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DENSITY MATRIX CONSTRAINTSON SPIN OBSERVABLES IN pp → ΛΛMokhtar ElhikhDépartement de Physique, Université des Sienes et de la Tehnologie d'OranBP 1505 El M'naouer, Oran, Algeria(Reeived August 9, 2004)We write down the spin density matrix of the reation pp → ΛΛ in theusual matrix form, its elements are simply given as ombinations of the spinobservables, whih have been measured at CERN with a polarized protontarget. Then, we show that the standard properties of any density matrixapplied to the matrix obtained allow to arry out a number of interesting,model independent and non-trivial inequalities on spin observables.PACS numbers: 24.70.+s, 13.75.Cs, 13.75.Ev, 02.10.Yn1. IntrodutionThe strangeness exhange reation pp → ΛΛ at low energies has beenstudied by the PS185 Collaboration at CERN and the experimental dataon spin observables with a transverse polarized proton target have beenpublished reently [1, 2℄. These provide more important information on themehanism of the strangeness prodution. As it was realled in Refs. [3�5℄,the spin observables measured are not ompletely independent and mustsatisfy a number of inequalities. A great number of these inequalities havebeen arried out by Elhikh and Rihard [4℄ in an empirial approah, inwhih real and imaginary parts of the amplitudes were taken in a randomlyway; thus the spin observables were generated in a randomly way too by theuse of their expliit expression in terms of the amplitudes. Therefore, pairsor triplets of spin observables ful�lling ertain inequalities are hosen to beheked by expliit algebrai alulus, for details see the Ref. [4℄. But if onestarts from the spin density matrix of the reation, one an get diretly agreat number of the same inequalities just as a onsequene of the propertiesapplied to the spin density matrix elements as it was suggested in Ref. [5℄.In this paper, we will brie�y reall the interesting properties of any densitymatrix, the formalism of 1/2 spin-partiles sattering density matrix and(2439)



2440 M. Elhikh�nally write down expliitly the spin density matrix of the �nal state ina simple manner in terms of the spin observables. Then, we an extratinequalities involving pairs or triplets of the spin observables by the use ofpartiular relations of the density matrix properties.2. Density matrix propertiesAny density matrix will be referred to by the symbol ρ. It is well knownfrom the quantum mehanis that any diagonal element of density matrix ispositive i.e. ρii ≥ 0, the other more interesting relation whih will be usefulfor us is: ρiiρjj ≥| ρij |
2. We restrit ourselves to these two types of relationswhih are speial ases of the more general positivity onditions as it wasdisussed in Ref. [6℄.2.1. The density matrix of the initial spin state ppThe density matrix for a polarized set of 1/2 spin-partiles along a po-larization vetor −→P is given by

ρp = 1

2

(
I +

−→
P · −→σ

)
, (1a)where −→σ being the vetor formed by the Pauli matries: σ1, σ2 and σ3. Thevetor polarization −→

P is a transverse to the antiproton beam diretion unit-vetor ẑ, it belongs to the plan whih ontains the orthogonal unit-vetors
n̂ and x̂. Then, it an be written as:

−→
P = sin φ x̂ + cos φ n̂ , (1b)where we used the fat that the set of proton targets is ompletely polarizedso |

−→
P | = 1. The antiproton beam p is not polarized then its spin matrix issimply:

ρp = 1

2
I . (2)The spin density matrix for pp initial state, de�ned as ρp ⊗ ρp, is then givenby

ρpp = 1

2
I ⊗ 1

2
(I +

−→
P · −→σ ) (3a)

= 1

4
[I ⊗ I + sin φ (I ⊗ x̂ · −→σ ) + cos φ (I ⊗ n̂ · −→σ )]. (3b)The spins, i.e. the Pauli matries, are projeted in the frame of eah partilewith the presription that the x̂ and ẑ axis of the proton are opposed tothe antiproton's whih have been hosen in the positive diretion, the n̂ axis



Density Matrix Constraints on Spin Observables in pp → ΛΛ 2441being the same in eah frame. It follows that we have these abbreviationsfor p (and also for Λ) spin projetions:
σx ≡ x̂p · −→σ = −x̂ · −→σ = −σ1 , (4a)
σn ≡ n̂p · −→σ = +n̂ · −→σ = +σ2 , (4b)
σz ≡ ẑp · −→σ = −ẑ · −→σ = −σ3 . (4)The spin density matrix for the initial pp state given by Eq. (3b) isrewritten in a usual matrix form:

ρpp =
1

4





1 −ie−iφ 0 0
ieiφ 1 0 0
0 0 1 −ie−iφ

0 0 ieiφ 1



 (5a)whih an be given in a ondensed manner as:
ρpp =

1

4

∑

i=0,x,n

Pi(I ⊗ σi) , (5b)where P0 ≡ 1, σ0 ≡ I (the identity matrix). We reall that the σi in Eq. (5b)are the proton's spin projetions.2.2. The density matrix of the �nal spin state ΛΛLet M be the transition matrix (amplitude) of the reation pp → ΛΛwhih an be given in an independent model parametrization, see for instaneRef. [4℄. Then, the density matrix of the �nal state ΛΛ is:
ρ
ΛΛ

= MρppM
† =

1

4

∑

i=0,x,n

Pi M (I ⊗ σi) M † (6a)whih an also be deomposed in terms of the rossed projeted Pauli ma-tries of Λ (the �rst one) and Λ (the seond one) respetively as:
ρ
ΛΛ

=
1

4
I0

∑

j,k=0,x,n,z




∑

i=0,x,n

Pi Oijk (σj ⊗ σk)



 (6b)with these de�nitions:
• I0 ≡ (1/4)Tr(MM †) whih is nothing but the di�erential ross setionand also orrespond to an unpolarized initial state.



2442 M. Elhikh
• Oijk ≡ Tr[M (I ⊗ σi) M † (σj ⊗ σk]/Tr(MM †) whih are the spinobservables.And we get an expression of the �nal density matrix as for the initial onegiven by Eq. (3b) (without the global fator I0/4):

ρ
ΛΛ

=
∑

j,k

O0jk (σj⊗σk)+sinφ
∑

j,k

Oxjk (σj⊗σk)+cos φ
∑

j,k

Onjk (σj⊗σk).(6)2.3. The symmetriesThe strong interation is the dominating mehanism underlying the re-ation pp → ΛΛ. It onserves many disrete symmetries as parity andharge onjugation, see Appendix A. There is the other geometri sym-metry by whih a rotation of the sattering plane around the n̂ axis letsthe matrix transition be invariant, it follows the so-alled Bohr-identity
M = σn ⊗ σn M σn ⊗ σn. We bene�t from these symmetries reduing thegreat number of the Oijk observables to a simple set of 21 observables byimposing many to be identially null or simply related to another observable.Here, we use these familiar notations: P (polarization), A (asymmetry), Cjk(orrelation), Djk (spin depolarization) and Kjk (spin transfer) instead ofthe Oijk for one or two indies observables, we onserve the symbol Oijkwhen the three indies subsist, see Appendix A for more details. Then, the
Oijk spin observables are �lled in three symboli matries:

• C0 whih ontains �ve O0jk observables orresponding to an unpolar-ized proton target (0 for the �rst index).
• Cx whih ontains eight Oxjk observables orresponding to a polarizedproton target in the x̂ diretion (x for the �rst index).
• Cn whih ontains eight Onjk observables orresponding to a polarizedproton target in the n̂ diretion (n for the �rst index).The above three matries are written in the usual matrix form:
C0 ≡

∑

j,k

O0jk (σj ⊗ σk)

=





1 − Czz −Cxz − iPn −Cxz − iPn −Cnn − Cxx

−Cxz + iPn 1 + Czz Cnn − Cxx Cxz − iPn

−Cxz + iPn Cnn − Cxx 1 + Czz Cxz − iPn

−Cnn − Cxx Cxz + iPn Cxz + iPn 1 − Czz



 , (7a)
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Cx ≡

∑

j,k

Oxjk(σj ⊗ σk)

=





−Dxz + Kxz −iOxzn − Dxx Kxx + iOxnz i(Oxnx − Oxxn)
−Dxx + iOxzn Dxz + Kxz i(Oxnx + Oxxn) Kxx − iOxnz

Kxx − iOxnz −i(Oxnx + Oxxn) −Dxz − Kxz −Dxx + iOxzn

i(Oxxn − Oxnx) Kxx + iOxnz −Dxx − iOxzn Dxz − Kxz



,(7b)
Cn ≡

∑

j,k

Onjk (σj ⊗ σk)

=





An + Onxx −Onzx − iDnn −Onxz − iKnn −An − Onxx

−Onzx + iDnn An − Onxx An − Onxx Onxz − iKnn

−Onxz + iKnn An − Onxx An − Onxx Onzx − iDnn

−An − Onxx Onxz + iKnn Onzx + iDnn An + Onxx



.(7)Then, we may write down expliitly the �nal density matrix given by Eq. (6)also in the usual matrix form, whih depends obviously on the φ angle as:
ρ
ΛΛ

(φ) = 1

4
I0(C0 + cos φCn + sin φ Cx) . (8)In partiular, we get the matrix form for the unpolarized density:

ρ
ΛΛ

(unpol) ≡ 1

2π

2π∫

0

ρ
ΛΛ

(φ)dφ =
1

4
I0

∑

j,k

O0jk σj ⊗ σk =
1

4
I0C0and for di�erent values of φ as 0, π and ±π/2 just by setting the orrespond-ing value of φ in Eq. (8). We rewrite the expliit matrix forms (without theglobal fator I0/4) as for ρ

ΛΛ
(unpol):
ρ
ΛΛ

(unpol) = C0 . (9)Then, we apply the properties of the general density matrix, whih havebeen realled at the top of this setion, to the above speial �nal densitymatries, whih hold for any value of φ.2.4. Dedution of the inequalitiesFrom the density matrix ρ
ΛΛ

(unpol) given by the matrix form of Eq. (9),the relation ρ11ρ22 ≥ |ρ2
12
| gives:

(1 − Czz)(1 + Czz) ≥ |−Cxz − iPn|
2 =⇒ C2

xz + P 2

n + C2

zz ≤ 1 (10a)



2444 M. Elhikhwhih leads to these three inequalities:
C2

xz + P 2

n ≤ 1, C2

zz + P 2

n ≤ 1 and C2

xz + C2

zz ≤ 1 . (10b)Another inequality dedued is
(1 + Czz)

2 ≥ (Pn + Cxz)
2 . (10)The inequalities given by Eqs. (10) are very general and do not depend onthe amplitude parametrization of the reation pp → ΛΛ so, Eqs. (10) holdfor the exhange reation pp → nn as an example. Then, we do the samewith the matrix forms of ρ

ΛΛ
(0) and ρ

ΛΛ
(π) whih mix the elements of thetwo symboli matries C0 and Cn, and we get these two inequalities:

(1 + An)2 − (Onxx − Czz)
2 ≥ (Onzx + Cxz)

2 + (Dnn + Pn)2, (11a)
(1 − An)2 − (Onxx + Czz)

2 ≥ (Onzx − Cxz)
2 + (Dnn − Pn)2 (11b)and then dedue:

O2

nxx + O2

nzx + C2

xz + P 2

n + D2

nn + C2

zz ≤ 1 + A2

n (11)so, the sum of partiular pairs of the left-hand member of Eq. (11), i.e.the set of {O2
nxx, O2

nzx, C2
xz, P

2
n ,D2

nn, C2
zz}, may ful�l an inequality suh asEq. (10b). For instane, Eq. (11) leads to this new inequality:

D2

nn + C2

zz + O2

nzx ≤ 1 − (P 2

n + O2

nxx + C2

xz − A2

n) . (11d)To prove that the right-hand member of the last inequality is less than one,we deal diretly with the expliit expression of the spin observables in termsof the omplex amplitude parameters1 {a, b, c, d, e, g} to get O2
nxx + C2

xz +

P 2
n−A2

n = |de + iag|2 whih is obviously positive or null, then we write downthis new inequality D2
nn + C2

zz + O2
nzx ≤ 1 whih leads to: D2

nn + O2
nzx ≤ 1and C2

zz + O2
nzx ≤ 1 and to suh well-known inequality [3, 4℄:

D2

nn + C2

zz ≤ 1 . (11e)Furthermore, we an see from the matrix form of ρ(0) and ρ(π) that if wetake ρ11ρ33 ≥ |ρ2

13
| we get the inequalities of the type of Eqs. (11) but with

Knn instead of Dnn.
1 The full expression of the spin observables in terms of the amplitude parameters aregiven, for instane, in Ref. [4℄



Density Matrix Constraints on Spin Observables in pp → ΛΛ 24452.5. DisussionThe inequalities among pairs or triplets of spin observables dedued herefrom speial positivity onditions on the spin density matrix onstrain andredue their allowed value-domain. The spin observables, whih are notdiretly related to eah other by the usual symmetries (C,P) are however notompletely independent beause the �nal density matrix whih ontains allthe spin quantum-information gives via its positivity onditions a number ofnon-trivial and model independent inequalities among the above observables.For instane, the inequality D2
nn + C2

zz + O2
nzx ≤ 1 means that the threeobservables Czz, Dnn and Onzx are restrited to be found in the inner partof a unit sphere whih is smaller than the ube [−1, 1]3 , sine eah observableis restrited to be between −1 and 1. The spin observables are related tothe mean-values of the spin projetions of the sattered partiles (Λ and Λ),whih are orrelated in a non simple manner.The inequalities dedued provide onsisteny heks on the experimentaldata. Let us reall that that was the motivation for the paper by Elhikhand Rihard (Ref. [4℄). In fat, the earlier data showed some inonsistenylike the negative proportion measured of spin-singlet fration (see Ref. [7℄).But, the reently published data (Ref. [1℄) are better. It is hoped that, inthe future, the density matrix onstraints would be inluded in the MonteCarlo simulation for a wide lass of reations as well as for phenomenologialmodels. 3. ConlusionWe have written down the spin density matrix of the reation pp → ΛΛin a usual matrix form, as a ombination of the spin observables. Then, wehave shown that the general properties of any density matrix applied to thematrix form found allow to extrat inequalities among two or three quadratiobservables. To get simple inequalities involving two or three observablesfrom the ombination of several observables, as obtained in Eq. (11), we mayuse the �empirial� approah to hek whih pairs or triplets of observablesare ful�lling simple inequalities, then we an return to the global inequalitiesdedued (from the positivity onditions) to prove the �true� pairs or triplets,so, the two approahes an be viewed as omplementary even the densitymatrix formalism is powerful and uses standard quantum assumptions.The author is grateful to J.-M. Rihard for his ollaboration and thanksare also due to X. Artru.



2446 M. ElhikhAppendix AHere, we give the relations obtained from the symmetries restritions:
• The observables elements of the symboli matrix C0 given by Eq. (7a):� C00 = 1.� P0j = Pj0 ≡ C0j = Cj0: the polarization whih is null exept for

j = n.� Cij = Cji for i 6= 0 and j 6= 0: the spin orrelation oe�ient.
• The observables elements of the symboli matrix Cx given by Eq. (7b):� Ax ≡ Ox00 = 0.� Kxi ≡ Oxi0: the spin-transfer oe�ient whih vanishes if i = n.� Dxi = Ox0i: the spin-depolarization oe�ient whih vanishes if

i = n.� For Oxij : the following oe�ients are all null: Oxxx, Oxnn, Oxzz,
Oxxz and Oxzx.

• The observables elements of the symboli matrix Cx given by Eq. (7):� For Onij : the following oe�ients are all null: Onnx, Onnz, Onzn.� Two other relations: Onxx = −Onzz and Onnn = An� An ≡ On00: the asymmetry measured.� Kni ≡ Oni0: whih vanishes exept for i = n.� Dni ≡ On0i: whih vanishes exept for i = n.REFERENCES[1℄ B. Bassallek et al. [PS185 Collaboration℄, Phys. Rev. Lett. 89, 212302 (2002).[2℄ K. Pashke, Carnegie Mellon University Thesis (2001), available at:http://www.phys.mu.edu/�pashke/[3℄ J.-M. Rihard, Phys. Lett. B369, 358 (1996).[4℄ M. Elhikh, J.-M. Rihard, Phys. Rev. C61, 035205 (2000).[5℄ J.-M. Rihard, X. Artru, Pro. LEAP2003 Conferene, Yokohama, Japan, 2003,Nul. Instrum. Methods Phys. Res. B214, 171 (2004).[6℄ Invited talk by X. Artru at the Xth Advaned Researh Workshop on HighEnergy Spin Physis (DUBNA-SPIN-03), Sept. 16-20, 2003, Dubna, to appearin the Proeedings hep-ph/0401234.[7℄ P.D. Barnes et al. [PS185 Collaboration℄, Nul. Phys. A526, 575 (1991).


