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An explicit mass formula for up and down quarks of three generations
is proposed. Its structure contains an additional term in comparison to the
efficient mass formula for charged leptons found out some time ago. The
additional term is conjectured to be proportional to (3B + Q%)% = 25/9
or 4/9, where B = 1/3 and Q% = 2/3 or —1/3 are the baryon number
and electric charge of quarks. It is interesting to observe that the analogical
term for charged leptons proportional to (L 4+ Q(©)2, where L = 1 and
Q®©) = —1, would vanish consistently (here, F' = 3B + L is the fermion
number). Under this conjecture, the mass formula predicts one quark mass,
e.g. myp, in accordance with its experimental estimate, if the experimental
estimations of five other quark masses are used as an input to determine
five free parameters involved.

PACS numbers: 12.15.Ff, 12.15.Hh, 14.60.Pq

1. Introduction

Some time ago we observed that the mass spectrum of charged leptons
e; =e ,u~, 7 can be presented with high precision by the formula [1]

(e) _1q
&
me, = pips® (Nf + Tg) » (1)
where 1 1 9

1 4 A 2

Pi= 9929 29 (2)

(3;pi=1) and

N;=1,3,5, (3)
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while 1(® > 0 and €(® > 0 are constants. In fact, with the experimen-
tal values m. = 0.510999 MeV and m, = 105.658 MeV as an input, the
formula (1) rewritten explicitly as

)
29

gle) my, = p 4 (80 + 8(6)) , My = o 2 <624 + 6(6)> (4)

Me = 29 9 29 25

leads to the prediction

msr

= 7y7 (351my, — 136m,) = 1776.80 MeV (5)

and also determines

(e) _ 29(9mu — 4me) . (e) _ 320m6 .
e = 350 = 85.9924 MeV , &9 = 797”;1 “am, 0.172329.
(6)
We can see that the prediction (5) lies really close to the experimental value
ms P = 1776.99f8:%2 MeV [2]. The interested reader may find a discussion
about theoretical background of the simple formula (1) in Ref. [1]. In
particular, the numbers p; and N; (i = 1,2,3) given in Egs. (2) and (3) are
interpreted there.

In the present note we will try to extend the formula (1), originally
worked out for charged leptons, also to up and down quarks, u; = u, ¢, t and
d; = d, s,b, whose masses are estimated experimentally as [2]

my ~ 1.5 to 4.5 MeV, m.~ 1.0 to 1.4 GeV, m; ~ 174.3 £5.1 GeV
(7)

and

mg~>5 to 85 MeV, ms;~ 80 to 155 MeV, my ~ 4.0 to 4.5 GeV .

(8)
We will use the average values
My ~ 3 MeV, m.~12GeV, my ~ 174 GeV (7
and
mg ~ 6.8 MeV, mg ~ 118 MeV, my ~ 4.3 GeV . (8"

Note that the ratio m,, /mg is estimated independently as 0.2 to 0.7 with the
average 0.45 [2]. In this work we will continue the line of Ref. [3].
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2. Mass spectrum

Let us try the mass ansatz whose structure differs from the charged-
lepton mass formula (1) by the additional term appearing only for the third
generation ¢ = 3 :

(W) _1q
9
mu, = pip™ (Nf Tt 5i35(u)> ©)

(2

and

(d) _1
3
ma, = pip'¥ (NiQ TNz T 5i3/8(d)) ) (10)

(2

where p; and N; are given as before in Eqs. (2) and (3), while p(9 > 0,
ed > 0 and f*9 > 0 are constants. It is seen that a priori Eqs. (9) and
(10) cannot give us any predictions since there are six quark masses and six
free parameters. At most, all parameters can be determined. Let us do it.
From Egs. (9) and (10) as well as (7') and (8') we can calculate

6 24
=~ 5 s5im. .1 24 (ud) glusd)
mep 95 (351m s — 136m,, q4) + 55+ 16}

20 + 0.81 g
~ { 1.94 + 0.078 8@ } GeV (11)

and

) 29(9me,s — 41mua) { 980 }MeV,

320 94
Jud) _ 320mua { 0.089 } ' (12)
I s — 4my.q 2.1
Thus, from Eq. (11) we obtain
B ~ 190, g9 ~ 30 (13)
and for their ratio the estimate
% ~63. (14)

If this ratio was determined theoretically, then the value of ) or 5@
could be a prediction. Let us guess at a theoretical expression for 3(*) / B
consistent with the estimation (14). In fact, putting

) o <3B+Q<u,d)>2 :{ 22?3 } 7 (15)
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where B = 1/3 and Q4 = { _??2 } are the baryon number and electric

charge of quarks, we get

g 25

Under the conjecture (15) taking () ~ 190 we predict from the ratio
(16) that 89 ~ 30 in accordance with the estimates (13). Then 5 /(25/9)
= 3D /(4/9) ~ 68 or B /25 = 3(9) /4 ~ 7.6 . Thus, under the conjecture
(15) leading to the ratio (16), taking as an input the experimental estimates
(7") and (8') for my, me, m; and mg, ms, we predict that my, ~ 4.3 GeV in
accordance with its experimental estimate (8).

It is interesting to notice that, defining for charged leptons the constant

39 o (L4 Q)" (17)

where L = 1 is the lepton number, we obtain 3(®) = 0 in consistency with
the absence of the 3(®)-term in the charged-lepton mass formula (1).
Thus, generically, we can define for fermions f = e, u, d the constant

0
BY) <3B +L+Q(f))2 =4 25/9 (18)
4/9

which may play a crucial role in the mechanism of large enhancement of
masses m; and my over m, for fermions of the third generation ¢ = 3 as
well as of these m; and my over m,, m. and mg, ms, respectively. Here,
F =3B + L is the fermion number as given for quarks and leptons.

For Majorana neutrinos v;1, + (v;1)¢ and v;r + (v;Rr)¢, built up from
the active and sterile mass neutrinos v;1, and v;g (i = 1,2, 3), respectively,
the averaged L is zero, so for them the corresponding constant 3*) = 0 in
the effective Majorana form of neutrino mass matrix arising from the Dirac
component M®) and Majorana righthanded component M®) of neutrino
generic 6 x 6 mass matrix (its Majorana lefthanded component M L) ig
commonly assumed to be zero). With M®) and M®)| the neutrino mass
term in the Lagrangian reads

S wrM)vsr + - ZVQRM ) (vsr)® + hoc. (19)

where vo1, = Y, Usivit, (v = e, p,7) are active flavor neutrinos and
U = (Uy;) denotes the lepton mixing matrix. This U is equal to the active-
neutrino diagonalizing matrix, if the flavor representation is used, where the
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charged-lepton mass matrix M(® is diagonal. Phenomenologically, U gets
the bilarge form, consistent with all confirmed neutrino-oscillation experi-
ments [4]. For simplicity we take M) and M®) real.
In the popular seesaw mechanism [5], M(P) is dominated by M®). Then,
for active neutrinos v, 1, the effective Majorana mass matrix
1

MW — M(D)WM(D)T (20)

appears leading to the effective mass term in the Lagrangian
1 v
5 DVt My (1) + he.. (21)
af

In the flavor representation mentioned above, we obtain
UTM®U = diag(my, , mu,, mu,) . (22)

If the neutrino Dirac mass matrix MP) displays the same spectrum

Me; = Me, My, My as the charged-lepton mass matrix M(© [6], and if the

7

diagonalizing matrix for M) is equal to the mixing matrix U [6], then
UTMOU = diag(me, m,, m,) . (23)

Under these assumptions we obtain from Eq. (20) the following mass spec-
trum for light active mass neutrinos v;1,:

2
m;.
= 2 24
M = 37 (24)
with . . .
Mw B (U M(R) U)ii Z[;Um <M(R)>aﬁ Uﬂ“ (25)

where M,, > me,. (More generally, the spectrum of M (D) may be propor-

tional to m., with a positive coefficient n < 1; in this case p) = pute),
e = &) and ) = g = 0. Then, 1/M,, in Eq. (24) become pro-
portional to (U*M(R)*IU)Z‘,‘ with the positive coefficient n? < 1.) If, in
addition, the neutrino Majorana mass matrix M®) is diagonal in the same
basis as M) [6],

UtM®y = diag(M,,, M,,, M,,), (26)

then the mass scales M,, defined in Eq. (25) become the Majorana masses
of heavy sterile mass neutrinos v;g. In general, however, 1/M,, as given in
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Eq. (25) are the average values of the matrix 1/M®) in the states of light
active mass neutrinos v;7,.
In Ref. [6] we make the conjecture of (weighted) proportionality between
M,, and m,;, namely
M,, < N#m,,, (27)

where N; = 1,3,5 as in Eq. (1). Then, from the seesaw formula (24) we
infer that
o« N?m,, . (28)

Me,

7

This gives the prediction

=2 —0.1652, (29)

My, 9 m,
where the experimental values m,, = 105.658 MeV and m, = 1776.997022

MeV [2] are used. The experimental estimates my,’ ~ /7 x 1075 eV and
myy” ~ V2.5 x 1073 eV (valid if m? < m2, < m2,) [4] lead to the ratio

exp

s V28 %1072 =017 (30)
m

v3

consistent with the prediction (29) (for my,” ~ V7 x10~® ¢V and
mg? ~ v/2x 1073 eV this ratio is equal to 0.19; in order to get with
My’ ~ V2 x 1073 eV the ratio (30) consistent with (29) one ought to have
mss? ~ /5.6 x 10~ V). In another way, Eq. (29) predicts

Myy ~ V2.6 x1073eV =51 x 1072 eV, (31)

if the input m,, ~ V7 x 107° eV is used. From Eq. (28) we can also estimate
my,. In fact, with m, = 0.510999 MeV and m,, = 105.658 MeV [2] we get
my,

=9 — 0.0435271, (32)

My, my

what leads to the prediction

my, ~V1.3x10"7eV =3.6 x 1074 eV, (33)

when the input m,, ~ V7 x 1075 €V is applied. Through the seesaw for-
mula (24), M,, = m2 /my,, the estimates m,, ~ 3.6 x 107 eV, m,, ~
V7 x 1075 eV= 8.4 x 1072 eV and m,, ~ 5.1 x 1072 eV give the prediction

M, ~7.2x10° GeV, M, ~1.3x10° GeV, M,, ~ 6.2 x 10! GeV . (34)
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Thus, M, is predicted to be O(10°) times smaller than M,,, while m,,
is O(10?) times lighter than m,,. Note that the proportionality coefficient
in the relations (27) and (28), call it (, can be easily estimated. Making
use of e.g. m, = 105.658 MeV and m,, ~ V7 x 107 eV we obtain { =
my,/9my, ~ 1.4 x 10°.

3. Mixing

In contrast to the mixing matrix for leptons (Maki-Nakagawa—Sakata
matrix) that is bilarge:

12 512 0
1 1 1
U=Ua)=| —B512 pRC2 5 (35)
782 —sC2 5
(v = e,pu,7 , i = 1,2,3), where 0%2 and 3%2 are of similar magnitudes

corresponding to 015 ~ 33° (s},/c3y ~ 0.42), the mixing matrix for quarks
(Cabibbo-Kobayashi-Maskawa matrix) is nearly diagonal:

C12 S12 s1ze 013
V=(Vy) = s c12 523 (36)
S12823 — S13€"°1%  —So3 1

(i = u,c,t, j = d,s,b), where now c?j > s?j and s2y > s3; > s?, with
s12 = 0.2229 £ 0.0022, s93 = 0.0412 £ 0.0020 and s13 = 0.0036 £ 0.0007 [2]
(thus, 012 ~ 13°, 693 ~ 2° and 613 ~ 0.2°). In terms of the Wolfenstein
parameters A\, A, p, we can write

s12= N\, so3 = ANY | s13¢701% = AN (p — in) (37)

and 50, c13 =~ 1—\?/2 and s12503 — 513613 = AX3(1—p—in) (Eq. (36) works
up to O(\?)). The flavor down quarks are d; = >, Vijdj with d;=d, sV,
while d; = d,s,b denote mass down quarks. In the flavor representation,
where the up-quark mass matrix M® is diagonal, the quark mixing matrix
V = (Vij) is equal to the down-quark diagonalizing matrix:

VIMDV = diag(mg, ms, my) . (38)

The flavor down quarks, denoted traditionally as d} = d’,s',V’, might
be labeled (in analogy with the flavor neutrinos v, = v, Vs v;) also as
do, = dy,d.,d; (where the label o = u, ¢, t refers to the up quarks u; = u, ¢, t
that are here an analogy of the charged leptons e; = e, u~,7~ mark-
ing the corresponding flavor neutrinos with the label o« = e, pu, 7). Then,
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o« = »_; Vaid; where d; = d,s,b are the mass down quarks (an analogy
of the mass neutrinos v; = vy,v9,1v3), and V = (Vg;) is the quark mixing
matrix (36) (an analogy of the lepton mixing matrix U = (Uy;)). In the fla-
vor representation, where the up-quark mass matrix M®) is diagonal, there
are only (mass = flavor) up quarks u; = wu,c,t (like the (mass = flavor)
charged leptons e; = e, u~, 7~ in their flavor representation, where their
mass matrix M(®) is diagonal).

Making use of the formula M => Uaimy,Ug; (a (o, 8 = e,u,7) and
applying Eq. (35) we can calculate the strongly nondiagonal M v) = <M(%)) :

Méey) = My, 6%2 + mVQS%Q >
12 1% 1
Mlsu) = MT(T) = §(mV1 3%2 + mVZC%Q + My, ),
1
ME(Z) = —MéZ) = ﬁ(—mm + My, )ci12812,

1
M) = S(=myysty —mu,cly +my,). (39)

(d)

In contrast, from the formula M;; = > Viema, V. i (i,7 = d,s,b) and

J
Eq. (36) we can evaluate the nearly diagonal M@ = (Mz(Jd ) up to O(\3)):

MY = mgcly +myst, = mg+O(2),

MD = masty +macly = my + O\,

My = my,

Mo(lf) = (ms —ma)cizsiz = O(\) + O(N?),

Méif) =—(ms —mq)s12523 + (Mp — mg)s1ze 013 = O(X3),

MS(Z) = (mp—ms)saz = O(\?), (40)

where A >~ 0.22, A2 ~ 0.050, \* ~ 0.011.
From Eqs. (40) we infer that

Ss

M+ MED =g +m,, (M) - M<d>) +AMD? = (my —mg)® (41)

and hence

MO? = MY (42)

2
e [
d,s — 9 + D) +
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Similarly, we calculate

(d)
1 M
—sin 2912 = (12512 = ———ds  _ O()\) + O()\S) y
2 mg —Mq
(d)
M
sinfy3 = s93 = — O(/\2)7
mpy — Mg
Méi” + (ms —mg) 512523
sin913 = S13 = = O()\g) . (43)
my — My

In the last Eq. (43), s12 can be expressed through cias12: s19 = %[1—

/1 — @c12519)2]/2. The relations (42) and (43) present (up to O(X3)) the

down-quark masses mg, ms, mp and their mixing angles 619, 623, 13 in terms

of six elements Mi(jd) (i < j) of the down-quark mass matrix M@ (up to
O(\3)).

Concluding, we have constructed in this note the mass formulae (9) and
(10) for up and down quarks that extend the efficient mass formula (1), found
out previously for charged leptons [1], by including in their structure an addi-
tional term for the third quark generation. While the charged-lepton formula
predicts m, = 1776.80 MeV, the quark formulae predict my ~ 4.3 GeV if the
specific conjecture (15) is made (masses of all other charged leptons and up
and down quarks are reproduced exactly by fitting two charged-lepton and
five up- and down-quark parameters). Under the conjecture (15) implying
naturally (17), the additional mass term for the third charged-lepton gener-
ation vanishes consistently. We have commented also upon the seesaw mass
formula (24) for light active neutrinos (relating their masses with charged-
lepton masses) under the specific conjecture (27) on the mass scales of heavy
sterile (righthanded) neutrinos [6].
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