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The post-post-Newtonian equations of motion for the point particles
using the EIH approximation method are derived. These equations are
deduced from the gravitational field equations with the stress-energy ten-
sor proposed by Infeld and Plebanski. The Infeld-coordinates and EIH-
coordinates are used. Regularization of the metric tensor and its derivatives
on the world lines of particles by means of the modified Dirac S-function,
which is contained in the stress-energy tensor, has been done.

PACS numbers: 04.25.—g, 04.25.Nx
1. Introduction

The discoveries made in astrophysics [1,2] as well as the last attempts
made in several research labs (for instance, in LIGO and VIRGO) to detect
gravitational waves, require theoretical description of the compact binary
object dynamics. This one in its turn, requires the derivation of the post-
post-post-Newtonian (3PN) equations of motion and the radiation correc-
tions to them. 2.5PN equations of motion for the point particles were derived
for the first time by Damour and Deruelle [3-6] by using the results of [7].
The method of derivation utilized the stress energy-tensor which involved
the Dirac d-function (this idea was first introduced by Infeld [8]), as well
as the Hadamard “partie finie’ regularization procedure. 2.5PN equations
of motion were derived by Blanchet et al. [9] directly from the field equa-
tions, the method of derivation also included stress-energy tensor with Dirac
d-function and Hadamard “partie finie’ regularization procedure. Later on
this regularization procedure was discussed more thoroughly in [10]. It is
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worthy to mention that in [3-7,9] the harmonic coordinates were used. The
harmonic coordinates were also used by Kopejkin [11], but this author de-
rived the 2PN equations of motion by means of Fock method [12]. In this
method the spherically-symmetric non-rotating bodies are treated as the
three-dimensional space domains where the stress-energy tensor differs from
zero, while the point particles are treated as the centers of mass of these
bodies. In order to evaluate the metric tensor and its derivatives on the
world lines of the point particles, the suitable equations describing the in-
ternal structure of the bodies, were used. The 2PN equations of motion
obtained by Kopejkin are identical to those obtained in [3-7,9].

In [13] the 2PN equations of motion and the radiation correction to
them were obtained by means of harmonic coordinates and surface integral
approach [14-16]. Another method of derivation of 2PN equations of motion
was given in [17]. The authors solved the field equations by means of retarded
integral over the past null cone of the field point (chosen to be within the
near zone in order to obtain the equations of motion, and to be within the
far zone in order to evaluate the gravitational radiation).

In order to obtain the 2PN equations of motion, is also possible to use
ADM Hamiltonian-method [18,19]. This Hamiltonian-method was devel-
oped a the 2PN level in early works [20,21] but completely understood in [22].
The equations of motion obtained by the ADM method differ from those ones
obtained in [3-7,9,11,13,17] because of different coordinate conditions.

In this work the 2PN equations of motion are derived from the gravita-
tional field equations by means of Einstein, Infeld, Hoffmann (EIH) approx-
imation method [14-16] (see also [23]) with the stress-energy tensor in the
Infeld-Plebanski form [24,25]. We used here the Infeld coordinates [25] as
well as EIH coordinates [16] which enable to write down the field equations
in the form of Poisson equations. The modified Dirac d-function which is
contained in Infeld—Plebanski stress-energy tensor allows to regularize the
metric tensor and its derivatives on world lines of the particles. 2PN equa-
tions of motion obtained in this work differ from those ones obtained in
[3-7,9,11,13,17,22].

2. Mathematical background

We start from the field equations of the form

8k,
Ry = =T, (2.1)

where

T:u = (guggua - %g,ul/gga) T . (2.2)
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We consider the stress-energy tensor for the N-point particle system with
the mass m 4 and the coordinates {4, A = 1,2,..., N in the Infeld-Plebanski
form [25]

d§ d&y doa
— vy HSATSA
1/ gT Z ma 5 dl’o dl’o ( d.’EO ) ) (23)
where N \
do? =g, dEhdey,  Gu= / 0(% — €a) gy (dT) . (2.4)

Here we use the following notations: k is the gravitational constant, c-the
light velocity; Greek indices run from 0 to 3, Latin indices (if there are no
additional remarks) run from 1 to 3, repetition of indices implies summation;
the capital letters A, B, C take the values 1,2,..., N; the derivatives with
respect to x* are denoted by 0y, with repect to z* — by 0,, and with
respect to £% - 8 ; the dot above a function denotes the derivative with
respect to tlme t A = 0,00, Aa = 0202, &4 = 2 = o, (&%) = (£a),
Z| = r, & —Ea = Ta, |T — Ea| = 74, a4 — Ep = Tap, [€a — &l = rap,
NG =ry Yoo —€9), N4y = o Lga —¢8), Ve = dc%‘, wW§ = de ; the metric
signature (4, —, —, —) is chosen We denote, in general

A

(..)= /(...)3@)(@).

The Infeld-Plebanski d-function satisfies the following conditions [26]:

(D1) 6(&) can be formally differentiated up to any order.

(D2) 6(z) = 0 if £ # 0: §(Z) can be treated as a spherically symmetric
function.

(D3) For an arbitrary region V' (Zy) containing Zy as an internal point and
for any arbitrary continuous function f(z) of Z in V(Z(), we have

| @ - ans@ian) = fao).
V(Zo)
(D4) For any neighbourhood V(0) of the point |Z| = 0 we have
/ 6(z)|z|7P(dz) =0, p=1,2,...,L,
v (0)

where L is an arbitrary but fixed integer.
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The first three conditions are characteristic for the ordinary Dirac J-
function. The fourth condition is a generalization of the third one for singular
function f(z) =rP.

The Ricci tensor is determined by the following expression:

Raﬁ = %g'wj(auaygaﬂ + (%éagguy — 8a8ugﬂy — 85(9“90”/)
*guyggg(FuaUFVgﬁ - FuaBFVQU) > (2~5)

where
Tagy = 5(0490p + p9ar — Oagpy) - (2.6)

From the integrability conditions for the field equations (2.1) one can
obtain the equations of motion for the point particles [25]

2| den | dEl dey
>4 'n >4 710 ATSA 9.7
@0y © | T T | da0 e (27)
with

Fﬁéy = %gaﬁ(a,ugﬁu + augﬁu - 8ﬁg,uy) . (2.8)

In order to solve the field equations (2.1) by means of the EIH successive
approximation method [25], the following postulates have to be assumed:

(a) The metric tensor can be expanded in a power series with respect to

c

00
Guv = Nuv + h’MV’ h,uy = Z ¢’ h,uy . (29)
=1 (i)

(b) The derivative with respect to time ¢t = ¢~ 12° and the derivatives with
respect to space coordinates % do not change the approximation order

of the expansion coefficients of g,

0 0
h,uy ~ & h’MV ~ % h,uy . (210)
(%) (%) (%)
In our solution, only even powers of inverse light velocity for gog, gmn
and only odd powers for gg, are taken into account:

goo = 1+c¢2 hoo + hoo +¢76 hoo +O(C_7),

(2) (4) (6)
gon = 073 h()n +Ci5 hOn JFO(CiG)v
(3) (5)
Gmn = —Omn+¢ 2 M+ by +0(c7?). (2.11)

(2) (4)
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Such a choice of the powers in the expansions characterizes the standing
wave to which we can restrict our consideration deriving the 2PN equations
of motion. In the 2PN approximation the equations of motion do not depend
on the radiation term hgp (see also [27]).

(5)
The approximate field equations one can write in the Poisson form with
the compact-supported sources using the identities

9a(f9) = fOug + g0uf, (2.12)
9a0h(f9) = f0.0p9 + 90uObf + 00 fObg + OugOhf - (2.13)
Taking into account the identities (2.12), (2.13) and the additional formulae:
8(17“21 = —7’22]\71‘}1 ,
-1 -3 a nrb 4 =
aaabrA =Ty [3NANA — 5ab] — §7T5(7’A)5ab
we can define the derivatives of the product of the singular functions by the
products of their derivatives (see Appendix A, for details).

The 2PN equations of motion are derived here using the Infeld coordinate
condition [25]:

Om(vV=99™) =0,  9u(v=g9") =0, (2.14)

as well as the EIH-coordinates [16]:

amen = 07 5“%0 = 07 Yuv = h,uu - nuunaﬁhozﬁ . (2'15)

3. The post-Newtonian approximation

Taking into account the formulae (2.2), (2.3), (2.5), (2.6), (2.10), (2.11)
and (2.14), from the field equations (2.1) we get the following expressions:

A hy = 87FkZTTLA(§(fA),
(2) A

A hpn = 87rkZmA(§(fA)5mn,
(2) A
A hy, = =167k Y mad(Fa)VL . (3.1)
(3) A
The solutions to Egs. (3.1) take the form:

hOO = —2457 hmn = _2¢5mn ) h()n = 4¢n7 (32)
(2) (2) (3)
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where

S=kY mary’, G =kY maViry'. (3.3)
A A

Using (2.2), (2.3), (2.5), (2.6),(2.10), (2.11), (2.14) and the solution (3.2),
from Eq. (2.1) in the post-Newtonian approximation we have

A
A hyy + 20 + ADPAD — 40,90, P = 167k ZmAé(fA) [gvj -30+10|.

(4) A
(3.4)
From
b=1A%, x=k)Y mara, (3.5)
A
AP = —47rkZmA(§(fA).
A
and from the identity
AP? = 20AP + 20, PO, P, (3.6)

which follows from (2.12), (2.13) (see the formulas (A.5), (A.6) in Ap-
pendix A), we get

Al hgo +X*2¢2

(4)

A
= 167k Y _ mad(Fa) [%Vj ~®+1 5] .37
A

Taking into account the first expression in (3.3), we have

/ S |7 — T d) =k Y ma / S ) e — &)Y (d)
B

B#A

Fhma / Sy TV E — 2 (de). (3.8)

The last integral in (3.8) can give a contribution to the solution of Eq. (3.7)
for 2’ — &4 = 0. Now, we expand the expression |Z — 2|71 in the power series
with respect to r’y = |2/ — &a| = 0

o
|z — :E’|_1 = Z Pm(Nf‘NZ“)rX”rg(mH), 'y <14 (3.9)

m=0
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where P,,(N%N'F) are the Legendre polynomials. The property (D) of the
function ¢ yields [see (B.5) Appendix B]

/ STV E — & e = / §(7,) PL(NEN B2 (d)
=2 —/ 'k oa=t \ _
= TA NA/(S(TA)NA (dTA)—O, (310)

since P{(NKN'F) = NEN'E. The first integral on the right-hand side of
Eq. (3.8) can be easily calculated, because the integrand is continuous for

A # B. Then, finally, from (3.8) and (3.10), we obtain

A

/3(7*;1)@’]:3 — 7|7 Nd7") =D r}! (3.11)
where
A
d=k Z mBrE}B.
B#A
Taking into account the last result, we can integrate Eq. (3.7) and we get
A
hoo =20 — X+ kY ma(2@ —3Vi)r,". (3.12)
(4)

From the formulas (2.7), (2.8), (2.9) and (2.11) in the post-Newtonian
approximation we have

d*€; 2
(0) @)
where
1 —4
Fi =500 hoo . (3.14)
(0 (@)
1—2 1 4 e
Fy = —3 On hoo D) hnk Ok hoo + hon +5 hoo V4
(@) ) (@) @) 3) (@)
; A A A
+ Bk VE= 00 hox Vi+ Ok hon VE+ 0k hoo VAV
(@) 3) 3) (2)
1 —4 A
5 On T VEVI+ O b VEVE. (3.15)

(2) (2)
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Inserting the solutions (3.2) and (3.12) into Eq. (3.15) we get the following
integrals with the singular functions which, after integrating, yield

[ 8N = o.

/5 Fa)r PNk (dz) =0,
/5(7’A)7”A2NANANA(d ) =0,

[ 83 G = NN @) o0,
/S(FA)T’AQNXTBl(di‘) =0, A#B,

/5(rA)rA rp’Np(dz) =0, A#B. (3.16)

The first four integrals vanish due to the property (D) of § [see (B.5) in
Appendix BJ. In order to evaluate the two last integrals, we used additionally
the following forms of the expansion of r;l, TEQNE, into the power series
with respect to r4 =~ 0:

—1 —1 2 1,.-3 2 3
TE =Tap— 7”ABNABNAHHF{ ras NE NS g NN — TAB}TA+O(7”A)7

rNp =135 Nkp + {T’ABNA 37‘2139]\7231\7231\751} ra+0(r3). (317

From the above expansion and the property (D) of 5 , it follows that the last
two integrals in (3.16) vanish. From (3.13)—(3.16) and (3.2), (3.12), we have

>
dt?

=k Z mAa;?erlg +c Xk Z mp [%Vng@,’i@?@,‘?rAB
BiA BiA
+ (4V§V}f —AVPVE 4V & 3V£V§> or L
<VA — 4VAVB -+ 3VB) 8A7’AB — k‘(5mA + 4mB)7’Z}98,’;17“Z]13
—%kQ Z Z mpmcg (8k TEC 0y GBTAB — 8TABGB7’BC

B c
B#A C#A
C#B

—2r 50T A — 8rap0s T k) } (3.18)
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For the two bodies N = 2, we get from (3.18) the following equations
R
dt?

= kmgdlrp! + ¢ {km2 [%VQWVQ’“a;La;a;m F(AVRVE — avrvE
—AVVy - 3VIV )0y + (V= AVEVS + 3V 0y

—k(bm1 + 4m2)r1_218,1lr1_21} } . (3.19)

Substituting the index 1 by 2 in (3.19) we obtain the equations of motion
for the second body. The equations (3.19) have been derived for the first
time from the field equations by Einstein, Infeld and Hoffmann [14] using
the coordinate conditions (2.15). These equations have been derived also by
Infeld and Plebanski [24] under condition (2.14).

Here we developed the procedure of receiving the post-Newtonian ap-
proximation, since we would like to illustrate the technique of regularization
by means of the Infeld—Plebanski d-function and to point out the significant
role of the identities (2.12), (2.13).

4. The solution of field equations in the 2PN approximation

Taking into account the solutions (3.2), (3.12) and the formulae (2.2),
(2.3), (2.5), (2.6), (2.10), (2.11) and (2.14) from (2.1) we get

A By — 40, DOy D+ A0 PO Dy + 2D 6y +AD ADE 17y 440y, B+ 40y t D,
(4)

A
= lﬁﬂkZmA(S(FA) I:VXVXL — %Vjémn — % D S| - (4.1)
A

The second term on the left-hand side of Eq. (4.1) can be transformed by
means of the formulae

AlnSap =ry'ry, Sup=ratrp+rag, A#B.  (42)
Alnrg =172 (4.3)
OmOnr 4 = 20mr ™ 0pr g + 2, 0 Oy (4.4)

The last one results from (A.3) for L = 2. From Egs. (4.2)—(4.4), (A.9) and
(A.13) and the first expression of (3.3), we obtain

Om®0,® = A|K*D Y " mamp0i0f nSap
A B

B#A

362D ML (OO Inra + 13200 | + 37> mAO(Fa)ry S - (4.5)
A A
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The third term on the left-hand side of (4.1) one can transform by means
of (3.6). In order to transform the fourth term on the left-hand side of
Eq. (4.1), we use (3.5). We transform the two last terms on the left-hand
side of (4.1) by means of the following formula

b, = 3 Axy, Xn = kZmArAVX. (4.6)
A

Taking into account (4.5), (4.6) and
27“218m8nr14 = OmOpInrg + r£25mn,

from (4.1) we have

A[ B+ 200 Xm + 20mXn + X0mn + 2D 6mn

(4

)
—4k? Z Z mAmBﬁ;gﬁf InSap — k> Zmir;lamﬁnnl}
B A

A
B#A

A
= 167k Y mad(ia) [ngg” V26, — 13 5mn}
A

+1z,’—67rk22m1243(m)7“215mn. (4.7)
A

Taking into account (3.10), we obtain the solution of Eq. (4.7) in the form

humn == X0mn — 28 — 200 Xom — 20mXn+4K> Y Y “mampdin0F In Sap
A B

(4) Baa

12 Ay OmOura — 26y mary! [2vgnvg - (%%Vj)(smn} . (4.8)
A A

Using the solutions (3.2) and Egs. (2.2), (2.3), (2.5), (2.6), (2.10), (2.11)
and (2.14), from Eq. (2.1) we get

A hop + 160,90, P + 1200, d — 8P AD,,
(5)

A
=167k Y mad(Fa) [2@1//? +20,— OV - VIVE|.  (4.9)
A
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Just in a similar way as in the case of Eq. (4.5), we transform the second
and the third terms on the left-hand side of (4.9)

PO Dre=A|ED > “mampdi0F n SapVE+1k>> mir ' 0p0nraVy
A BiA A
+%7rk2 Z m40(7a)r VR, (4.10)

A

$0,H = A {7 K23 S mampdftof nSapVh— 162y mAr 0puraVE
BiA A
—47E? Y mA(Fa)r VA (4.11)
A

Inserting Egs. (4.10) and (4.11) into (4.9), we get

A[ hon + 4623 S mampdol n Sap (4V§ _ 3V}f)
B

(5) A B
RS mAr s Ondar a V|
A
A
= 167k Y mad(Fa) 200~ B Vi~ JVAVE] ~ $mk> Y m%o(ra)rs ' V3
4 A

(4.12)

From (3.10), (3.11) and from the similar formulae for &,, we obtain the
solution Eq. (4.12) in the form

hon = 2k mary VAVE — k> miry 0k0nraVi
(5) A A
—4k>> ") " mampd;0F In Sap(4VE — 3VE)

4 BiA
+4E2D TN " mampry 'y p(VE - 2VE). (4.13)

A pla
More difficult task is to find the function hgy . Taking into account

(6)

the solutions (3.2), (3.12), (4.8), (4.13), the formulae (2.2), (2.3), (2.5),
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(2.6),(2.10), (2.11) and (2.14), from (2.1) we have

A hoy + 1200 + 4DP — 160,P,0,P), + 16B1,0,D — 40,P0y ¥
(6)
+160,P ;01D + 8DPOLDPOLD + 8¢.k8k¢ + 80k 0s PO X s + (X)
—120°AD + 2YAD + 8k Y mary 0,0 DVLV
A

A
+4k Z ma (2 7 —3Vj)ak¢akr21 + 4k3 Zmir;f:
" A
N .
— (k> ma (2 @ —3Vj)r21
A

A
—4kZmA (5 —|—%Vj> r;lAgﬁ — k3 Z Z m‘ijakasr;akas Inra

A A B
B#A

A
~ 2> ma (28 3V3)@Ary!
A

A
—8]62 Z Z mAmBé)k@s@a,?af IHSAB = 167T]{?ZmA(5(7’A>{%(5>2 + 9¢2
A pla 4
A A A A
—30F —3PVE+ T DV - 3¢+ 17 28, Vi + 48,V — dxa + VA
A B B
+kmy (3 5—%Vj) rgl—i—k: Z mp (3 5—%V§> rgl— %k‘ Z mp (2 5—3V§> rz}g
Bia Bia
F3EPmAr K2 mamp(ryrgt =i —rp'ras)
5ia
TR YD mirgt gk YD mems (rglrcl—rglrgé—rclrgé)} (4.14)
BQA B;EIA g%g

Using Eqgs. (4.2)-(4.4) and (A.9), (A.13) we transform the terms on the

left-hand side of Eq. (4.14) successively:
the second term

P = A{k2 ZZ mAmBﬁsAﬁf In SABVXVE]?
A B
B#A

+1k? Z mir;lﬁkasrAVij} + 37k? Z mir;lg(FA)Vj , (4.15)
A A
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the third term

OP = A{k2 > ) mams [afa,f InSspVEVE + 0P In SABWE}
B

A
B#A

+k? Zmi [%r;lﬁkﬁsrAV}ij — %TZQVX — %8k In rAWﬂ }
A
—4mk? Y mAro(Fa)V, (4.16)
A

the fourth term

OB, 0s By = A{k2 3N mampdPop nSapVivi
A B
B#A

—i—%kQ Z mir;lﬁkasrAVf’ij} + %ka Z mir;lg(FA)Vj , (4.17)
A A

the fifth term

PO = A{-k* Z Z mampdPoP In SAsVEVE
4 pa
e Z mA[= 33 00T AVAVE + 31 * VL) + gk? Z mir 10 (Fa)V3,
4 A
(4.18)

and the fourteenth term

B mar 0u0,8VEVE = A{k2 YO mampdf ol n SapViV;
A BaA
—&—k?ZmZ‘ [%r;lﬁkﬁsrAVjVj — %T’EQVX)} }—%ﬂkQZmirzlg(fA)Vj.
A A
(4.19)

We transform the terms sixth, seventh, eighth, ninth, tenth and fifteenth
on the left-hand side of Eq. (4.14) by means of Egs. (3.3), (4.6), (3.5) and
(A.1)-(A.6). Then, we get

KDWY = LA(PX) — 3XAP — LAY = LA(®Y) — 1 AP — 0,

O Ds0xPs = LAD] — PR ADy,

PO PO P = AP — 1P AP,
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261,05 P + 204 05D Xs = AlOrPX1] — XkOLAP

A

A A
—3k> ma <2 5—31/3) raAD— 3k ma (2 5—31/3) PAr"
A A

A A
k ZmA(Q D —3V3)0p POy = %A{k ZmA(Q @ fBVX)@rzl}
A

(4.20)

Above all from (3.5) for the seventeenth term on the left-hand side of

Eq. (4.14) we have

B . B .
[kzm (23 3vg)u1] A6 Y ma (28 313
A A
The terms eleventh and sixteenth can be written down in the form

()" = Ak ma(rd)",
A

E? Z miry® = LAK? Z m3r i+ 2mk? Z m3r 28(Fa),
A A A

where in the expressions above we used additionally the formulae:

Ari" = 12ry,
Arzg = 67“25 — 12777“225(@;) ,

where the last expression follows from (A.13) for L = 3.
In order to transform the expression

k3 Z Z mimBakﬁsrglakﬁs Inry,
A B

B#A

(4.21)

(4.22)

we take into account the formula (A.14) and the following property of

o-function
0(Ta)Inrp =0(T4) Inrap, A +# B,
as well as the relation

Eatk 1 (. —1 -1 2 -1 -1
NANBzi(T’ATB—i-T’BT’A—TABT’AT’B).
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Then, we get

K3 Z Z mimgﬁkasrglﬁkas Inrg

A
B#A

1 3 2 AaB( —1 -1
:iA{k E E mAmB[ﬁkﬁk (rg Inra—rg Inrap)
A
B#A
1,.-1.-2 1,2 -2
—5Tp T4 + T’ABrB + rBrA rAB}}

+2rk? Z Z mAmB(S(FA)rZ (T’BTZB - rBl) . (4.25)

A B
B#A

The rest of terms in (4.14) except the twenty first, include the $-function.

Inserting (4.15)—(4.22) into (4.14), we get the final equation for hgg in the

(6)
form

A{ hoo + 80 + 407 — 20K + 40, DNk + 15k Y ma(rh)
A

+£ k:SZmAr 4k2ZmA8klnrAWA7k:2ZmATA Ok 0s T’AVAVA

21y ma (2 s —3v3)ers — 4|k Z ma (2 s ~3V3)ra]
A

123 2 1,—1,,-2 , 1,.-2, -1
—35k ZZmAmB{a 8k; (rB Inra—rg lnrAB)——rB AT+ 5T ABTR
A B

B#A

+reratrad] = K2 Y mama| (16ViVE — 12VAVE ) 0208 n Sap

A
B#A

FA6VEVE — 8VEVE — 8VVEYOPOP In Sup — 898 In SABWg} }

A A A
= 167rkZmA5 m){ (D)* +50* — 50 & +idVi+ T O Vi 1y

A

A
1157 23, V}f—ﬁkxk—l—%Vj—i—kmA(@—%V )rA + Lhemar'V3

_%k2m3(2%—3VB>TAB+kZmB<%—% ) leZmBT

B#A B;tA B;éA

N
><|>

2 1.1 1.1
+3 Ly ZmAmB[rA TBTAB+7TA rB —8ry ryp —8rp T’AB}

B;éA



2034 I. NowaK

Jr%k:? Z Z moemp (rélral _ 27”;17”;5)} — 167TZmA8k(§(fA)Xk
A

B c
B#A C7ZA
C#B

+8K2 Y > " mampd0:00{ 08 In Sap . (4.26)

A B
B#A

In order to solve Eq. (4.26), we have to make regularization of the following
integrals, which do not vanish only for Z = £4

3 NN e - 2 ),
3yt - 2 o),
3ty e - 2 ),
3l - ),

/ S(F)r 2z — &N dT) . (4.27)

From (3.9) and the following expansion of 75 and 7“;1 into powers series
with respect to r’4:

| —2 nrk Ak D)

g = Tap —TaplNapNsT4 +O0(r3),
/ k "k 1 2

rp = 1AB + NipNs14+O0(r)),

one can easily see that all integrals in (4.27) vanish due to the property (D)
of 6. Then, the solution of Eq. (4.26) takes the form:

hoo = 20X — 40k ¥y — 8B} — 58°— 5k > ma(rh) " —3E2 Y mir,®
(6) A A
7 A
kaZmAer;L% > ma (2 o —3Vj)@r21+4k2 > mAoInr Wk
A A A
A A
+4EY ma X Opr gt +EY  mAr 00 aAVAVE + 8k Y ma @ Viry'
A A A

A A A .. i
k> ma® (B +9VE)r 4 5[k ma2 B-8V)ra] 4k ma X3!
A A A

B
— 2k? Z Z mAmB( 1] —%V];)rgll;r;l + 4k3 Z Z mimgrgérzl
A B A B

B#A B#A
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+E2Y 0> mamp[(16VEVE — 12V4VE)0;' 08 In Sap
B?A
+ (16VEVE — 8VEVE — 8ViVE)0P 0B In Sap — 898 In SapWE]

1.3 A 1 1.-2 3 .-2 -1
+5k ZZ mAmB[(?b 8b (rg Inrg—rg lnrAB)——rB T = 5T AT

A B
B#A
—5—%7’37“227“2]23} +2k322 Z MAMBMC (27’21137“1;10 —r;érié) 7’21 +H,
sea g
(4.28)
where H is the solution of the equation:
AH =8k " mampopds D0 0P nSap. (4.29)
A B
B#A

The equation above one can solve for the two bodies. In this case, the
function H has the form [9]:

= ka%mg{zlAl@,}&f[(n + 7“12) In 512] + 88,% In 5128,%7’1_21 — 47’27“1_27“1_22
—|—4r12 7“1 2r1_21r1 + 4r2r1 37’12 + 67’27’1 27’12 47’1 — 6r12 }+1e2.
(4.30)

YVe obtain this expression taking, into account the property 5(Fg)r1 =
0(72)r12, using (4.29), (4.2)—(4.3), (A.14) and the following formulae:
Al In 512 = 7“1_17“1_21,
Sip (1+ NENG) = 5(ry " i = raary 157),
LR InSyy = %(7“1_17“2_1 — gt =Y.

Finally, our solutions for two bodies have the form:

hoo == —kalrl_l — 2kTTL27”2_1 s

(2)
B = —2kmary Yomn — 2kmary 1o

(2)

hon = 4kmyr] 'V 4 dkmory Vo' (4.31)

(©))

hoo = k;mlrl_l[(NlVl)Q — 4V12] + 2k2m%r1_2 + k2m1m2[2r1_1r2_1 + %rlrl_;’
(4)

+3ry g = griry Tl 1 e 2, (4.32)
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B = kmarT (N1 V)2 0mn — 2(NTP VI 4 NPV (N, VA))]

@
—k:Qm%er Omn + N{"NT' | + kalmg[(%rlrf;’ + %rflrﬁl — 2rf1r51
*%7”%7’2717’1723 — 4r75 S5 )6mn + 2r 75 (NT"Niy + NI'Ni3)
+41\71”27\712(312 + 175 81) — 4872 (N"N3 + N*'N3" + 2N]" N},

hon, = 2km1rf1\/1"‘/12 + ka%rl [(NyV1)NT =V}

(5)
+k2myma{ NS [16(N12 Vi) + 16(NaVy) — 12( N2 Va) — 12(NaVa))
+N{12[1651_22(N1V2) — 1251_22(N1V1) — 451_22(N12V1) — 451_217“1_21(]\712‘/1)]
+V [47’1 r12 8r2 r12 + 471 15’12 I}+1< 2, (4.34)

hoo = kmar ' [B(N1V1)? VP — 4Vt — 3(N W)Y + KPmir 2 [V — T(N1 L))
)
+k*myma{ V72 [2 riroryy — %ri”rl_;’ + §r1r§r1_25 - §r§r12 + r1r123 riry e

3 1 1,.-1a— “1a-1
757"27‘12 2r21"1 r12 76r1 1“12 +51“2 1“12 + 8riary Ty 512 — 16775 S15]

(VlVZ)[ 717"12 871 72 - %@7"27"125 - 14_371712 + 27"17"2 1T1_23 + 67"1_17"1_21
+16r) 512 + 12rf21512 ]+ (Nl?Vl) [ﬁr:{’rf; - 18_57’%27’1725 - %ﬁr%rf;
+%75)7"125 - %717"1_23 + §T1T2 1T123 + %727"123 - £T2_17"1_21 + 1651_22 + 167"1_2151_21]
+(N12V1) (N 2V2)[ 7"17’27"125 - 145T£1))7’12 + 7’17’12 12512 - 127’12512 ]
+(N VA Brgry r12 2ry 4 1r1r12 - %rl o 4881y + 8r 1S
—4(N Vo) (NoVa)ry 2 — (N VL) (N1 Vo) [ 4 16552 + 167 1S5

N1V2> [8512 +8T1_151_21]+(N12V1>(N1Vl>[37’1T124_ §r§r124— 37’1_22 1651_22]
(N12V2)(N1V1)[*37‘%T‘1724+57‘31"17247 3rf22+40512 [+ (N12V1) (N1 V2) = r1r124
—4riy = 16S7] + (N12Va) (N1 Va) [3rirys' + 3riy + 4% — 16555

-2 3,,,3,.—3
—16S57° (N1V2) (N2 V1) + 1257 (N1 V1) (N2 Va) — 2k m1r1
3,2 1.3,.—6 -3 1,-3_9,.-2 —1_ 3 4 —1 -6 _1.2...-6
+kemima [Ty —2r] P =51y T =51 1y 16r11“2 r12 +1 r11“21"12 — 373717 o
1.3.—6 5.,.—4 , 232 —1 —4 43 -1 —1,.-3
t1gT2T12 — 37172 + FTiTy Tig — §T27"12 + 57271 712 +57"12 —3riry s
3.3 -1,,-2 , 1,2 .-3 -2 —1,.-2

~1,.-3 2 -2 1 3
—3rary T3 + 3137y 7’12 _2T2T1 Tio + 571 T3 t 37T Ts — 1gT2 T2

15, .—2 3 —1 3 -2 -3.2
—3 T2 g +2T27"1 712 371 7"12 57"1 Ty 7"12 +2rory 7"12 +3 aT1 T2 1)}
+1 < 2. (4.35)

In the these formulae the following notations were used: (NaoVy) = N ﬁV}f ,
(NaVp) = NEkVE, (NapVg) = NEkZVE, (VaVp) = VEVE. The symbol

1 <+ 2 means the same term but with the indices 1 and 2 exchanged.
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5. The 2PN equations of motion

The equations of motion in the 2PN approximation have the form
2

=3 Fr +c2 Fp 4+t Fpo (5.1)

(0) (2) (4)

where

/ 1 111
=B+ B+ BT
(4) (4) (4) (4)

1 1" . . — . . .
where F;™ and F] ™ contain the expressions up to ¢~%-order arising in

(4) (4)

1 1

1
On hoo (the term 8,%) and F* (the term hg, ), respectively. Then,

@ @) ®3)
we get

1
Fln = *%kTTLQ 8n8kr2 WQk 5 (52)
(4) (2)
1

F" = dkmgryt WP (5.3)
(4) (2)

Taking into account Egs. (2.7)—(2.9) and (2.11), we have the following form

for F|'"
(4)

1
"

1 1 1
1 1 1 1
Fy " ==500 hoo —5 hnk Ok hoo —5 huk Ok hoo —35 hus  hsk Ok hoo
@ ® @ @ @ @ @ @ @
1 1 1 1 1
. . . . L= r——
+ hue hor —35 hon hoo + hon +35 hoo Vi"—35 hoo hoo Vi
@ ® @ ®) @ @ @
1 1 1 1
1 n k s s
—5 hok Ok hoo Vi"— hon Ok hoo Vi+ hnk Os hor Vi'— hax Ok hos Vi
@) @ @) @ @ ® @ ®

1 1

1 1 1
+ hnk V1k* On hok VlkJr Ok hon V1k+ Ok hoo Vlkvln* hoo Ok hoo V1kV1n
(@) (5) (5) (@) (@) @)

1 1 1
_% an hk:s V1kV18+ as hnk V1kV1s - % hns as hk:’rn Vlk‘/lm
(4) (4) (2) (2)
1

+ hns Om hks VEVI"+ 05 hor VIVEVE -1 by VIVEVE (5.4)

(2) (2) (3) (2)
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Taking into account Egs. (3.19), (5.2), (5.3) and applying regularization to
the divergent integrals (B.6), we get

Flln :—%kalmQTﬁg[3N1n2(N12V1)2+4N112(N12V2)2—7N?2(N12V1)(N12V2)
(4)
+4V1n(N12V2) — 4V2n(N12V2) — 3V1n(N12V1) + 3V2n(N12V1)] R (5.5)

F" = —16k3m2mary Nib— 20k mamyrs NIy — k2 mymar 5 [ -8 N, V2
(4)
—4NTLVE + 16N, (ViVa) 4+ 6N15(N12V1)? + 16V5' (N12V2)

—16V1n(N12V2) — 12V2n(N12V1) + 12V1n(N12V1)] . (56)

In order to obtain F|'™ we use Eqs. (4.31)-(4.35) and (5.4). After the
(4)
regularization (B.6), we have

1
871 hOO = kSmgrf24Nf2(6m% — %m% -+ 11m2m1)
(6)

FhPmrs | — 2NVE + 28N1h(N1Va)? — 14V5 (V12 V)|
k2 mymorys [gN{gVE _5NTL(ViVa) — 41ND,(N12Va)? — 1ANT, (N 14?2
+ENBLV RV (NipVa)? — §V5 (N12Vi) — ZV (N12V2)
5N (N12Va) (N1a Vi) + BVI (N1 Va)| + kmar i3 — ONTy (N1 V3)* Vi

FOVE (N12Va) Vi + ANV + BNy (N Vo) = 313" (Vo). (5.7)

1
hpnk Or hop = 4k3m%r1_24]\f1”2(2m2 + ml) + ka%Tﬁg [GN{LQ(NQVQ)Q
(2) (4)

—4V3Y(N1oVa) — SNV (5.8)

hnk 8k h()() = 2k3m%rf24]\f{12(3m1 — 2m2) — Qka%Tﬁg’ N?Q(NlQVQ)Q
(4) (2)

+2V5' (N12V2) |, (5.9)
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1
Bom Mk Ok hoo = Sk3mir NIy, (5.10)
(2) 2 ()
1

Bk hor = —8k3mamyr i Ny + 8E2m2r 2Vl (N1 Vo), (5.11)
(2) (3)
1

h()n hOO = *SkQW%TfQSVQn(NmVQ) 5 (512)
(3) (2

1
hon = 2k*mar ' Niy(mi + 5mama) + km3ris [~ N{5 V3 + 4N{ (N12Va)?
®)
—3V5" (N12Va) ]+ k*mamar s [5NTy (Vi Va) +12N7, (N12 V1) *~16 N7 (N12V2)?
f6N1n2V12+6]\71n2V22f4N{12(N12V2)(N12V1)+20V2n(N12V2)f18V1n(N12V2)

+5Va" (N12Vi) + 6V (N12 V)] 4 2kmar 2 Ve (N12Va) V3 (5.13)
1
hoo Vln = —4/{:2m1m27’f23V1"(N12V1) + 4k2m%rf23V1”(N12V2)
(4)
+kmar 2 [—6V'VE (N2 Vo) + 3V (Ni2Vo)?],  (5.14)
v
h()() hoo Vln = 4k2m%7’f23V1"(N12V2), (5.15)
(2) (2)
S
hOk 8k h()() Vln = 8k2m%r1_23V1”(N12V2), (5.16)
(3) (2)
S
hOn ak hoo Vlk = 8k:2m%rf23V2”(N12V1), (517)

(3) (2)

1
Bk Os hop Vi = 8k*mir 2 Ve (N2 V1), (5.18)
(2 (3)
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1
Bk O hos Vi = 8k*mirs NIL(ViVa), (5.19)
(2) (3)

1
hnk hkb Vlb = 4k2m27’1 3V1 (N12V2) (5.20)
(2) (2)

.
I VI = E2m3r [V (N12V1) + Nip(ViVa) — 4Nfy(N12Va) (N12Vh)
@

—2V"(N12Va)] + k2mymar B [BNTSVE — 6NT (Vi Va) — 12N7 (N19V1)?

+12Nf2(N12V2)(N12V1) + 5V (N12V1) — 6V5" (N12V1)]

+kmari, [3V1 (N12V2) — 2V1n(N12V2)V22 + 4V5 (N2 Vo) (V1 V)

+2NBVE (ViVa) + 2V5H (N1o Vi)V — N7y (N12V2)* (ViVa)

—6V5" (N12V1)(N12V2)?] (5.21)

1 1
On hor V=0, hon VI = E2m3r 2 [— V3 (N2 Vi) + NJL (Vi Va)]

(5) (5)
+k2mimar B BN VE — 8N (VaVh) — 5V N1a Vi) 4 8Va'(Nia V7))
+hmar 2 [2Ve (N2 Vi) Ve — 2N VE(ViVR)] (5.22)

1
O hoo VIV = kmor AV (N12 V1) Vi + 2V N1 Va) (Vi Va)
(4)
—3V1”(N12V1)(N12V2)2]—4k:2m27’12 Vl (N12V1)—2/{7 m2m1r12 V1 (N12V1)
(5.23)

1
hoo Ok hoo VIV = —4k*m3r VY (N2 Vi), (5.24)
(2) (2)

1
Op his VIEVE = EPmir 2 [ 2V (N1aVh) + 2N, V2 + ANTY (N12V1)?]

(4)
—‘rkﬁ m1m2r12 [ 4N12(N12V1) —|— 2V1n(N12V1)] —‘r kaT’l_22[2V2n(N12V2)V12
—4VIH(N12V1)(ViVa) — AV (N1o Vo) (ViVa) — 3NTY (N1 Vo )2V
F12N75(N12V2) (N12V1) (Vi V2)] (5.25)
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1
Os hnp VIV = E2Pm3r 2 [VIY(N12V1) — NLVE 4 ANTY (N2 Vi)
)
+k*mymoryy [—4NTy(N12V1)? + V' (N12 Vi) — N{b VP
+hmary [-3V (N12V2)? (N12Vi) — 2V5 (N12V4) (Vi Va) — 2V (N12 Vo)V

—2N7,(V1V2)? 4 6Ny (N12Va) (N12V1) (Vi Va)] (5.26)
- r
Pns Os P VIEVI™ = —4k2m3r BN VE (5.27)
(2) (2
-
Pns Om hps VIV = —4k2m3r2VI(N V), (5.28)

(2) (2)
1
ds hop VIVIVE = —dkmor Vi (ViVe)(Ni2Vi),  (5.29)
(3)
1
hs VIVEVE = —2kmor 2 VIVE(NioVa) . (5.30)
(2

Now we obtain the 2PN equations of motion for two point particles from

Egs. (3.19) and (5.1)—(5.30):
s
a2
=3V (N12V) + 3V3" (N12Va) — N{y V2 — 2N{B Vs + ANT, (Vi Va)
+3 N5 (N12Vo)?] + K2 ma(5ma + dma)ry Ny} + ¢~ Hkmory AN VE (VYY)
2NV — 2N (ViVe)? + S N1 VE (Ni2Va)? + SNV (N1 Va)?
—6NT,(ViVa)(N12V2)? — P N{h(N12Vo)! = 3V3' VA (N12Va) + V"V (N12V2)
HAVI VR (Ni2Vi) = ViV (N1aVa) — 5V V) (N12Va) + SV (N12V2)?
—4V" (ViVa)(N12V1) 4 6V5 (N12V1)? (N12Va) + 4V (ViVa)(N12V2)
+%Vgn(N12VQ)3 + 4V (Vi Vo) (N1aVa) — 6V (N12 Vi ) (N2 Va)?
—6V3" (N12V1) (N12V2)?] + K*mamaryy [Ny Vi + §NTRVE — B NG(V112)
SN (N12V1)? + SN{G (N12Va)? — 17N, (N12Vo) (N12Vi) — V5! (N12Va)
+EVI (N12Va) + V5 (N12Vi) = VI (Ni2Vi)] + k2mir s [ANT, Vs
—12N75(N12V2)? + 2N15(N12V1)? = 8N, (V1 Vo) — 4NT, (N12Va)(N12 V1)

+4V3 (N12Va) — 2V* (N12Va) 4+ 2V5' (N12 V1) — 2V (N12 V1)) — 9k3m27“1 4]\f12
49k3

= —kmariy Niy 4 ¢ > {kmaory [AV (N12V1) — 4V5 (N12VA)

m1m2r12 N12 57 kSmgmlrf;Nl"Q}. (5.31)

Substituting the index 1 by 2 in (5.31), we obtain the equation of motion
for the second body.
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6. The 2PN equations of motion in the EIH-coordinates

The solutions hog , Amn » hon » hoo i.e (4.31) and (4.32) of the
@) @) ) @)
field equations (2.1) in the 2PN approximation in EIH coordinates (2.15)
have the same form as in the Infeld-coordinates (2.14). However, the solu-
tions  Apn , hon » hoo in EIH-coordinates differ from (4.33)—(4.35) and
(4) (5) (6)
takes the following form

hmn (EIH) = hmn @ - 4k2m%T;2(5mn - QN{RN{I)
(4) (4)

—8k*m1ma[Siy! (r] ' mn — 17 'NI*NT)

— ST (NP NP + N"N$) + 1+ 2, (6.1)
hon M = hon D+ APmA VY = 20 NP (NI VD)
(5) (5)
+k2mymo{4S5 2V — 2NN, Va)] 4 4S 2[NS (N, VA )
—2NT(N2Vi) — 2N (N1 Vi) — NP(NoVa) — 2NT(N, Va)
—ONH(N{ V)] 41« 2, (6.2)
(EIH) _

hoo D +2k3m%m2{27’53 + rf3+rf23+rf22rf1 77’%7“1527“273
(6) (6)
=ty gy iy ey g
—r2yr Ty SO AT A+ 20 B 2ry bt — 2r2yr R
—&—47'1_237'%7“1_1 — 4r1r1_23 — 4r1_21r1_1 =+ 27‘%7’1_237'2_1 — 2r2r1_23
_op—l=1 _ 9,2 3, 3.-3 2 270 —2 2
15 To rio |+ AkCmyry + 4k mi{2r “(N1 V1)
—r2VEY + 4k myma{r S 6V — 6(Vi V) — 6(N12Vh)?
+6(N12V1)(N12Va)] + 7 1 St [—4VE — 4(ViVe) — 2(NqVA)?
HA(N1V2) (N1 V)] + S5 [-2(N1VA)? + 8(N12Va) (N1 V1)
+6(N12V1)(N12V2) — 6(N12V1)? + 8(N12V1) (N2 Va)
—2(N1V1)(N2Va) 4 4(N1Va)(N12Va) + 4(No Vo) (N1 V)
—4(N12V1)(N1V2) + 4(N1 Vi) (N1 Va)]} + 1 < 2. (6.3)
The way of deriving Eqgs. (6.1)—(6.3) is the same as that one for (4.31)—(4.35).
The post-Newtonian equations of motion in EIH-coordinates have the

same form as the equations in the Infeld-coordinates; in the 2PN approx-
imation, however, these equations have different forms; the differences are



Derivation of the Post-Post-Newtonian Equations of Motion for ... 2043

shown in the following expression

e _argD T . 2

= ek e R mmar BN (N12 V) (V12 V) —4NT5 (N1 Vi)
—ANTY(N12Vo)? + N5V + N1y Vs —2N1, (Vi Va) 42V (N12 Vi)
=2V (N12Va) — 2V5' (N12 V) + 2V5' (N12 V)]
+ARPm3[8 N1y (N12V1) (N12Va) — 4N75(N12V1)? — 4N7, (Ni2Va)?
+NBLVE + NLVE — 2N (ViVa) 4 2V (N1o Vi) — 2V (N2 Va)
—2V5(N1a Vi) + 2V (N12Va))]
+2k3m3mar 5t NTy + 4k3mym3r st Niy + 23 m3r 5t NjL Y. (6.4)

The above expression is obtained by direct calculation of the integrals in
(B.7).

7. Coordinate transformations

The form of Egs. (5.31) differs from that ones obtained in [6,9,11], where
the harmonic coordinates were used. Using transformations

2" — 2" — 2c7x, — 2"+ ¢ 2kmi NEVEV]E 4 2kmo NEVEVY
+2k2m1m2(7’1 — rg)rl_QQNfQ)] ,
1
5711 — 5711 — 20_4 Xn — {711 + 0_4[2km2(N12V2)V2” — 2k2m1m27’1_21Nf2] ,
2
& — &8 — 2t X — &+ 0_4[72k:m1(N12V1)V1" + 2k2m1m2rf21]\7f2] .
(7.1)

where

we obtain

d>Ep . d>er + e km n 3 arrnys2
a2 g7 2712[6V5" (N12V2)” — 6V5'V5 (N12V5)

— 12V (N1oV1 ) (N12Va)? + 4VI (N1 V1) VE + 8VIH(N1o Vo) (Vi Vo)

+6V5" (N12V2) (N12V1)? — 4V (N12V1) (Vi Va) — 2V5'VE (N12Va)]
+k2mymar s [10Ve (N1 Vo) — 12V (N1a V1) + 8V (N12 Vi) — 6V (N2 Va)
—6NTY(N12Va)? — 16N7, (N12V1)? 4 22N75 (N1oVa ) (N1o Vi) + AN V2
—4AN5 (V1 Va)] + 2k3m%m2rf24Nf2 — 2k3m%m1rf24Nf2} , (7.2)
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kmadiryt — kmadirh 4+ ¢ HE2m3r 2 [6NTy (N12Va)? — 2V3 (N2 Va)]
—i—kalmQ[GN&(NlQVl)Q — 2V1n(N12V1)] — 8k3m%m17’1_24Nf2} . (7.3)

Substitution of (7.2) and (7.3) into (5.31) leads to the 2PN equations of
motion in the harmonic coordinates. Similarly, using the transformation

2 —— e [—2Xn —4k*mymad,, In S1a— 2k2m%8n Inry— 2k2m%8n Inro)
— 2" 2kmy NFVEV 4 2kmy NS VIV 42k myma (11 — o) NIy
—4k*myma ST (N + N&) — 2kmir ' NI — 2km3ry ' N3,
1 1 1
5711 — 5711 + ¢t [ -2 E —4k2m1m2 Op, In S19 —ka% Op Inrg }
— 5711 + 6_4[2kTTL2(N12V2)V2n - 4k2m1m2rf21Nf2 - QkQM%TﬁlN&] s
2 2 2
& — &+ ¢t { — 2 Xn —4k*mimsy 0, In Sia 72km% Op Inry }
N [ — 2kmy (N12 VL)V + 4k mymar,l NI, + Qka%rl_QleQ} .
(7.4)

in Egs. (6.4), we get the 2PN equations of motion also in the harmonic
coordinates [3-7,9,11]. We obtain the formulae (7.1) and (7.4) by using
(37a), (37b) and (38) from [28] and assuming that the transformed metric
tensor satisfies the equation

V—g9"" = 0.

The last one defines the harmonic coordinates.

Appendix A
The derivatives of the product of singular functions
The identities (2.12), (2.13) we use for the singular function =, 75 L =
1,2,3,...,M=1,2,3,....
Putting f = ;' and successively g = r3*,r3% ... into (2.12) we obtain
&ﬂ’;L = LTEL—HaaT’El. (A.1)
Substituting TEL,TEM into (2.12) and using (A.1) we get
Oa(rz™rg™) = LrgMr M 0ur 3t + My Fr M 0ar (A.2)
Similarly, substituting f = 7,9 = r;',7%,... into (2.13) we have

&;&TEL =L(L - l)rELH@arATl@brEl + LrgLﬂaaaerl_ (A.3)
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For 7%, 75 from (2.13) and (A.3) we obtain

8a8b(7’ZLr§ )= LrB N +1aaabr;1 + MrELrgMHaa@br;
+L(L — I)TEMTELH@arglﬁerl + M(M — l)rZLrgM“&lr;abrgl

+LM7’£L+17’EM+1[8&T2181)T§1 + aarglabrzl] ) (A4)
In particular, from (A.3) and (A.4) we get
AT’EL =L(L - 1)7’2L+26ar218ar21 + LTELJFIATZI , (A.5)

Al B g™y = LegMe B Ar o+ M B M AR !
+L(L — V)rgMr 520,10 r;lM(M — Dl M0, 5 0ar !
2L My E e MG e o 5t (A.6)

Substituting into (A.1)—(A.6) the derivatives (which are taken, similarly as
in [11] and [29]) from the distribution theory [30]):

Oury' = =13 Ng, (A.7)
0a0pr 5" =13 BNYNG — 6ab] — 576(74)0ab (A.8)

we can determine the derivatives of the product of the functions r;L, r;M
by their derivatives

Oar b = —Lr ;1 7INY, (A.9)
Oq (T’ZLTIEM) =—Lry rAL 1NA MrgLrgM_lNg, (A.10)
OaOpra ™ = Lry P 2[(L + 2)NGNG — 6] — amLr XM 6(Fa)day . (A11)

aaab(rgLrB ) = LM?“AL 1 BM 1(NANB+NANB)+M7’AL BM 2
X[(M +2)NEND — 6] + Lrg™r 7 F72[(L + 2)NGNG — 50
7TM7’A TBM+ (7B)dap — 37rL7"B rAL'H(S( A)0ab 5 (A.12)

ATZL =L(L—- 1) ~L=2 47TL7’2L+1(5(fA)7 (A.13)

A(TELTE;M) =L(L—- l)rngZL_Q + M(M — l)rELrgM_Q
—An LM FTS (7 a) — dn Mo B M8 () (A.14)

In order to obtain derivatives of rﬁ, L =1,2,3,... we are using the
ordinary differential calculus.
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Appendix B

The reqularization procedure for the divergent integrals

In (5.2), (5.3), (5.7)—(5.30) we get the following divergent integrals:

3 (Fa T‘AT‘ (z), /5(1:A)T§T%4N2d(f)7

\\

Srarry Ngda), [ Sraplird Ny dG),

/S FA)rKrM NUNEd(Z), /5 FA)rErM NENEd(z),

/3 Fa)rhry NANANRA(Z), /5(f Jriry NANANEd(z),
/S FA)rEr NUNENS (), /5 FA)rErM NENENSd(Z),
)OO 0 Sap(d7) / §(74)0,08 In Sap(dz),

1)0,000P In Sap(dz), / 5(Fa)0P 80 In Sap(dx),

\\\

74)0B0P 0 In Sap(dz), / 5(Fa)r 2 NSO oA I Sap(di),
/ §(Fa)rg? NEdP oA In Sap(dz), / §(Fa)r 2 NSOA0P In Sap(dx),
/ §(Fa)rg®N5020B In Sap(dz). (B.1)
where K € {-4,-3,-2,-1,0,1}, M € {-4,-3,-2,-1,0,1} are the
power exponents. These integrals are non-vanishing only for = £4.

In order to calculate the above integrals we need the following expansions
of r%, rgNg and S%B into a power series with respect to r4 = 0:

M(M—-2) 4,
T’BM = TAB + MTAB 1NABNATA 4+ fTAB 2NABNABNANA
M M(M —2)(M —4) 4,
+7T%32 rh+ 5 rs ANEpNip N NENANY
MM —2) o
fTAB SINERNE |75 +0(rh) (B.2)

M+1 1
7’1(3 INg = ,(43+ IN% + {T’ABNA + MT’ABNABNABNA}TA

M(M —2) (M 1)

+{M M-DNkNENT + NipNEkpNipNENS
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M M M(M
- I)NA}B}T’%JF{ - Q)NQJFQ M DN N NG

2 AB 9 AB 2
M(M 2) M 9
‘*‘f ( )NABNABNANANA
M(M —2)(M —4) =
+ 5 ( )NABNABNABNABNANANA}
+0(r%), (B.3)

SNs = @rap)™ + M(2rap)™ (1 + NAgN5)ra

M(M -1 _
+{%<2MB>M *(1+2Nip N} + NipNipNiN;)

M 1, _
a3k~ b VD

(2rap)M3(1+ NEgNip NG g NENING

{M(M —1)(M —2)
+
6
M(M —1)
2
+raENEpNE — r ENEp N pNENS — r s NEp NNy NENSNG)

)M—Q( -1

+3NEpNE + 3NS5 NipNENS) + (2raB AR

M RV _
+7(27’AB)M I(TA%NIIZBNEBNEXBNJZN;ZNIZ_TA%NEXBN,’Z)}Tg}"i_o(ri)'
(B.4)

Inserting (B.2), (B.3) and (B.4) into (B.1), we obtain the integrals in the
form

/S(FA)TAPNZINZQ~--Nf;nd(i'), p=0,1,2,... L.

Taking into account the property D2) of ) (7) and using the spherical coor-
dinates, we have

—

A( /A) ka1Nk2 ;‘k’nd(x_/)

(o]

:/S(FA) P2 gyt fN’“N’” NFdQ, p=0,1,2,...L,
0

where the last integral is taken over the solid angle. Returning to (Z) coor-
dinates in the first integral on the right-hand side of the above expression
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and taking into account that § df2 = 4w, we obtain
/ S a)r S PNIINE N g )

_/6(T=A fN/klN’kQ ;}k’nd(g7 p:O,1,2,L

Taking into account the property (D4) of & the last integral in the formula
above yields

/ GG f NN Nfrd2 =

p=1,2,...L, B.5
kalNkQ N, p=o0. (B-5)
We calculate the second integral on the right-hand side of (B.5) by integrat-
ing over the solid angle or by using the formulae (90.19) and (90.20) from
[12].
Finally, from (B.1) by means of (B.5) we obtain the following non-
vanishing integrals:

/ OFA TP NANGNS (dZ) = — &1 B INGpobs+ Nipons+Nipul,
-2 _ 1.—2 n
/5 Ta)ra Np(dz) = —37,5Nip,
/5(FA)TA T’BNX(dJ_I) = 1157’A%NAB7
/ FA) TP NI (dT) = —r S Nip,

/5 Fa)ry’rp ' Np(dz) = rapNip .,
8(7a)0n0f I Sap(dz) = 30w — sNAENGs|ri,

0(7)0,0f I Sap(dz) = [NGpN4p — $0ulran,

\\

/ J0n020F 10 Sap(dT) = [4N%pdan + LA gy
+INS B — NXBNZBNZB] AR

/ AOBOLO W San(dr) = [3NY pban + SNS b
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/ 5(Fa)0B PO In Sap(dz)

/ O(FA)r g NEOPOA In Sap(dz) = 3r,

/ 5(TA)TBQN38A83 In Sap(dz)

+5N 450 — BNZBNXBNIZB] AR
[~ Nhi50an — Nipa

—N4p6us + AN NS s NAgIral
ANz,

rapNig . (B.6)

These integrals give the contribution in equations of motion (5.31).
The following regularized integrals were used for deriving the 2PN equa-

tions in the EIH coordinates:

/ (7 4) 00O In S 4 (dT)
/ (7 4)0,0,08 In S 45 (dz)
/ (7 4)Ok0,02 In S 45 (dz)
/ 5(F2)ORO202 In Spp(dE)

/ 5(Fa)0x0B 08 In S pp(dz)

= TAB[ NEpNiNiE — ANk 5onm

1 1
_§N235km - QN,TBénk} )

= TE% [ - SNIIZBNXBNXLB + %NﬁBénm

AN O + 3N 00|

= TAB[ NEgNiNiE — 1N ponm

7%N235km] )

= TAB[ NEgNipNLE — NH50,,

7%N235km] )

= 5 [4NABNABNAB — N goum

~NApOkm — N;lnBékn} ,

/5(@)@3(31\7];]\@ — 6nk) Ok InSap(dz) = r 5 N4g,

/5(7:/})7";2]\7%8”8]611’15143(6[@) = —35r

auNis - (B.7)
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