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ON THE INVARIANCE OF SCALED FACTORIALMOMENTS WHEN ORIGINAL DISTRIBUTIONIS FOLDED WITH THE BINOMIALMarek Kirej
zyk†Institute of Experimental Physi
s, Warsaw UniversityHo»a 74, 00-714 Warszawa, Polandemail: Marek.Kirej
zyk�fuw.edu.pl(Re
eived June 18, 2004)It is shown, that the S
aled Fa
torial Moments of any rank do not
hange if the original distribution is folded with a binomial one.PACS numbers: 25.75.DwS
aled Fa
torial Moments (SFMs) have been used for some time in theanalysis of event-by-event 
orrelations and �u
tuations, as they allow for a�dire
t� a

ess to the �dynami
al� �u
tuations of the multipli
ity [1℄. Theywere used (among others) for the intermitten
y analysis [1℄, and re
entlythey were also suggested as a tool for testing the assumption of 
hemi
alequilibration in the nu
lear 
ollision [2℄. For a sele
ted 
lass of parti
lesprodu
ed with low multipli
ity � ones that 
arry produ
ed and 
onservedin the rea
tion 
harge-like quantity � the SFM would be 
lose to 1/2 if
hemi
al equilibrium is rea
hed.One example of parti
les, that are good 
andidates for su
h an analysis,are kaons when observed at SIS energies (beam kineti
 energy up to 2AGeV).They 
arry positive strangeness, and as the beam energies are 
lose to theprodu
tion threshold, their multipli
ities are small.In this 
ase the kaons are produ
ed either as K+ or K0. However onlyone (usually 
harged) type is registered in the dete
tor with reasonable (butstill smaller then one) probability. This led to the question � how mu
hthe SFMs of the measured distributions di�er from the �original� SFMs?
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2426 M. Kirej
zykFa
torial Moment of rank j is de�ned as follows:
Fj = 〈I(I − 1) . . . (I − j + 1)〉 =

∞
∑

I

I(I − 1) . . . (I − j + 1)PI , (1)where I is a number of parti
les, and PI is the probability of produ
ing Iparti
les in an event. PI has a normalized distribution.S
aled Fa
torial Moment of rank j is then de�ned as
SFj =

Fj

〈I〉j
. (2)Capital symbols, like I and PI denote the �original� distribution of pro-du
ed kaons. Now let us assume that for ea
h produ
ed kaon the probabil-ity of registering it is equal to q. The resulting, �measured� distribution willthen be a fold of the �original� distribution with the binomial. Denoting withsmall symbols i the number of registered kaons per event and pi probabilityof an event with i registered kaons one obtains:

pi =

∞
∑

I=i

(

I

i

)

qi(1 − q)I−iPI . (3)The distribution of pi is normalized. The following proof illustrates thete
hnique of reordering sums, whi
h is used in the later part of the paper.One needs to note, that for any individual 
ase i ≤ I, so ea
h I 
ontributesonly to terms with i ≤ I.
∞

∑

i
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∞
∑

i

∞
∑

I=i

(

I

i
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qi(1 − q)I−iPI =
∞

∑

I=0

I
∑

i=0

(

I

i

)

qi(1 − q)I−iPI

=
∞
∑

I=0

PI

I
∑

i=0

(

I

i

)

qi(1 − q)I−i =
∞
∑

I=0

PI = 1 . (4)The normalization of PI and normalization of the binomial distribution wereused in Eq. (4).Fa
torial Moment of the measured distribution (fj) is equal to:
fj =

∞
∑

i

i(i − 1) . . . (i − j + 1)pi

=

∞
∑

i

i(i − 1) . . . (i − j + 1)

∞
∑

I=i

(

I

i

)

qi(1 − q)I−iPI . (5)
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aled Fa
torial Moments when . . . 2427To 
al
ulate fj expli
itly, the same reordering of the summation as inEq. (4) is used. One notes, that terms with i < j are equal to zero and donot 
ontribute to the sum, so in reality the summation starts not with i = 0,but with i = j. At a point k is substituted for i − j and K for I − j. Note,that (I − i) = (K − k).
fj =

∞
∑

i=0

i(i − 1) . . . (i − j + 1)

∞
∑

I=i

(

I

i

)

qi(1 − q)I−iPI

=

∞
∑

I=0

PI

I
∑

i=j

i(i − 1) . . . (i − j + 1)

×
I(I − 1) . . . (I − j + 1)(I − j)!

i(i − 1) . . . (i − j + 1)(i − j)!(I − i)!
qjqi−j(1 − q)I−i

=
∞
∑

I=0

PII(I − 1) . . . (I − j + 1)qj

K
∑

k=0

K!

k!(K − k)!
qk(1 − q)K−k

= qj

∞
∑

I=0

PII(I − 1) . . . (I − j + 1) = qjFj . (6)In order to 
al
ulate the s
aling denominator one needs to 
al
ulate 〈i〉.As 〈i〉 is equal to f1 (and 〈I〉 = F1) , one 
an use formula (6)
〈i〉 = f1 = q1F1 = q〈I〉 . (7)Finally the measured S
aled Fa
torial Moment, sfj appears equal to theoriginal one.

sfj =
fj

〈i〉j
=

qjFj

(q〈I〉)j
=

qjFj

qj〈I〉j
=

Fj

〈I〉j
= SFj . (8)REFERENCES[1℄ A. Biaªas, R. Peshanski, Nu
l. Phys. B273, 703 (1986); Nu
l. Phys. B308, 857(1988).[2℄ S. Jeon, V. Ko
h, K. Redli
h, X.-N. Wang, Nu
l. Phys. A697, 546 (2002).


