsoft(p; q) = � 4�CF �s(�S)k2 ( �s(�S)4� � � �0 ln�k2�2S �+ a1 �+��s(�s)4� �2 � �20 ln2 �k2�2S �� �2�0 a1 + �1� ln�k2�2S �+ a2 �) ; (7)where the �i are the 
oe�
ients of the QCD beta-fun
tion and the ai weredetermined some time ago in Ref. [22℄. The sum of Eq. (7) and the �rstterm in Eq. (6) agrees with the stati
 potential1 and 
onstitutes the 
om-plete 1=k2 potential at NNLL order. The Lagrangian also 
ontains more
ompli
ated intera
tions des
ribing 4-quark potential-like intera
tions and4-quark intera
tions with soft or ultrasoft gluons that 
ontain additionalsums over intermediate indi
es. Their form is partly �xed by the renormal-izability of the theory [19℄, but there is still some freedom in the 
hoi
e oftheir form. In this talk I use the 
onventions of Ref. [20℄ were all 1=(mjkj)-type potentials are represented by su
h 4-quark sum operators. I do notdisplay their expressions here and refer to Ref. [20℄ where they are 
olle
tedin an appendix.One might wonder why the e�e
tive theory 
ontains both soft and ul-trasoft degrees of freedom at the same time, sin
e, naively, one might arguethat for v � 1 the soft �elds �u
tuate at a mu
h smaller length s
ale thanthe ultrasoft �elds. That both soft and ultrasoft degrees of freedom haveto be present at the same time is at the heart of the e�e
tive theory 
on-stru
tion and is related to the fa
t that the dispersion relation of the heavyquarks, E = p2=m introdu
es a 
orrelation between the soft and ultrasofts
ales. The presen
e of soft and ultrasoft degrees of freedom also allows forthe simultaneous summation of logarithms of p and E, whi
h I mentionedin the introdu
tion, after the theory is renormalized. I will 
ome ba
k tothis point in the next se
tion.An important point to mention is that the fa
tors of ��U and ��S multiply-ing the operators in the e�e
tive Lagrangian are uniquely determined by themass dimension and the v power 
ounting in d = 4�2� dimensions [15℄. Ea
h�eld in the a
tion is assigned a 
ertain s
aling with v to keep its kineti
 termof order v0. This results for example in  p � (mv)3=2��, A� � (mv2)1��,and A�q � (mv)1��. Then, sin
e D� � mv2, the renormalized 
ombinationguA� must be multiplied by ��U � (m�2)� for � � v so that this gluon1 The statement made in Refs. [16, 21℄ that the vNRQCD 1=k2 potential at NNLLorder di�ers from the stati
 potential has shown to be in
orre
t in Ref. [19℄.
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ales 
onsistently as mv2. Applying the same pro
edure to allintera
tions results in the fa
tors of ��U and ��S shown in Eq. (5).To in
orporate the e�e
t of the large top quark width we in
lude in thee�e
tive Lagrangian the operatorsÆL =Xp  yp i2�t  p + Xp �yp i2�t �p : (8)Here, �t is the total on-shell top quark width and treated as a �xed numberto be determined from experiment (or taken as an input). The typi
al energyof the top quarks at threshold is E � mv2 � 4GeV, and in the StandardModel one 
an take �t = 1:43GeV� E. Thus, the propagator for a singletop (or antitop) with momentum (p0;p) isip0 � p2=(2m) + i�t=2 + i� ; (9)whi
h gives a 
onsistent NLO treatment of ele
troweak e�e
ts. [23℄ The
omplete NNLL order treatment of ele
troweak e�e
ts for the total 
rossse
tion is 
urrently unknown. Although it is not expe
ted that the unknownele
troweak 
orre
tions are beyond the few per
ent level [9℄, this has to bekept in mind when I dis
uss the NNLL QCD 
orre
tions.Besides the intera
tions 
ontained in the e�e
tive Lagrangian that de-s
ribe the dynami
s of the t�t pair we also need external 
urrents that des
ribethe produ
tion of the top quarks. For e+e� annihilation these 
urrents areindu
ed by the ex
hange of a virtual photon or a Z boson At NNLL orderwe need the ve
tor S-wave 
urrents Jvp = 
1(�)Op;1 + 
2(�)Op;2, whereOp;1 = py �(i�2)���p ; (10)Op;2 = 1m2  py p2�(i�2)���p ;and the axial-ve
tor P -wave 
urrent Jap = 
3(�)Op;3, whereOp;3 = �i2m  py [�;� � p ℄ (i�2)���p : (11)Note that the 
urrents have a soft momentum index. The 
urrents Op;2 andOp;3 lead to 
ontributions in the total 
ross se
tion that are v2-suppressedwith respe
t to those of the 
urrent Op;1. Thus, at NNLL order, two-loopmat
hing is needed for 
1 and Born level mat
hing for 
2 and 
3. Note thatthe two-loop mat
hing result for 
1(� = 1) depends on the 
hoi
e of theoperator basis used in the e�e
tive Lagrangian.
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tive Theories 44993. Anomalous dimensions and renormalization group s
alingTo sum the logarithmi
 terms (�s ln �)i at NNLL order, as indi
ateds
hemati
ally in Eq. (3), one needs to determine the anomalous dimensionsof the potentials and 
urrents that 
ontribute to the 
ross se
tion at theappropriate order. The 
omputation of the anomalous dimensions in thee�e
tive theory works just as for the e�e
tive weak Hamiltonian. The 
oef-�
ient of the 1=k2 (Coulomb) potential, V
, needs to be determined at thethree-loop level sin
e it 
ontributes already at leading order. The results areavailable in Ref. [19℄. The anomalous dimensions of the 1=m2t potentials,Vr;2;s only need to be determined at one-loop be
ause the 1=m2t potentialsare suppressed by v2 and they are only needed at LL order. The results havebeen given in Refs. [14, 19℄. (See also Ref. [24℄.) For the 1=(mjkj) poten-tials, on the other hand, the anomalous dimensions have to determined attwo-loops. Also this work has been a
hieved [19℄. For the 
urrent Op;1 oneneeds to 
ompute the anomalous dimension at three loops and for Op;2 andOp;3, they are needed at the one-loop level. The LL anomalous dimensionsof Op;2 and Op;3 were 
omputed in Refs. [12,18℄. I will not give any detailson these results in this talk sin
e they are already available in the literaturefor some time.Here I want to dis
uss some aspe
ts of the anomalous dimension of the
urrent Op;1, whi
h is 
urrently only fully known to NLL order, but for whi
hI have re
ently obtained a partial NNLL order result [20℄. The NNLL orderresults I will dis
uss are also of 
on
eptual interest as far as the 
onstru
tionand the renormalizability of the e�e
tive theory is 
on
erned.To obtain the anomalous dimension of Op;1, one needs to determine therenormalization 
onstant of the 
urrent. Using dimensional regularizationand the MS s
heme one 
an de�ne the unrenormalized Wilson 
oe�
ient as
01 = 
1 + Æ
1 = Z
1 
1 ; (12)and one 
an write the renormalization 
onstant asZ
1 = 1 + ÆzNLL
1� + � ÆzNNLL;2
1�2 + ÆzNNLL;1
1� � + : : : : (13)At LL order there are no UV divergen
es that have to be absorbed into the
urrent. This means that at LL order the Wilson 
oe�
ient 
1 does not run.To determine the NkLL order renormalization 
onstant of the 
urrentOp;1 one has to 
ompute the overall UV-divergen
es of quark-antiquark-to-va
uum on-shell matrix elements of spin-triplet S-wave 
urrents at O(�k+1s ).All lower order UV-subdivergen
es have to be subtra
ted by lower order
ounterterms. It is mandatory to use matrix elements where the exter-nal quarks are on-shell be
ause for o�-shell quarks one 
an obtain UV-divergen
es whi
h do not belong to the 
urrent. This is be
ause the 
urrent



4500 A.H. Hoang
(a) (b)

(c) (d)

(e)Fig. 1. Order �2s vertex diagrams diagrams for the 
omputation of the NLL anoma-lous dimension of 
1. The dot and box represent single insertions of the LL 1=k2and the 1=m2t suppressed potentials, respe
tively. The 
ir
led 
ross denotes a singleinsertion of the 1=(mjkj)-type potentials. Insertions of these potential involve onlya one-loop diagram be
ause the 
oe�
ients of the 1=(mjkj)-type potentials are oforder �2s .is supposed to des
ribe the produ
tion of quarks that are �u
tuating 
loseto their mass-shell. (Su
h o�-shell terms in fa
t exist at NNLL order.)Let me �rst review the NLL result whi
h was �rst obtained in Ref. [13℄.The relevant order �2s vertex diagrams are shown in Fig. 1. There are noone-loop subdivergen
es that have to be subtra
ted. The 
omputation is
ompli
ated te
hni
ally by the fa
t that there are IR-divergent Coulombphases for on-shell external quarks whi
h have to be distinguished from theUV-divergen
es that go into the renormalization of the 
urrent. At NLLorder this distin
tion 
an be 
arried out easily be
ause only 1=� singularitieso

ur. From the UV-divergen
es one obtainsÆzNLL
1 = � V(s)
 (�)64�2 �V(s)
 (�)4 + V(s)2 (�) + V(s)r (�) + S2 V(s)s (�)�+ �2s (m�) �CF2 (CF � 2CA)�+ �2s (m�) �3V(s)k1 (�) + 2V(s)k2 (�)� ; (14)where S2 = 2 is the squared quark total spin operator for the spin-triplet
on�guration. The terms in the se
ond line arise from a single insertion of the1=(mjkj)-type potentials. Using that 
01 is renormalization group invariant,one 
an derive the NLL order anomalous dimension of 
1,� ��� ln[
1(�)℄ = 
NLL
1 (�) + 
NNLL
1 (�) + : : : ;
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NLL
1 (�) = 4 ÆzNLL
1 : (15)To solve the NLL renormalization group equation one needs to know the LLsolutions for all the 
ouplings that appear on the RHS of Eq. (15) (i.e. whi
hmix into 
1). From the fa
t that all higher order 1=�n (n = 1; 2; : : :) diver-gen
es have to 
an
el in the anomalous dimension (see e.g. Ref. [25℄), one 
analso obtain the NNLL order 1=�2 
oe�
ient ÆzNNLL;2
1 of the renormalization
onstant Z
1 [20℄.The determination of the NNLL order anomalous dimension pro
eedsalong the same lines. One 
an distinguish between 
ontributions from two
lasses. The �rst 
lass arises from the terms in Eq. (14) due to the NLLorder running of the 
ouplings on the RHS of Eq. (15). The se
ond 
lassinvolves the 
omputation of three-loop vertex diagrams with potential loopsand either soft or ultrasoft loops that require new 
1 
ounterterms. I 
all this
lass �non-mixing 
ontributions�. It leads to genuinely new 
ontributions inthe anomalous dimension of 
1. By power 
ounting there are no 
ontribu-tions from diagrams with three potential loops or whi
h have both soft andultrasoft loops. I have determined the non-mixing 
ontributions re
ently inRef. [20℄ and I will dis
uss the 
omputation and the results in some detailin the following.At NNLL order the determination of the UV-divergen
es from on-shellthree-loop vertex diagrams is 
ompli
ated be
ause there are overlapping IR-and UV-divergen
es whi
h are di�
ult to separate from ea
h other. An e�-
ient way to avoid these 
ompli
ation is to 
onsider 4-loop 
urrent 
orrelatorgraphs rather than the vertex diagrams. The 
orrelator graphs are obtainedfrom 
losing the external quark lines of the vertex diagrams with an addi-tional insertion of the 
urrent. In Fig. 2 I have exemplarily displayed thefour-loop 
orrelator diagrams with an ultrasoft gluon (loop). The imaginarypart of the 
orrelator graphs is proportional to the squared matrix elementsfrom whi
h all IR-divergent Coulomb phases drop out automati
ally. Thethree-loop (NNLL) renormalization 
onstant of the 
urrent is then obtainedfrom the three-loop subdivergen
es of the 
orrelator diagrams that remainafter the one- and two-loop subdivergen
es have been subtra
ted. For dimen-sional reasons there are in fa
t no four-loop overall divergen
es in dimensionregularization.Due to la
k of spa
e I 
annot give all the details of the 
omputationand the full result here and refer to Ref. [20℄. But I would like to dis
usssome interesting 
on
eptual aspe
ts of the results. First, the NNLL order1=�2 
oe�
ient ÆzNNLL;2
1 I have obtained by the 
omputations agrees withthe NLL predi
tion based on renormalization group invarian
e mentionedabove. This is a non-trivial 
he
k for the 
onsisten
y of the e�e
tive theoryunder renormalization, sin
e it requires that the intera
tions between the
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m)Fig. 2. Four-loop graphs with an ultrasoft gluon for the 
al
ulation of the ultrasoftnon-mixing 
ontributions of the NNLL anomalous dimension of 
1. The ultrasoftgluon is atta
hed to the top quark or to potential-like 4-quark intera
tions.relevant degrees of freedom are en
oded 
orre
tly in the stru
ture of thee�e
tive Lagrangian. This shows in parti
ular, that the renormalizabilityof the e�e
tive theory requires that soft and ultrasoft degrees of freedomhave to be present for all s
ales below the quark mass mt. In addition, theresults for the diagrams in Fig. 2, whi
h involve the soft and the ultrasoftrenormalization s
ales, �S and �U , show that the 
orrelation �U = �2S=mt Ihave mentioned previously is required by the renormalizability of the e�e
-tive theory. As an example, let us 
onsider the 
ontribution to Z
1 indu
edby the diagram Fig. 2(g) whi
h, when the 
orrelation between �S and �U isnegle
ted, has the form�s(mt�)2�s(mt�2)� C2ACF4 � � 112�2 � 16� � ln 2 + 76 � ln�m�U�2S ��� : (16)The dependen
e on ln�S and ln�U in the 1=� pie
e that 
ontributes to theNNLL anomalous dimension of 
1 vanishes only if the 
orrelation �U = �2S=mis a

ounted for. This shows that the 
orrelation of the soft and ultrasofts
ales in the e�e
tive theory is required by physi
al reasons and not justimposed by hand.
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tion at Threshold and E�e
tive Theories 4503Although the 
omputation of the NNLL anomalous dimension of 
1 isnot 
ompleted yet, it is instru
tive to 
ompare the numeri
al size of the non-mixing NNLL 
ontributions with the NLL ones in the running of 
1. Let uswrite the solution of Eq. (15) for � < 1 asln h
1(�)
1(1) i = �NLL(�) + � �NNLLm (�) + �NNLLnm (�)�+ : : : : (17)where �NNLLnm refers to the NNLL non-mixing 
ontributions. In Table I theTABLE INumeri
al values for �NLL(�) and �NNLLnm (�). The values form are pole masses. Thenumbers are obtained by evaluation of the analyti
 results using four-loop runningfor �s and taking �(5)s (175GeV) = 0:107 and �(4)s (4:8GeV) = 0:216 as input.m = 175GeV m = 4:8GeV� �NLL(�) �NNLLnm (�) �NLL(�) �NNLLnm (�)1:0 0:0000 0:0000 0:0000 0:00000:8 0:0069 0:0041 0:0308 0:04250:6 0:0157 0:0104 0:0712 0:13040:4 0:0274 0:0216 0:1335 0:45370:2 0:0435 0:0512values for �NLL(�) and �NNLLnm (�) are displayed for di�erent � for the topand the bottom quarks. For top quarks we �nd that the NNLL non-mixing
ontributions are of the same size as the NLL terms for the relevant region� � v ' 0:2. Here, the new NNLL order 
orre
tions shift 
1 by about +5%,whi
h is substantial 
onsidering that the total 
ross se
tion 
ontains 
21. Theshift is dominated by the 
ontributions 
oming from the ultrasoft diagramsshown in Fig. 2. However, it is not yet possible to draw phenomenologi
al
on
lusions for the normalization of the top threshold 
ross se
tion in e+e�
ollisions from this result, be
ause the yet unknown NNLL mixing 
orre
-tions 
ould be sizeable as well. It is therefore an important future task todetermine the mixing 
ontributions to the NNLL anomalous dimension of 
1.For bottom quarks the NNLL non-mixing 
ontributions are several timeslarger than the NLL terms for the relevant region � � v � 0:3�0:4. Thisis not unexpe
ted be
ause for bottomonium systems the binding energy� mv2 is already of order �QCD. Thus our result seems to a�rm that for b�bstates non-perturbative e�e
ts have a rather strong in�uen
e, and that thevNRQCD des
ription 
eases to work even for the ground state [12℄.
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ross se
tionThe total 
ross se
tion for e+e� ! 
�; Z� ! t�t at threshold at NNLLorder has the form�
;Ztot (s) = 4��23s hF v(s)Rv(s) + F a(s)Ra(s)i ; (18)where F v;a are trivial fun
tions of the ele
tri
 
harges and the isospin of theele
tron and the top quark and of the weak mixing angle. At NNLL orderthe ve
tor and axial-ve
tor R-ratios have the formRv(s) = 4�s Imh 
21(�)A1(v;m; �) + 2 
1(�) 
2(�)A2(v;mt; �) i ; (19)Ra(s) = 4�s Imh 
23(�)A3(v;mt; �) i ; (20)where the time-ordered produ
ts of the e�e
tive theory 
urrents read (q̂ �(ps� 2mt; 0))A1 = i Xp;p0 Z d4x eiq̂�x D 0 ��� T Op;1(x)Oyp0;1(0) ��� 0E ;A2 = i2 Xp;p0 Z d4x eiq̂�x D 0 ��� T hOp;1(x)Oyp0;2(0) +Op;2(x)Oyp0;1(0) i��� 0E ;A3 = i Xp;p0 Z d4x eiq̂�x D 0 ��� T Op;3(x)Oyp0;3(0)��� 0E : (21)The 
orrelators Ai 
an be written in a 
ompa
t form in terms ofnon-relativisti
 zero-distan
e Greens fun
tions. For the 
onvention for the1=(mjkj)-type potentials employed in Ref. [20℄ they have the form (v =((ps� 2mt + i�t)=mt)1=2)A1(v;m; �) = 6N
 hG
(v;m; �) + �V2(�) + 2Vs(�)� ÆGÆ(v;m; �)+ Vr(�) ÆGr(v;m; �) + ÆGkin(v;m; �)� CACF �2s (m�) ÆGkCACF(v;m; �) + C2F2 �2s (m�) ÆGkCF2(v;m; �)+ �2s (m�)Vk1(�) ÆGk1(v;m; �) + �2s (m�)Vk2(�) ÆGk2(v;m; �) i ;A2(v;m; �) = v2A1(v;m; �) ; A3(v;m; �) = 4N
m2t G1(a; v;m; �) : (22)
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tion at Threshold and E�e
tive Theories 4505The Greens fun
tion G
 
ontains the sum of 1=k2 potentials from Eqs. (7)and (6) and was 
omputed numeri
ally in Ref. [12, 18℄. (See also Ref. [26℄.)All other Greens fun
tions were obtained analyti
ally in dimensional regular-ization. The terms ÆGÆ;r arise from single insertions of the 1=m2t potentials inEq. (6) and ÆGkin from an insertion of the kineti
 energy p4=(8m3t ). [12℄ Theterms ÆGk;k1;k2 
ome from a single insertion of the 1=(mjkj)-type potentialsand their expressions were obtained in Refs. [19, 20℄. The P-wave Greensfun
tion G1 was also obtained in Ref. [12℄. The Greens fun
tions 
ontainUV-subdivergen
es whi
h are removed by the renormalization 
onstant ofthe 
urrent Op;1. They still 
ontain overall divergen
es whi
h, however, arenot 
ontained in their absorptive part for stable quarks.I have displayed the result in the pole mass s
heme. Sin
e the pole massis plagued by a renormalon ambiguity of order �QCD, whi
h 
auses an in-stability in the predi
tion of the 
ross se
tion, it is mandatory to swit
hto a �threshold mass� mass de�nition su
h as the kineti
, the PS of the 1Smass for phenomenologi
al examinations [11℄. I will use the 1S mass de�ni-tion [9,28℄ for the dis
ussions in the next se
tion. The Greens fun
tions alsodepend on the renormalization parameter �. For � of order jvj, the top quarkvelo
ity, the Greens fun
tion do not 
ontain any large logarithmi
 terms andall logarithms are summed into the Wilson 
oe�
ients of the potentials andthe 
urrents by the renormalization group equations dis
ussed in the previ-ous se
tion. Typi
ally, one 
hooses � ' 0:15 � 0:2, whi
h 
orresponds to amomentum s
ale mt� ' 25� 35GeV and an energy s
ale mt�2 ' 4� 7GeV.Before my work in Ref. [20℄ appeared, the order �3s ln�s 
orre
tions tothe heavy quarkonium partial width into a lepton pair in the �xed-orderexpansion were 
omputed using an asymptoti
 expansion of QCD diagrams
lose to threshold [29℄. (For a dis
ussion of the behavior of the perturbativeseries in the �xed-order expansion I refer to Ref. [29℄.) Although a summa-tion of logarithms is not 
ontained in that work, the result 
an be used asa non-trivial 
ross 
he
k for the summations 
ontained in the NNLL ve
torR-ratio Rv of Eq. (19). Expanding out the summations 
ontained in theWilson 
oe�
ients for energies on the bound state poles one 
an determinethe same order �3s ln�s terms that were determined in Ref. [29℄. After someerrors were 
orre
ted in Ref. [29℄ agreement was found.5. Dis
ussionLet me now turn to how the NNLL non-mixing 
ontributions a�e
tthe ve
tor-
urrent-indu
ed top threshold 
ross se
tion Rv numeri
ally. InFig. 3(b) I have displayed Q2tRv up to NNLL order. The 
urves show theLL (dotted blue lines), NLL (dashed green lines) and NNLL (solid red lines)
ross se
tion for � = 0:15; 0:2 and 0:3, where at NNLL order lower 
urves
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LL , NLL , NNLLFig. 3. Panel (a) shows the results for Q2tRv with M1S = 175GeV and �t =1:43GeV in �xed-order perturbation theory at LO (dotted lines), NLO (dashedlines) and NNLO (solid lines). Panel (b) shows the results for Q2tRv with thesame parameters in renormalization group improved perturbation theory at LL(dotted lines), NLL (dashed lines) and NNLL (solid lines) order. For ea
h order
urves are plotted for � = 0:15, 0:20, and 0:3. The e�e
ts of initial state radiation,beamstrahlung and the beam energy spread at a e+e� 
ollider are not in
luded.
orrespond to larger values of �. Figure 3(a) shows the 
orresponding resultsin �xed-order perturbation theory. Compared to earlier analyses where theNNLL non-mixing 
ontribution were not yet a

ounted for [12, 18, 19℄, theNNLL 
ross se
tion is shifted up by about +10%. On the other hand thes
ale variation of the NNLL result is about �3% for the variation of � I havemade here and moderate. Compared to the �xed-order results with the sames
ales the improvement is substantial, parti
ularly around the peak positionand for smaller energies, but not as dramati
 as 
on
luded from our earlieranalyses when the NNLL non-mixing 
ontributions were not yet in
luded.
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tion at Threshold and E�e
tive Theories 4507Although it appears premature to me to draw any de�nite 
on
lusions fromthis result for the determination of the top Yukawa 
oupling, the strong 
ou-pling or the top quark width, be
ause the mixing 
ontributions are still not
omputed, it appears prudent to say that the error estimate of �3% madein Refs. [12, 18, 19℄ 
annot be upheld at present and should be enlarged toÆ�t�t=�t�t ' �6% due to the relatively large shift between the NLL and theNNLL order results. As far as the determination of the top quark massfrom a threshold s
an is 
on
erned, the new NNLL order results are notexpe
ted to a�e
t the prospe
ts of a determination with Æmt � 100 MeVsin
e already for the �xed-order NNLO and the earlier NNLL order resultsthe 
on
lusions for the top mass determination from simulation studies werequite similar. [2, 27℄ 6. Con
lusionIn this talk I have dis
ussed the ingredients needed to 
arry out a renor-malization group improved QCD 
omputation of the total 
ross se
tion�(e+e� ! t�t) in the threshold regime. In renormalization group improvedperturbation theory QCD logarithms of the top quark velo
ity are summedup to all order in �s a

ording to the s
hemati
 expansion shown in Eq. (3).The summations 
an be obtained within an e�e
tive theory were all degreesof freedom that 
an �u
tuate 
lose to their mass-shell are represented as�elds and all o�-shell �u
tuations are integrated out. All logarithmi
 termsare asso
iated to UV-divergen
es in the e�e
tive theory and the summationof logarithms is a
hieved by solving the renormalization group equations ofthe 
ouplings and 
oe�
ients of the e�e
tive theory. At present all ingre-dients for a full NNLL order predi
tion of the total threshold 
ross se
tionare known ex
ept for the NNLL order result of 
1, the 
oe�
ient of thedominant 
urrent that produ
es the top pair in e+e� annihilation, whi
h isonly fully known at NLL order. I have presented new results for the NNLLnon-mixing 
ontributions of the anomalous dimension of the 
oe�
ient 
1.Numeri
ally, the NNLL non-mixing 
ontributions to 
1 are of the same sizeas the NLL 
ontributions and shift the total 
ross se
tion by about +10%.In
luding the new results the present theoreti
al un
ertainty for the normal-ization of the total 
ross se
tion is about �6%. The new result does nota�e
t the prospe
ts for a pre
ise determination of the top quark mass froma threshold s
an based on earlier work, but it does a�e
t the prospe
ts forthe determination of the top Yukawa 
oupling, the strong 
oupling and thetop quark width. However, it is premature to draw de�nite 
on
lusion aslong as the NNLL mixing 
ontributions have not yet been determined.I would like to thank A. Manohar, I. Stewart and T. Teubner for their
ollaboration on the results presented here.
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