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ROTATION CURVES OF SPIRAL GALAXIES:INFLUENCE OF MAGNETIC FIELDSAND ENERGY FLOWS∗M. Kuts
heraa,b and J. Jalo
haa

aM. Smolu
howski Institute of Physi
s, Jagellonian UniversityReymonta 4, 30-059 Kraków, Poland
bH. Niewodni
za«ski Institute of Nu
lear Physi
sPolish A
ademy of S
ien
esRadzikowskiego 152, 31-342 Kraków, Poland(Re
eived July 21, 2004)Physi
al me
hanisms that 
an in�uen
e rotation 
urves of spiral galax-ies are dis
ussed. For dark matter studies, possible 
ontributions due tomagneti
 �elds and non-Newtonian gravitational a

elerations should be
arefully a

ounted for. We point out that magneti
 �elds are parti
ularlyimportant in outermost parts of the disk. In the framework of general rela-tivity the physi
al reason of an enhan
ed gravity in spiral galaxies dependson the assumed metri
. The additional gravity is provided for S
hwarzs
hildmetri
 by nonluminous mass, whereas for Vaidya metri
 by emission of ra-diative energy. In the latter 
ase the non-Newtonian a

eleration displays

1/r behaviour. Also matter �ows 
ontribute to non-Newtonian gravity.PACS numbers: 98.52.Nr, 98.62.Dm1. Introdu
tionThe best eviden
e of enhan
ed gravity in galaxies is provided by �atrotation 
urves of spiral galaxies whi
h do not de
ay in a Keplerian way evenfar from the rotation axis. From simple Newtonian formula for 
entripetala

eleration
v2
rot

r
=

GM(r)

r2
, (1.1)one �nds that the total mass within radius r grows with r as M(r) ∼ rv2

rot.The linear growth of mass is 
ustomarily attributed to an invisible 
ompo-nent, referred to as dark matter.
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2494 M. Kuts
hera, J. Jalo
haThe problem of dark matter has its beginning in the observational de-termination by Zwi
ky of dynami
al mass of the Coma 
luster of galaxies.The gravitational mass inferred by Zwi
ky from the motion of individualgalaxies in the 
luster ex
eeded by a fa
tor of a few hundred the mass ob-tained by measuring luminosities assuming typi
al value of mass to lightratio. Later a dis
repan
y between dynami
al and luminous mass has beenfound in spiral galaxies and galaxy 
lusters.Our aim here is to point out that the 
on
lusion as to the existen
e ofdark matter inferred from rotation 
urves is not ines
apable, but based onsome un-spelled assumptions. It holds in Newtonian gravity provided anyrole of magneti
 �elds is negligible. In the framework of Einstein's gravityfor it to hold one impli
ite assumes spa
e�time geometry to be given by theS
hwarzs
hild metri
. It is often assumed that gala
ti
 gravitational �eld, asvery weak one, is adequately des
ribed by Newtonian gravity. We will show,employing Vaidya metri
, that the inverse problem, of re
onstru
ting gala
-ti
 gravity given rotation velo
ity, has also other solutions. One en
ountershere ambiguity whi
h 
an only be resolved by physi
al input.Re
ent observations of dearth of dark matter in ellipti
al galaxies [2℄ sug-gest that there may be more unknowns involved in this problem. One shouldalso 
onsider non-gravitational origin of the above dis
repan
y, namely dueto magneti
 �elds in galaxies. The role of magneti
 �elds is likely very im-portant in the outer disk region where the galaxy rotation is dete
ted bytra
ing hydrogen 
louds.In order to �rmly infer the amount of dark matter in spiral galaxies oneshould subtra
t 
ontributions to rotation 
urves generated by other for
es(i.e. magneti
 �elds) and pro
esses. It is 
ertain that su
h 
ontributionsexist as in many galaxies rotation 
urves show wiggly stru
ture, as e.g. inour Galaxy. Su
h a stru
ture 
annot be produ
ed by WIMP gravity, asdensity of WIMPs is a monotoni
ally de
reasing fun
tion of distan
e fromthe 
enter of the distribution. Magneti
 in�uen
e and energy-�ow-generatedgravity 
an easily a

ount for undulations of rotations 
urves. However,immediately a question arises how mu
h su
h for
es/pro
esses 
ontributeto the bulk of rotation 
urves. Before gauging this in�uen
e the inferredamount of dark matter in a galaxy is subje
t to substantial un
ertainty.In the next se
tion the problem of �at rotation 
urves of spiral galaxies isbrie�y reminded. In Se
. 3 the role of magneti
 �elds is dis
ussed. In Se
. 4gravity due to radiation �ow is dis
ussed with the use of Vaidya metri
 [1℄.Finally in the last se
tion we summarize important points on
e again.
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e of . . . 24952. Enhan
ed gravity in galaxiesOne 
an formulate the problem of �at rotational 
urves pre
isely as fol-lows: there is too mu
h gravity 
ompared to mass we 
an a

ount for by
ounting stars and measuring the amount of gas in galaxies. It is a nonrela-tivisti
 
ustom to attribute this enhan
ed gravity to invisible and (almost)undete
table matter. In a popular Cold Dark Matter model, invisible massis due to hypotheti
al Weakly Intera
ting Massive Parti
les � WIMPs.In general relativity, whi
h is supposed to be the theory of gravity, notonly mass is 
apable of generating gravitational �eld, but also energy or radi-ation �ows indu
e gravity. Interpreting gravitational a

eleration in Newto-nian terms, a = −GM(r)/r2
r̂ , for spheri
al symmetry one impli
ite assumesthe S
hwarzs
hild interior metri


ds2 = eνdt2 − eλdr2 − r2dΩ2 , (2.1)with e−λ = eν = 1− 2M(r)/r for matter with negligible pressure, des
ribedby a dust equation of state. In the weak �eld limit, whi
h is appropriate forgala
ti
 �elds, one obtains then the Newtonian a

eleration.Typi
al rotational velo
ities of spiral galaxies, in the �at regime, are ofthe order of 100 km/s. One 
an thus infer the mass within radius r to be
M(r) = 2.32 × 109(vc/100 km/s)2r/kp
 M⊙. For Milky Way galaxy thisgives within 30 kp
 the mass MMW = 3.37 × 1011M⊙ for vc = 220 km/s.This high value of mass is thought to show us that the main 
omponentof mass in our Galaxy, and in other galaxies, is nonluminous. Astronomerstried hard to dete
t known nonluminous astrophysi
al obje
ts that 
ouldform an invisible population providing the missing mass. All attempts toa

ount for it by dim stars, dead stars, plasma or other forms of baryonmatter have failed. The only viable 
andidate at the moment is parti
ledark matter 
omposed of WIMPs (or axions), forming an extended haloaround galaxies. The radius of this halo is presently unknown, but someobservations suggest that it is of the order of 200 kp
. Also, some 
old gasin the form of mole
ular hydrogen, 
an 
ontribute to dark matter, as it isvery di�
ult to dete
t this 
omponent.One 
an brie�y summarize that the dark matter hypothesis is a Newto-nian solution of enhan
ed gravity problem in spiral galaxies with any in�u-en
e of magneti
 �eld negle
ted.3. Magneti
 �elds and the rotation 
urvesMagneti
 �elds are the most 
ommon phenomenon in spiral galaxieswhere we observe �elds of regular and 
haoti
 stru
ture. The regular stru
-ture has azimuthal and poloidal 
omponents. The poloidal 
omponent ofthe magneti
 �eld is produ
ed by the gala
ti
 dynamo e�e
t. The azimuthal
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ha
omponent is indu
ed from poloidal 
omponent by di�erential rotation. Reg-ular �elds 
reated by su
h me
hanisms may rea
h intensities of a few toseveral hundred mi
rogauss.A question arises [3,4℄ whether these �elds have any in�uen
e on thegala
ti
 rotation 
urves. In order to answer this question we must investigatethe Navier�Stokes equation with magneti
 �eld,
ρ

[

∂~v

∂t
+(~v∇)~v

]

=−∇p−MGρ

r2
+η∆~v+

(

ξ+
η

3

)

∇(∇◦~v)+
1

4π

(

(∇× ~B) × ~B
)

.(3.1)We assume here the gravitational �eld of point mass lo
ated at the 
en-ter of galaxy with M ∼ 2 × 1044g, whi
h is a good approximation for ourexploratory 
al
ulation. In stationary gala
ti
 disk we 
an negle
t radial ve-lo
ities and vis
osity and we will 
ompare gravitational and magneti
 �eldfor
es. Rough estimate shows that for gas 
louds of density ρ ∼ 10−25g/
m3at the radius of a few tens kp
, r ∼ 3×1022
m, from the gala
ti
 
enter, andfor magneti
 �elds of a few µG, B ∼ ×10−5 G, magneti
 for
es are 
ompa-rable with gravitational for
es. Gravitational a

eleration and a

elerationdue to magneti
 e�e
ts are, respe
tively,
MG

r2
∼ 10−8cm s−2 , (3.2)

B2

ρr
∼ 3 × 10−8cm s−2 . (3.3)For magneti
 e�e
ts to o

ur the gas must be partially ionized. We knowthat at least a few per
ent of the hydrogen in galaxies is ionized. Therefore,we may expe
t, that the magneti
 �elds' in�uen
e on rotational 
urves isnot negligible.The above order-of-magnitude estimate shows that the magneti
 in�u-en
e is parti
ularly important in the outermost regions of the gala
ti
 disk,where the density of hydrogen is the lowest. From Eq. (3.3) we �nd thatwhen density de
reases by a fa
tor of 100, magneti
 �elds on the s
ale of

1µG 
an overwhelm gravity! Let us remind that most of the dark matter
ontribution to galaxy rotation 
omes from the outskirts. Any una

ountedfor magneti
 �eld 
ontribution 
an 
ompletely 
orrupt dark mass measure-ment. One should also keep in mind that magneti
 �elds of µG order areexpe
ted to be ubiquitous in the intergala
ti
 spa
e in 
lusters of galaxies.Taking only azimuthal 
omponent of magneti
 �eld into a

ount andassuming that it depends only on its radial 
oordinate we 
an get a simpleanalyti
al form of this 
omponent whi
h will �atten the rotation 
urve:
(vφ)2

r
=

MG

r2
+

1

4πρr
Bφ

∂

∂r
(rBφ) , (3.4)
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e of . . . 2497where vφ = vc = 
onst is the rotational velo
ity of a galaxy. The solution ofthis equation reads:
Bφ = +/ −

2
√

2ρπ
√

0.5 (vφ)2r2 − MGr − C

r
, (3.5)where C is the integration 
onstant.The real magneti
 �elds in spiral galaxies have all the 
omponents,poloidal and azimuthal, nonvanishing. Therefore, the radial part of Navier�Stokes equation has the following form:

(vφ)2

r
=

MG

r2
− 1

4πρ

(

(

∂Br

∂z
− ∂Bz

∂r

)

Bz − Bφ

(

1

r

∂

∂r
(rBφ) − 1

r

∂Br

∂φ

)

)

.(3.6)To assess a possible in�uen
e of su
h magneti
 �elds on rotation 
urves oneshould take into a

ount the whole 3D stru
ture of magneti
 �eld.

Fig. 1. The dashed�dotted line is a solution of Eq. (3.8) with M = 2 × 1044g,
vφ = 220 km/s, ρ = 10−25g/
m3, dotted line is a solution 
orresponding to density
ρ = 0.333× 10−25g/
m 3. Solid 
urve is a fun
tion Bφ ∼ 1/r.4. Gravity generated by radiation �ow: the Vaidya metri
The S
hwarzs
hild metri
 des
ribes stri
tly speaking gravity of 
old spher-i
ally symmetri
 astrophysi
al body, su
h as a planet, dead star or a bla
khole. Gravity of radiating obje
ts su
h as normal stars is only approximately
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hades
ribed by the S
hwarzs
hild metri
. There exists, however, exa
t solutionof Einstein's �eld equations 
orresponding essentially to a real star whi
hemits radial �ux of radiation, found by Vaidya [1℄. In its original form, theVaidya metri
 is
ds2 =

(

ṁ

m′

)2(

1 − 2m

r

)−1

dt2 −
(

1 − 2m

r

)−1

dr2 − r2dΩ2 . (4.1)It 
orresponds to the spa
e�time region outside the star, r > r0, where r0is the stellar radius, and m ≡ m(r, t). This metri
 
an be 
ast in a veryelegant form employing the retarded time variable u = t − r,
ds2 = −

(

1 − 2m

r

)

du2 − 2dudr + r2dΩ2 , (4.2)as shown by Vaidya in Ref. [1℄.The energy tensor 
orresponding to the Vaidya metri
 has non-zero T 1
0
omponent whi
h des
ribes the energy out�ow 
arried away by massless�elds. Let us 
onsider the energy tensor for dire
ted �ow of radiation [5℄ inthe form

T ν
µ = ρvµvν , (4.3)where ρ is the energy density of radiation, and the 4-ve
tor vµ is null,

vµvµ = 0. For the radial out�ow, v2 = v3 = 0, and T 2
2 = T 3

3 = 0. Themetri
 (4.1) is a parti
ular example of a general non-stati
 spheri
ally sym-metri
 metri
 [5℄,
ds2 = eν(r,t)dt2 − eλ(r,t)dr2 − r2dΩ2 . (4.4)The Einstein �eld equations are [5℄:

−8πT 0
0 = − 1

r2
+ e−λ

(

1

r2
− λ′

r

)

, (4.5)
−8πT 1

1 = − 1

r2
+ e−λ

(

1

r2
+

ν ′

r

)

, (4.6)
−8πT 2

2 = −1

4
e−ν(2λ̈ + λ̇(λ̇ − ν̇)) +

1

4
e−λ

(

2ν ′′+ν ′2−λ′ν ′+2
ν ′−λ′

r

)

= −8πT 3
3 , (4.7)

−8πT01 = −1

r
λ̇ . (4.8)Let us introdu
e the mass fun
tion m(r, t) through e−λ(r,t) =1−2m(r, t)/r.From the null 
ondition, vµvµ =0=−eλ(v1)2 + eν(v0)2 we �nd e(ν−λ)/2T 0

1 +
T 0

0 = 0 whi
h gives
e−λ′/2m′ + e−ν/2ṁ = 0 . (4.9)
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e of . . . 2499This allows us to express the fun
tion eν through m(r, t) and its derivatives,and to write the metri
 (4.1) in the form (4.2) given by Vaidya.The physi
al interpretation of Vaidya's metri
 is straightforward. In theweak �eld limit we �nd ṁ + m′ = 0 and the energy �ux �owing out ofa sphere of radius r is
T 01 = − m′2

4πr2ṁ
= − ṁ

4πr2
. (4.10)Hen
e m(r, t) is the radiation energy inside this sphere

m(r, t) =

∫

4πr2T 0
0 dr . (4.11)The fun
tion ṁ is the rate of energy emission, or total luminosity, and

m′ = 4πr2T 0
0 . We should also in
lude the radiation sour
e, lo
ated at theorigin, whi
h loses energy at a rate Ṁ(0, t − r) = ṁ(r, t).The most important result is the gravitational a

eleration in the weak�eld limit, eν ≈ 1 + ν. From general expression we �nd for the metri
 (4.4)the Einstein's formula

r̈ = −1

2
ν ′ . (4.12)When applied to the S
hwarzs
hild metri
 in the weak �eld limit, with ν =

−2M/r, it gives the Newtonian a

eleration.For the Vaidya metri
 from Eq. (4.6) we have
ν ′ =

2

r

[

(eλ − 1) + eλ
(

m′ − m

r

)]

. (4.13)In the weak �eld limit we �nd
r̈ = −m′

r
− m

r2
. (4.14)This expression shows that there appears a non-Newtonian a

eleration

aL = −m′

r
= G

ṁ

rc
(4.15)whi
h is inversely proportional to the distan
e. Far from the 
enter, aLbe
omes dominating. For radiating body, with energy �owing out of the
entral mass, ṁ < 0 and the a

eleration (4.14) produ
es an attra
tive for
ewhi
h be
omes stronger than the usual Newtonian gravitation.The additional gravitational attra
tion due to radiation emission impliedby the Vaidya metri
 was �rst dis
ussed by Lindquist et al. [6℄. It gives anexpli
it example of non-Newtonian gravitational for
e resulting from Ein-stein's gravity theory for a realisti
 metri
 in the weak �eld limit. Thus the
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hanotion that Newtonian a

eleration is the only weak-�eld limit of generalrelativity is ina

urate.The formula (4.14) 
an be generalized to the 
ase of gala
ti
 wind whi
his a radial matter out�ow,
awind = G

ṁ vwind

rc2
. (4.16)Here vwind is the radial velo
ity of the wind and ṁ < 0 is the mass lossrate due to wind. Please note that the above formula (4.15) is also validfor radial a

retion, with radial infall velo
ity vr < 0. Sin
e for a

retionthe mass in
reases, ṁ > 0, the indu
ed a

eleration is also dire
ted inward,as for the wind. One 
an thus 
on
lude that radially os
illating shell ofgas would always produ
e gravitational attra
tion, both in expansion and
ontra
tion phase. 5. Dis
ussionAstronomers tend to 
onsider the Newtonian solution of the enhan
edgravity problem in spiral galaxies to be the only one 
ompatible with generalrelativity. One 
an en
ounter statements that any non-Newtonian gravita-tional a

eleration in galaxies, as e.g. employed by Milgrom in his modelof galaxy gravity [7℄, would ne
essarily require modi�
ations of Einstein'sgravity theory. We have given here an example that the statement that non-Newtonian gravitational a

eleration, a ∼ 1/r, is in
ompatible with generalrelativity, is not true. The a

eleration (4.14) 
an be shown to produ
e �atrotational 
urves of spiral galaxies. The 
entripetal a

eleration when thenon-Newtonian a

eleration dominates, is

v2
rot

r
=

Gṁ

cr
(5.1)whi
h allows us to 
al
ulate the sour
e luminosity L = −ṁ. For vrot =

100 km/s L ∼ 1052 erg/s. Hen
e the problem of enhan
ed gravity in spiralgalaxies with the Vaidya metri
 
hanges to the problem of the energy sour
eand the physi
al nature of its emission. Physi
ally, it is very di�erent fromthe Newtonian solution, whi
h is the nonluminous matter.Presently it is a standard assumption that gala
ti
 dynami
s is governedby dark matter. To prove the dark matter hypothesis a number of experi-ments start to sear
h for neutralino, the best supersymmetry 
andidate forWIMP. Also, astrophysi
al observations of dark matter in ellipti
al galax-ies have been attempted by PN.S 
ollaboration [2℄ with planetary nebulaeas a tra
er of gravity. Surprisingly, gravity of those galaxies is adequatelydes
ribed by luminous matter only, a result des
ribed as a �missing missing
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e of . . . 2501mass� problem [2℄. If the results obtained by PN.S 
ollaboration are 
orre
tthan dark matter in ellipti
al galaxies is at least di�erently distributed thanin spiral galaxies, with only tra
e amount inside inner 5�6 e�e
tive radii.A radi
al proposal is the Milgrom's Modi�ed Newtonian Dynami
s(MOND) hypothesis, whi
h postulates new gravitation law for very weak a
-
elerations. This proposal, employed as a phenomenologi
al model, is quitesu

essful in explaining spiral galaxies dynami
s. MOND also explains thedearth of dark matter in ellipti
al galaxies [8℄ observed by Romanowskyet al. [2℄. The radial dependen
e of the MOND a

eleration is the same asin non-Newtonian a

eleration aL (4.14) for the Vaidya metri
.One 
an noti
e that the Vaidya metri
 is an example of metri
 
onsideredre
ently by Lake [9℄ that 
an give �at rotation 
urves of spiral galaxies.We have shown here that magneti
 �elds in spiral galaxies 
an play a 
ru-
ial role in determining the rotation 
urves. The solution (3.6) shows thatmagneti
 �eld whi
h fully a

ounts for a �at rotation 
urve has toroidal
omponent 
ompatible with observed magneti
 �elds in spiral galaxies. Itmay not be a good approximation to 
ompletely suppress magneti
 �eld in-�uen
e when studying the physi
al origin of �at rotation 
urves. In realisti
des
ription observed magneti
 �eld in�uen
e should be subtra
ted before�tting gravitational potential generated by assumed dark matter halo. Theimportan
e of magneti
 �eld 
ontribution to �at rotational 
urves of spiralgalaxies has been re
ently dis
ussed in Ref. [10℄.It is also worth to noti
e that pure magneti
 me
hanism of �at rotation
urves in spiral galaxies 
ould explain simultaneously why these 
urves inellipti
al galaxies are Keplerian. It is be
ause there are no regular magneti
�elds in ellipti
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