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MAXIMAL CP NONCONSERVATION INTHE TWO-HIGGS-DOUBLET MODEL�Wafaa Khater and Per OslandDepartment of Physi
s, University of Bergen, Allegt. 55, 5007 Bergen, Norway(Re
eived May 7, 2003)We study the simplest Two-Higgs-Doublet Model that allows for CPnon
onservation, where it 
an be parametrized by only one parameter inthe Higgs potential. Di�erent 
on
epts of maximal CP-non
onservationin the gauge-Higgs and the quark-Higgs (Yukawa) se
tors are 
ompared.Maximal CP non
onservation in the gauge-Higgs se
tor does normally notlead to maximal CP non
onservation in the Yukawa se
tor, and vi
e versa.PACS numbers: 11.30.Er, 13.85.Fb, 14.80.Cp, 14.65.Ha1. Introdu
tionMendez and Pomarol introdu
ed the 
on
ept of maximal CP non
onser-vation [1℄ in the 
ontext of the gauge�Higgs se
tor of the Two-Higgs-DoubletModel (2HDM) [2℄. In the absen
e of CP non
onservation, only two of thethree neutral Higgs bosons 
ouple to the ele
troweak gauge bosons (the twoCP even ones, often denoted h and H). When CP is not 
onserved, allthree do. In fa
t, Mendez and Pomarol realized that the produ
t of all threegauge�Higgs 
ouplings, whi
h is bounded by unitarity, is a useful 
on
ept toparametrize the amount of CP non
onservation, and de�ned the quantity�V = 27[gV V H1 gV V H2 gV V H3 ℄2 (1.1)as a measure of CP non
onservation in the gauge�Higgs se
tor. If the 
ou-plings gV V Hi are normalized with respe
t to those of the Standard Model(SM), then �V , as de�ned above, satis�es0 � �V � 1 : (1.2)However, this measure of CP non
onservation is not appli
able to the fermion�Higgs se
tor.� Presented at the Cra
ow Epiphany Conferen
e on Heavy Flavors, Cra
ow, Poland,January 3�6, 2003. (4531)



4532 W. Khater, P. OslandIn the fermion�Higgs se
tor of a given version of the 2HDM, one should
onsider quantities other than �V as measures of CP non
onservation. As wewill see from our investigation, the parameters of the 2HDM that maximize�V are di�erent from those that maximize CP non
onservation in the Yukawase
tor. They are in general also di�erent for the up- and down-quark se
tors.The paper is organized as follows. In Se
t. 2 we review the 2HDMand in Se
t. 3 we study the 
onditions for maximum CP non
onservationin the gauge�Higgs se
tor. Se
tions 4 and 5 are devoted to the Yukawase
tor, at the parton and proton level, respe
tively, and Se
t. 6 
ontainssome 
on
luding remarks.2. The Two-Higgs-Doublet ModelWe shall here introdu
e some notation for the Two-Higgs-Doublet Mo-del [3℄. Let the Higgs potential be parametrized as [4℄V = �12 (�y1�1)2 + �22 (�y2�2)2 + �3(�y1�1)(�y2�2) + �4(�y1�2)(�y2�1)+12 h�5(�y1�2)2 + h:
:i�12 nm211(�y1�1) + hm212(�y1�2) + h:
:i+m222(�y2�2)o : (2.1)The parameters �5 and m212 are allowed to be 
omplex, subje
t to the 
on-straint Imm212 = Im�5 v1v2 ; (2.2)with v1 and v2 the va
uum expe
tation values (v21 + v22 = v2, with v =246GeV).The 
orresponding neutral-Higgs mass matrix squared is then given byM = v20BBB� �1
2� + �s2� (�345 � �)
�s� �12Im�5 s�(�345 � �)
�s� �2s2� + �
2� �12 Im�5 
��12 Im�5 s� �12 Im�5 
� �Re �5 + �1CCCA (2.3)with the abbreviations 
� = 
os �, s� = sin�, tan � = v2=v1, �345 = �3 +�4 +Re�5, � = Rem212=(2v2 sin� 
os �) and �2 = v2�.The (1; 3) and (2; 3) elements of this mass-squared matrix (2.3), whi
hare responsible for CP non
onservation, are related via the angle �. In thissense, CP non
onservation is des
ribed by one parameter, namely Im�5.
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onservation in the Two-Higgs-Doublet Model 4533In order to diagonalize this matrix (2.3), we introdu
e the rotation matrixR =R
RbR~�=0�1 0 00 
os�
 sin�
0 � sin�
 
os�
1A0� 
os�b 0 sin�b0 1 0� sin�b 0 
os�b1A0� 
os ~� sin ~� 0� sin ~� 
os ~� 00 0 11A=0� 
~� 
b s~� 
b sb�(
~� sb s
 + s~� 

) 
~� 

 � s~� sb s
 
b s
�
~� sb 

 + s~� s
 �(
~� s
 + s~� sb 

) 
b 

1A (2.4)with 
i = 
os�i, si = sin�i, and satisfyingRMRT = diag(M21 ;M22 ;M23 ) : (2.5)Here, M1 � M2 � M3. The angular ranges are taken as ��=2 < ~� � �=2,�� < �b � �, and ��=2 < �
 � �=2. As dis
ussed in [5℄, only some regionsof the parameter spa
e are physi
ally allowed.This limitation of the parameter spa
e is due to various 
onstraints,in
luding (i) M1 �M2 �M3, and (ii) the 
onstraints of perturbativity andunitarity. We shall represent the latter asj�ij < 4� �pert; with �pert = O(1) : (2.6)We show in Fig. 1 typi
al allowed regions in the �b��
 plane, for afew values of tan � and ~�. In this �gure, we only show regions of positive�
. Regions of negative �
 are given by the symmetries dis
ussed in [5℄.Furthermore, for given values of tan � and ~� (and given sign of �
 > 0),only one sign of �b is realized, requiring M2 � M3. The dashed lines at�b = ��=4 indi
ate where CP non
onservation is maximal in the Higgs�top-quark se
tor, in the limit of one light Higgs boson and two heavier ones,see Eq. (5.4).Di�erent 
hoi
es for the `soft parameters' (in parti
ular, di�erent valuesof �2) lead to somewhat di�erent allowed regions. Also, a larger value of�pert extends the region. However, there are absolute bounds, indi
ated bythe solid 
ontours outside the shaded regions in Fig. 1, that 
an not be
rossed for any 
hoi
e of the `soft parameters' [5℄. In order to 
over a rangeof di�erent 
hoi
es for �2, one may take a rather large value of �pert (inSe
t. 5 we shall 
onsider �pert = 5). For further dis
ussion of these issues,see [5, 6℄.In this notation, Eqs. (2.3)�(2.5), the gauge�Higgs 
ouplings are, relativeto the 
orresponding SM 
oupling, given byHiZZ : gV V Hi = 
os � Ri1 + sin� Ri2 ; (2.7)
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Fig. 1. Dark: physi
al regions [see Eq. (2.6)℄ in the �b��
 plane for various values oftan� and ~�. Soft parameters: M1 = 100 GeV, M2 = 500 GeV, MH� = 600 GeV,� = 300 GeV, �pert = 1. Light: Same with �pert = 5. Solid 
ontour: absoluteboundary.whereas for the Yukawa 
ouplings we 
onsider the so-
alled Model II [3℄where they are given byHjt�t : 1sin� [Rj2 � i
5 
os�Rj3℄ � ha(t)j + i
5~a(t)j i ; (2.8)Hjb�b : 1
os � [Rj1 � i
5 sin�Rj3℄ � ha(b)j + i
5~a(b)j i ; (2.9)with Rij an element of the rotation matrix (2.4).
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onservation in the Two-Higgs-Doublet Model 45353. CP non
onservation in the gauge-Higgs se
torIn the gauge�Higgs se
tor, the amount of CP non
onservation [
f. Eq. (1.1)℄is in the above notation given by�V = 27 3Yi=1[
os �Ri1 + sin�Ri2℄2: (3.1)This �V depends on tan� as well as on the three angles ~�, �b and �
 thatdetermine Rij . However, it only depends on � and ~� through their di�eren
e.In fa
t, using (2.4) and some trigonometri
 identities, we �nd�V = 27
2b 
os2(� � ~�)[sb s
 
os(� � ~�)� 

 sin(� � ~�)℄2�[sb 

 
os(� � ~�) + s
 sin(� � ~�)℄2: (3.2)It is also seen that �V is un
hanged under�b �xed; (�
 $ �=2 + �
) : �V $ �V ;(�b $ ��b); (�
 $ �=2� �
) : �V $ �V : (3.3)In order to provide some intuition for how the CP non
onservation de-pends on the parameters of the 2HDM, we show in Fig. 2 
ontours of 
onstant�V in the �b��
 plane, for various values of tan� and ~�. We note that thereis little CP non
onservation for `large' values of �b, be
ause of the fa
tor 
2bin (3.2). Also, there is CP non
onservation even for �b = 0 and for �
 = 0(but not when both vanish). 3.1. Simple limitsIt is instru
tive to 
onsider the simple limits of �b = 0 or �
 = 0.�b = 0For �b = 0, the rotation matrix simpli�es:R = 0� 
~� s~� 0�s~� 

 
~� 

 s
s~� s
 �
~� s
 

1A ; (3.4)and one �nds�V (�b = 0) = 274 sin2(2�
) sin4(� � ~�) 
os2(� � ~�): (3.5)The maximum is given by�V = 1 for ~� = � � ar
tanp2; �b = 0; �
 = ��=4: (3.6)
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Fig. 2. Contours of 
onstant �V [see Eq. (3.1)℄ in the �b��
 plane for various valuesof tan� and ~�. Soft parameters: M1 = 100 GeV,M2 = 500 GeV,MH� = 600 GeV,� = 300 GeV. Dark: �pert = 1, light: �pert = 5.�
 = 0For �
 = 0, one �nds�V (�
 = 0) = 274 sin2(2�b) 
os4(� � ~�) sin2(� � ~�): (3.7)This relation holds also for �
 = �=2. The maximum is given by�V = 1 for ~� = � � ar
tan(1=p2) ; �b = ��=4 ; �
 = 0 or �
 = �=2 :(3.8)



Maximal CP Non
onservation in the Two-Higgs-Doublet Model 45373.2. Maxima of �VSin
e maximizing over angles allows us to keep two Higgs masses �xed [5℄and sin
e by Eq. (3.2), the dependen
e of �V on � and ~� shows up in theform (� � ~�), �V 
an be maximized for �xed (� � ~�) by meeting the two
onditions: ��V��b = 0 and ��V��
 = 0 : (3.9)By substituting from Eq. (3.2), and solving (3.9) for �b and �
, we obtain a
ontinuum of maxima:�V = 1 for �b = � ar

osr1 + tan2(� � ~�)3 ;�
 = � ar
tan 1 + tan2(� � ~�)�p3[2 � tan2(� � ~�)℄ tan(� � ~�)2 tan2(� � ~�)� 1 ; (3.10)whi
h impose the 
onstraint j tan(� � ~�)j � p2 (3.11)on (�� ~�). We note that (3.6) and (3.8) are both spe
ial 
ases of this (3.10).We show in Fig. 3 how these angles �b and �
 vary with tan � (for �xed ~�)when we maximize �V . For a given value of ~�, these 
urves only 
over a �niterange in tan �. They are 
ut o� by (3.11), whi
h says that, in order to have�V = 1, � and ~� should not di�er by more than ar
tanp2 ' 54:7 Æ. Inaddition, they are 
ut o� by the 
ondition of having a physi
al solution as
∼

Fig. 3. Angles �b and �
 [
f. Eq. (3.10)℄ for whi
h the CP non
onservation �V inthe gauge-Higgs se
tor is maximal, for a range of tan� values, and for ~� = 0, �=6,�=4, and �=3.
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ussed in Se
t. 2, and delineated by the solid 
ontours in Fig. 1. Notethat there are also solutions having other signs for �b and �
, but that themodel is only physi
ally 
onsistent for 
ertain sign 
ombinations.4. CP non
onservation in the Yukawa se
torIn the Yukawa se
tor, one 
an de�ne measures of CP non
onservationanalogous to the one for the gauge-Higgs se
tor [
f. �V of Eq. (1.1)℄. Requir-ing thus that all three Higgs bosons should have CP-non
onserving 
ouplingsto up- and down-type quarks, it is natural to 
onsider the quantities1 [seeEqs. (2.8), (2.9) and (5.3)℄:�t = � 
os �sin2 ��6 3Yi=1[Ri2Ri3℄2 � � 
os �sin2 ��6 ~
t ;�b = � sin�
os2 ��6 3Yi=1[Ri1Ri3℄2 � � sin�
os2 ��6 ~
b : (4.1)Both of these di�er from the �V de�ned above in two respe
ts. First ofall, the dependen
e on � fa
torizes. Se
ondly, they individually diverge assin� ! 0 (for up-type quarks) or 
os � ! 0 (for down-type quarks).Substituting from (2.4), we obtain for this 
ase of Model II Yukawa
ouplings: ~
t = 
6b(s~� sb 

 s
)2[s~� sb 

 + 
~� s
℄2[s~� sb s
 � 
~� 

℄2 ;~
b = 
6b(
~� sb 

 s
)2[
~� sb s
 + s~� 

℄2[
~� sb 

 � s~� s
℄2 : (4.2)We note that both these quantities possess the same symmetries (3.3) as �V .Also, ~
b is obtained from ~
t by the substitutions(s~� $ 
~�); (s
 $ 

) : ~
t $ ~
b: (4.3)4.1. Maxima of 
tLet us now 
onsider the maxima of ~
t in (4.2). We �nd the maximumvalue ~
maxt = 1=1024 forCase I : ~� = 12�; �b = �14�; �
 = �14�; (4.4)1 One 
ould 
onsider the quantities �t = �
os �= sin2 ��2P3i=1[Ri2 Ri3℄2 and similarly�b as measures of CP non
onservation in the Yukawa se
tor. These measures � unlikethose in (4.1) � are 
onsistent with the fa
t that if H1 
onserves CP in its 
ouplingsto the up- and down-type quarks, i.e. �b = 0, then the Yukawa se
tor is still CPnon
onserving, sin
e the other two Higgs states, H2 and H3, have CP non
onserving
ouplings to the quarks. A

ordingly, �t 6= 0 and �b 6= 0 for �b = 0 whi
h is not the
ase for �t and �b.



Maximal CP Non
onservation in the Two-Higgs-Doublet Model 4539where the two signs are independent, and atCase II : ~� = � ar
tan 1p2 (~� = �0:196�); �b = �16�; with�
 = � ar
tan 1p2 (�
 = �0:196�) or �
 = � ar
tanp2 (�
 = �0:304�):(4.5)For Case II, the signs are subje
t to the 
onstraint ~��b�
 > 0 for the �rst�
 solution, and ~��b�
 < 0 for the se
ond �
 solution. The maxima of ~
bare obtained by the substitutions (4.3).Thus, it is natural to de�ne normalized quantities
t = 1024 3Yi=1[Ri2Ri3℄2;
b = 1024 3Yi=1[Ri1Ri3℄2; (4.6)satisfying 0 � 
t � 1; 0 � 
b � 1 ; (4.7)as measures of CP non
onservation in the up- and down-quark se
tors, re-spe
tively. Contours of 
onstant 
t are shown in the �b��
-plane in Fig. 4.Let us now keep ~� �xed. Then, the maxima of 
t are atCase I : �b = "b 14�; �
 = "
 ar
tanhp2�qtan�2 ~�+ 12 + "b "
 tan�1 ~��i;Case II : �b= "b 16�; �
 = "
 ar
tanh12�ptan2 ~�+ 4� "b "
 tan ~��i; (4.8)where "b and "
 are independent sign fa
tors: "b = �1, "
 = �1. For Case I,the 
orresponding maximum is (same for all sign 
hoi
es)
t = sin6 ~�; (4.9)in agreement with Eq. (4.4), whereas for Case II, the 
orresponding maxi-mum is (same for all sign 
hoi
es)
t = 274 tan2 ~�(1 + tan2 ~�)3 ; (4.10)whi
h be
omes 1 for tan ~� = �1=p2, in agreement with Eq. (4.5).
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Fig. 4. Contours of 
onstant 
t [see Eq. (4.6)℄ in the �b��
 plane for various valuesof tan� and ~�. Soft parameters: M1 = 100 GeV,M2 = 500 GeV,MH� = 600 GeV,� = 300 GeV. Dark: �pert = 1, light: �pert = 5.4.2. Maxima of �YWhile �t and �b individually diverge as � ! 0 and � ! �=2, respe
tively,the produ
t over 
ouplings to up-type and down-type quarks is less divergent.We de�ne, analogous to (1.1) and (4.1)�Y � �t �b � 1(
os � sin�)6 
Y; (4.11)with 
Y = 
0 ~
t ~
b = 
0 3Yi=1 �Ri1Ri2R2i3�2 : (4.12)
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onservation in the Two-Higgs-Doublet Model 4541satisfying 0 � 
Y � 1: (4.13)Substituting from (4.2), we obtain
Y = 
0 
12b (

 s
 sb)4(
~� s~�)2[s~� 

 sb + 
~� s
℄2[
~� 

 sb � s~� s
℄2�[
~� sb s
 + s~� 

℄2[s~� sb s
 � 
~� 

℄2 : (4.14)
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Fig. 5. Contours of 
onstant 
Y in the �b��
 plane for various values of tan� and ~�.Soft parameters: M1 = 100 GeV, M2 = 500 GeV, MH� = 600 GeV, � = 300 GeV.Dark: �pert = 1, light: �pert = 5.



4542 W. Khater, P. OslandThis has a maximum for (see Appendix A)~� = �14�; �b = � ar
sinq16 = �0:13386� (24:1 Æ); �
 = �14�;(4.15)with 
0 = 226 312510 = �8� 1024 � 2723125 �2 = 3:652 � 106: (4.16)Fig. 5 exhibits 
ontours of 
onstant 
Y for some values of ~� other thanthat of the maximum, ~� = 14�, in relation to the physi
ally allowed (dark,shaded) regions in the �b��
 plane. Note that 
Y vanishes when ~� = 0 or~� = ��=2, as well as on the edges of the quadrants: �b = 0 or ��=2, �
 = 0or ��=2. Also, we note that there are se
ondary, lo
al, maxima.Although 
Y is, by de�nition, independent of �, Fig. 5 shows 
ontoursof 
onstant 
Y for di�erent values of tan �. The `shape' and lo
ation ofthe physi
ally allowed regions in the �b��
 plane are di�erent for di�erentvalues of tan�. A

ordingly, the position of the maxima2 of 
Y, w.r.t. thephysi
ally allowed regions in the �b��
 plane is di�erent for di�erent valuesof tan�. For example, 
onsider ~� = �=6. We see from Fig. 5 that fortan � = 0:5, 
maxY is lo
ated outside the physi
ally allowed region while fortan � = 1:0, this is not the 
ase. Moreover, for tan� = 2:0, the physi
allyallowed region shifts the lo
ation to the `other' quadrant. To sum up, for~� = �=6, the lo
ation of 
maxY o

urs at(�b; �
)jtan �=0:5 = (�b; �
)jtan �=1:0 = (��b; �=2 � �
)jtan �=2:0 .5. CP non
onservation in pp! t�tThe above studies refer to the tree-level 
ouplings of Higgs parti
les tove
tor parti
les and fermions. These are di�
ult to study dire
tly, sin
e theHiggs parti
les as well as the ve
tor parti
les and the relevant fermions areunstable. The impli
ation is that it is easier to a

ess these 
ouplings viavarious loop e�e
ts. We shall here 
onsider one su
h example, namely theprodu
tion amplitudes for the t�t through gluon fusion, where CP non
on-servation is indu
ed by non-standard neutral Higgs ex
hange.CP non
onservation in the produ
tion of t�t pairs at future hadroni
 
ol-liders has been studied in 
onsiderable detail [7℄. For a detailed appli
ationto the 2HDM, see also [5℄.One pro
ess of parti
ular interest ispp! t�tX ; (5.1)2 This is not a `maximum' in the same sense as above, sin
e ~� is held �xed.



Maximal CP Non
onservation in the Two-Higgs-Doublet Model 4543where the t and �t de
ay semileptoni
ally, and the lepton energy di�eren
e ismeasured [5, 7℄: A1 = E+ �E� : (5.2)(For a dis
ussion of other observables, see [7, 8℄.) The expe
tation value ofthis observable will in general be non-zero if there between the quarks in the�nal state is ex
hange of Higgs bosons that are not eigenstates under CP.The quantity [see Eq. (2.8)℄
CP;j = �a(t)j ~a(t)j = 
os �sin2 � Rj2Rj3 (5.3)then plays a 
ru
ial role, together with non-trivial fun
tions of the kinemati
s(given by the loop integrals).If the neutral-Higgs spe
trum has a large gap between the lightest Higgsboson and the next one, then the lightest one will give the dominant 
ontri-bution to A1, and the amount of CP non
onservation is roughly proportionalto 
CP;1 = 12 sin ~� sin(2�b)tan � sin� ; (5.4)whi
h is maximized for small tan� and for (~�; �b) = �(�=2; �=4), 
orre-sponding to the dashed lines in Figs. 1, 2, 4 and 5. It is immediately obviousthat this is not 
ompatible with the 
ondition of maximal CP non
onserva-tion in the gauge-Higgs se
tor [1℄, �V = 1.There will in general also be non-negligible 
ontributions from the otherHiggs bosons. Be
ause of the orthogonality of the rotation matrix R, not all
CP;j 
an have the same sign, so there will be 
an
ellations.Let us de�ne the `signal-to-noise ratio', or sensitivity [7℄SN = hA1iphA21i � hA1i2 ; (5.5)whi
h provides a measure of how mu
h data would be required to see ane�e
t.It is interesting to maximize the amount of CP non
onservation thatresults for the observable A1, over the relevant parameters of the model. InFig. 6 we show the result of su
h a maximization of the sensitivity (5.5).The quantity A1 and its spread A21 are 
omputed as given in [5, 7℄, usingthe `LoopTools' pa
kage [9, 10℄, and 
onvoluted with the CTEQ6 partondistribution fun
tions [11℄ for the LHC energy of 14 TeV. The resultingquantity is then maximized using the `MINUIT' pa
kage [12℄.
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Fig. 6. Left panel: Maximal sensitivity [see (5.5)℄ for the observable (5.2), for �xedM1, M2 and two values of tan�. Right panel: Corresponding values of the angles~�, �b and �
. Soft parameters: M2 = 500 GeV, MH� = 600 GeV, �pert = 5.The a
tual maximization is rather CPU-intensive: In order to evalu-ate A1 and S=N , three-dimensional integrals (a 
onvolution integral overthe parton distribution fun
tions, an integral over the polar angle of thetop quark with respe
t to the beam, an integral over ŝ, the invariant masssquared of the t�t pair) involving non-trivial loop fun
tions are required.These are then maximized in the three angles parameterizing the 2HDMmass matrix: ~�, �b and �
 (keeping the two lowest Higgs masses �xed).In this maximization, we have kept M2 = 500 GeV �xed, and 
onsideredtwo values of tan � (0.5 and 1.0), and a range of values of M1. The resultingangles ~� and �b are rather independent of M1 as well as the 
hoi
e of tan�,whereas �
 has some dependen
e on tan�, as shown in the right panel ofFig. 6.For a given value of M1, the resulting maximum is 
lose to that foundin [5℄, maximizing only with respe
t to the H1 
ontribution. We note that,
onsidered as a fun
tion ofM1, there is a peak asso
iated with the t�t thresh-old. This is due to the 
ontribution of the t�t triangle diagram [5, 7℄.As dis
ussed in [5℄, the heavier Higgs states have a tenden
y to redu
ethe CP-violating e�e
t of the lightest one, unless they are su�
iently heavyto de
ouple. Thus, for a �xed value of the lightest Higgs mass, M1, the over-all CP-non
onservation should in
rease as the se
ond Higgs boson be
omesheavier. This e�e
t is illustrated in Fig. 7 for the 
ase of M1 = 100 GeV andtwo values of tan � (0.5 and 1.0). Apart from some wiggles due to numeri
alnoise, it is seen that there is a rather smooth in
rease of the sensitivity asthe mass gap M2 �M1 in
reases.
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Fig. 7. Maximum sensitivity S=N [see (5.5)℄ vs. M2, for �xed M1 = 100 GeV. Softparameters: MH� = 700 GeV, �pert = 5.Let us now 
omment on the maximum CP non
onservation in the Yukawase
tor, as given by the sensitivity in the quantity A1, 
ompared with thatof the gauge-Higgs se
tor, �V . We already stated that these 
on
epts aredi�erent. This statement 
an be made quantitative by 
onsidering the valueof �V that 
orresponds to the rotation angles ~�, �b and �
 for whi
h thesensitivity in A1 is maximal. We �nd that �V ' 0:6 and 0.3, for tan� = 0:5and 1.0, respe
tively. 6. Con
luding remarksWe have here studied the simplest version of the 2HDM that allowsfor CP non
onservation, where this CP non
onservation is given by oneparameter, namely Im�5 in the potential (2.1). The 
on
ept of maximalCP non
onservation has been extended from the gauge�Higgs se
tor to theYukawa se
tor. In general, the maxima of CP non
onservation will in thesetwo se
tors not 
oin
ide. There 
ould even be maximal CP non
onservationin one se
tor, and little or none in the other.One 
ould 
onsider two more, independent parameters in the Higgs po-tential that generate CP non
onservation, namely Im�6 and Im�7 (see,e.g., [6℄). These terms in the potential are often 
onsidered less attra
-tive, sin
e they violate the Z2 symmetry of the potential by terms whi
hare quarti
 in the Higgs �elds and thus make it more di�
ult to 
ontrol�avour-
hanging neutral 
urrents [13, 14℄.However, if present, su
h terms would lead to a less 
onstrained the-ory. While the Yukawa 
ouplings (for Model II) are still given by the sameelements of the rotation matrix R (and hen
e by the same expression in



4546 W. Khater, P. Oslandterms of tan � and the rotation angles ~�, �b and �
), the massesM2 and M3would be less 
onstrained. By making these masses larger, the 
ontributionof the lightest one, H1, would be a better approximation to the over-all CPnon
onservation.It is a pleasure to thank the organizers of the Epiphany 2003 Conferen
efor 
reating a most stimulating atmosphere, and for ex
ellent hospitality.Appendix AMaximizing 
YThis appendix deals with the maximization of 
Y, Eq. (4.12). We shall �rstrewrite ~
b~
t in terms of double angles. Letx � (s~� sb 

 + 
~� s
)(
~� sb 

 � s~� s
) ;y � (
~� sb s
 + s~� 

)(s~� sb s
 � 
~� 

) ; (A.1)then ~
b~
t = z2 (A.2)with z = 
6b 
~� s~� s2b(

s
)2 xy : (A.3)Maximizing ~
b~
t amounts to maximizing the absolute value of z.We �rst note thatx = 14s2~�[(1 + s2b)
2
 � 
2b ℄ + 12
2~� sb s2
 ; (A.4)where 
2~� = 
os(2~�), 
2
 = 
os(2�
), et
. Furthermore, y 
an be obtainedfrom x by the substitutions 
~� $ s~� and 

 $ s
, implying 
2~� $ �
2~�,
2
 $ �
2
, with s2~� and s2
 un
hanged. Thus,xy = f�14s2~� 
2b + [12
2~� sb s2
 + 14s2~�(1 + s2b)
2
℄g�f�14s2~� 
2b � [12
2~� sb s2
 + 14s2~�(1 + s2b)
2
℄g= 116 [s22~� 
4b � 4
22~� s2b s22
 � s22~�(1 + s2b)2
22
 � 4
2~� s2~�(1 + s2b) sb 
2
 s2
℄ :(A.5)The maximum is given by the three 
onditions:�z� ~� = 0 ; �z��b = 0 ; �z��
 = 0 ; (A.6)
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2~� (1� 
22~�)(1� 
22
)(1 + s4b) + 4s2~� 
2
 s2
 sb(1� 3
22~�)(1 + s2b)+ 2
2~� s2b [1� 7
22
 � 3
22~�(1� 3
22
)℄ = 0 ; (A.7)(1� 
22~�)(1 � 
22
)(1� 6s6b) + 
2~� s2~� 
2
 s2
 sb(22s4b + 8s2b � 6)� 8s2b(1� 
22~�
22
) + s4b [13� 27
22~�
22
 + 7(
22~� + 
22
)℄ = 0; (A.8)
2
 (1� 
22~�)(1� 
22
)(1 + s4b) + 
2~� s2~� s2
 sb(1� 4
22
)(1 + s2b)� 2
2
 s2b [2
22~� + 
22
(1� 3
22~�)℄ = 0 : (A.9)While these three equations are highly non-linear, the solution of interestis a
tually obtained quite simply by setting
2~� = 0; 
2
 = 0 ; (A.10)whereby Eqs. (A.7) and (A.9) be
ome trivially satis�ed, whereas Eq. (A.8)takes the simple form 6s6b � 13s4b + 8s2b � 1 = 0 ; (A.11)the interesting solution of whi
h is s2b = 1=6.Summarizing, the maxima are obtained for~� = �14�; �b = � ar
sinq16 = �0:13386� (24:1 Æ) ; �
 = �14�;(A.12)at whi
h point z = � 31258� 1024 � 272 (A.13)determines the 
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