
Vol. 35 (2004) ACTA PHYSICA POLONICA B No 8

DERIVATION OF THE POST-POST-NEWTONIAN
EQUATIONS OF MOTION FOR THE POINT

PARTICLES BY THE EIH APPROXIMATION METHOD
FROM THE EINSTEIN FIELD EQUATIONS WITH THE

INFELD–PLEBANSKI STRESS-ENERGY TENSOR

Iwona Nowak

Institute of Physics, University of Rzeszów

Rejtana 16A, 35-310 Rzeszów, Poland

(Received September 27, 2002; revised version received March 21, 2003; second

revised version received November 12, 2003; third revised version received

March 9, 2004; final version received May 26, 2004)

The post-post-Newtonian equations of motion for the point particles
using the EIH approximation method are derived. These equations are
deduced from the gravitational field equations with the stress-energy ten-
sor proposed by Infeld and Plebanski. The Infeld-coordinates and EIH-
coordinates are used. Regularization of the metric tensor and its derivatives

on the world lines of particles by means of the modified Dirac δ̂-function,
which is contained in the stress-energy tensor, has been done.
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1. Introduction

The discoveries made in astrophysics [1, 2] as well as the last attempts
made in several research labs (for instance, in LIGO and VIRGO) to detect
gravitational waves, require theoretical description of the compact binary
object dynamics. This one in its turn, requires the derivation of the post-
post-post-Newtonian (3PN) equations of motion and the radiation correc-
tions to them. 2.5PN equations of motion for the point particles were derived
for the first time by Damour and Deruelle [3–6] by using the results of [7].
The method of derivation utilized the stress energy-tensor which involved
the Dirac δ-function (this idea was first introduced by Infeld [8]), as well
as the Hadamard “partie finie” regularization procedure. 2.5PN equations
of motion were derived by Blanchet et al. [9] directly from the field equa-
tions, the method of derivation also included stress-energy tensor with Dirac
δ-function and Hadamard “partie finie” regularization procedure. Later on
this regularization procedure was discussed more thoroughly in [10]. It is
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worthy to mention that in [3–7,9] the harmonic coordinates were used. The
harmonic coordinates were also used by Kopejkin [11], but this author de-
rived the 2PN equations of motion by means of Fock method [12]. In this
method the spherically-symmetric non-rotating bodies are treated as the
three-dimensional space domains where the stress-energy tensor differs from
zero, while the point particles are treated as the centers of mass of these
bodies. In order to evaluate the metric tensor and its derivatives on the
world lines of the point particles, the suitable equations describing the in-
ternal structure of the bodies, were used. The 2PN equations of motion
obtained by Kopejkin are identical to those obtained in [3–7,9].

In [13] the 2PN equations of motion and the radiation correction to
them were obtained by means of harmonic coordinates and surface integral
approach [14–16]. Another method of derivation of 2PN equations of motion
was given in [17]. The authors solved the field equations by means of retarded
integral over the past null cone of the field point (chosen to be within the
near zone in order to obtain the equations of motion, and to be within the
far zone in order to evaluate the gravitational radiation).

In order to obtain the 2PN equations of motion, is also possible to use
ADM Hamiltonian-method [18, 19]. This Hamiltonian-method was devel-
oped a the 2PN level in early works [20,21] but completely understood in [22].
The equations of motion obtained by the ADM method differ from those ones
obtained in [3–7,9,11,13,17] because of different coordinate conditions.

In this work the 2PN equations of motion are derived from the gravita-
tional field equations by means of Einstein, Infeld, Hoffmann (EIH) approx-
imation method [14–16] (see also [23]) with the stress-energy tensor in the
Infeld–Plebanski form [24, 25]. We used here the Infeld coordinates [25] as
well as EIH coordinates [16] which enable to write down the field equations
in the form of Poisson equations. The modified Dirac δ-function which is
contained in Infeld–Plebanski stress-energy tensor allows to regularize the
metric tensor and its derivatives on world lines of the particles. 2PN equa-
tions of motion obtained in this work differ from those ones obtained in
[3–7,9,11,13,17,22].

2. Mathematical background

We start from the field equations of the form

Rµν = −8πk

c2
T ∗

µν , (2.1)

where

T ∗

µν =
(

gµ̺gνσ − 1
2gµνg̺σ

)

T ̺σ . (2.2)
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We consider the stress-energy tensor for the N -point particle system with
the mass mA and the coordinates ξa

A, A = 1, 2, . . . , N in the Infeld–Plebanski
form [25]

√−gT µν =
∑

A

mAδ̂(x̄ − ξ̄A)
dξ

µ
A

dx0

dξν
A

dx0
(
dσA

dx0
)−1 , (2.3)

where

dσ2
A =

A

gµν dξ
µ
Adξν

A,
A

gµν=

∫

δ̂(x̄ − ξ̄A)gµν(dx̄) . (2.4)

Here we use the following notations: k is the gravitational constant, c-the
light velocity; Greek indices run from 0 to 3, Latin indices (if there are no
additional remarks) run from 1 to 3, repetition of indices implies summation;
the capital letters A,B,C take the values 1, 2, . . . , N ; the derivatives with
respect to xµ are denoted by ∂µ, with repect to xa — by ∂a, and with
respect to ξa

A - by ∂A
a ; the dot above a function denotes the derivative with

respect to time t; ∆ ≡ ∂a∂a, ∆A ≡ ∂A
a ∂A

a , ξ0
A = x0 = ct, (ξa

A) = (ξ̄A),
|x̄| = r, x̄ − ξ̄A = r̄A, |x̄ − ξ̄A| = rA, ξ̄A − ξ̄B = r̄AB , |ξ̄A − ξ̄B| = rAB,

Na
A = r−1

A (xa − ξa
A), Na

AB = r−1
A (ξa

A− ξa
B), V a

A =
dξa

A

dt
, W a

A =
d2ξa

A

dt2
; the metric

signature (+,−,−,−) is chosen. We denote, in general

A

(. . .)≡
∫

(. . .)δ̂(r̄A)(dx̄).

The Infeld–Plebanski δ̂-function satisfies the following conditions [26]:

(D1) δ̂(x̄) can be formally differentiated up to any order.

(D2) δ̂(x̄) = 0 if x̄ 6= 0: δ̂(x̄) can be treated as a spherically symmetric
function.

(D3) For an arbitrary region V (x̄0) containing x̄0 as an internal point and
for any arbitrary continuous function f(x̄) of x̄ in V (x̄0), we have

∫

V (x̄0)

δ̂(x̄ − x̄0)f(x̄)(dx̄) = f(x̄0) .

(D4) For any neighbourhood V (0) of the point |x̄| = 0 we have
∫

V (0)

δ̂(x̄)|x̄|−p(dx̄) = 0, p = 1, 2, . . . , L ,

where L is an arbitrary but fixed integer.
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The first three conditions are characteristic for the ordinary Dirac δ-
function. The fourth condition is a generalization of the third one for singular
function f(x̄) = r−p.

The Ricci tensor is determined by the following expression:

Rαβ = 1
2gµν(∂µ∂νgαβ + ∂α∂βgµν − ∂α∂µgβν − ∂β∂µgαν)

−gµνgσ̺(ΓµασΓν̺β − ΓµαβΓν̺σ) , (2.5)

where

Γαβγ = 1
2 (∂γgαβ + ∂βgαγ − ∂αgβγ) . (2.6)

From the integrability conditions for the field equations (2.1) one can
obtain the equations of motion for the point particles [25]

d2ξn
A

(dx0)2
+

[

A

Γ n
µν −dξn

A

dx0

A

Γ 0
µν

]

dξ
µ
A

dx0

dξν
A

dx0
= 0 , (2.7)

with
Γα

µν = 1
2gαβ(∂µgβν + ∂νgβµ − ∂βgµν) . (2.8)

In order to solve the field equations (2.1) by means of the EIH successive
approximation method [25], the following postulates have to be assumed:

(a) The metric tensor can be expanded in a power series with respect to
c−1:

gµν = ηµν + hµν , hµν =

∞
∑

i=1

c−i hµν

(i)

. (2.9)

(b) The derivative with respect to time t = c−1x0 and the derivatives with
respect to space coordinates xa do not change the approximation order
of the expansion coefficients of gµν

hµν

(i)

∼ ∂

∂t
hµν

(i)

∼ ∂

∂xa
hµν

(i)

. (2.10)

In our solution, only even powers of inverse light velocity for g00, gmn

and only odd powers for g0n are taken into account:

g00 = 1 + c−2 h00

(2)

+ c−4 h00

(4)

+ c−6 h00

(6)

+ O(c−7) ,

g0n = c−3 h0n

(3)

+ c−5 h0n

(5)

+ O(c−6) ,

gmn = −δmn + c−2 hmn

(2)

+ c−4 hmn

(4)

+ O(c−5) . (2.11)
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Such a choice of the powers in the expansions characterizes the standing
wave to which we can restrict our consideration deriving the 2PN equations
of motion. In the 2PN approximation the equations of motion do not depend
on the radiation term h00

(5)

(see also [27]).

The approximate field equations one can write in the Poisson form with
the compact-supported sources using the identities

∂a(fg) ≡ f∂ag + g∂af , (2.12)

∂a∂b(fg) ≡ f∂a∂bg + g∂a∂bf + ∂af∂bg + ∂ag∂bf . (2.13)

Taking into account the identities (2.12), (2.13) and the additional formulae:

∂ar
−1
A = −r−2

A Na
A ,

∂a∂br
−1
A = r−3

A [3Na
AN b

A − δab] −
4

3
πδ(r̄A)δab

we can define the derivatives of the product of the singular functions by the
products of their derivatives (see Appendix A, for details).

The 2PN equations of motion are derived here using the Infeld coordinate
condition [25]:

∂m(
√−ggmn) = 0 , ∂µ(

√−ggµ0) = 0 , (2.14)

as well as the EIH-coordinates [16]:

∂mγmn = 0, ∂µγµ0 = 0, γµν = hµν − ηµνη
αβhαβ . (2.15)

3. The post-Newtonian approximation

Taking into account the formulae (2.2), (2.3), (2.5), (2.6), (2.10), (2.11)
and (2.14), from the field equations (2.1) we get the following expressions:

∆ h00

(2)

= 8πk
∑

A

mAδ̂(r̄A) ,

∆ hmn

(2)

= 8πk
∑

A

mAδ̂(r̄A)δmn ,

∆ h0n

(3)

= −16πk
∑

A

mAδ̂(r̄A)V n
A . (3.1)

The solutions to Eqs. (3.1) take the form:

h00

(2)

= −2Φ , hmn

(2)

= −2Φδmn , h0n

(3)

= 4Φn , (3.2)
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where

Φ = k
∑

A

mAr−1
A , Φn = k

∑

A

mAV n
A r−1

A . (3.3)

Using (2.2), (2.3), (2.5), (2.6),(2.10), (2.11), (2.14) and the solution (3.2),
from Eq. (2.1) in the post-Newtonian approximation we have

∆ h00

(4)

+ 2Φ̈ + 4Φ∆Φ − 4∂kΦ∂kΦ = 16πk
∑

A

mAδ̂(r̄A)

[

3
4V 2

A − 3Φ + 1
2

A

Φ

]

.

(3.4)
From

Φ̈ = 1
2∆χ̈, χ = k

∑

A

mArA, (3.5)

∆Φ = −4πk
∑

A

mAδ̂(r̄A).

and from the identity

∆Φ2 = 2Φ∆Φ + 2∂kΦ∂kΦ, (3.6)

which follows from (2.12), (2.13) (see the formulas (A.5), (A.6) in Ap-
pendix A), we get

∆

[

h00

(4)

+ χ̈ − 2Φ2

]

= 16πk
∑

A

mAδ̂(r̄A)

[

3
4V 2

A − Φ + 1
2

A

Φ

]

. (3.7)

Taking into account the first expression in (3.3), we have

∫

δ̂(r̄′A)Φ′|x̄ − x̄′|−1(dx̄′) = k
∑

B

B 6=A

mB

∫

δ̂(r̄′A)r
′
−1

B |x̄ − x̄′|−1(dx̄′)

+kmA

∫

δ̂(r̄′A)r
′
−1

A |x̄ − x̄′|−1(dx̄′) . (3.8)

The last integral in (3.8) can give a contribution to the solution of Eq. (3.7)
for x̄′− ξ̄A = 0. Now, we expand the expression |x̄− x̄′|−1 in the power series
with respect to r′A = |x̄′ − ξ̄A| ≈ 0

|x̄ − x̄′|−1 =
∞
∑

m=0

Pm(Nk
AN

′k
A )r

′m
A r

−(m+1)
A , r′A < rA (3.9)
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where Pm(Nk
AN

′k
A ) are the Legendre polynomials. The property (D) of the

function δ̂ yields [see (B.5) Appendix B]
∫

δ̂(r̄′A)r
′
−1

A |x̄ − x̄′|−1(dx̄′) =

∫

δ̂(r̄′A)P1(N
k
AN

′k
A )r−2

A (dx̄′)

= r−2
A Nk

A

∫

δ̂(r̄′A)N
′k
A (dr̄′A) = 0 , (3.10)

since P1(N
k
AN

′k
A ) = Nk

AN
′k
A . The first integral on the right-hand side of

Eq. (3.8) can be easily calculated, because the integrand is continuous for
A 6= B. Then, finally, from (3.8) and (3.10), we obtain

∫

δ̂(r̄′A)Φ′|x̄ − x̄′|−1(dx̄′) =
A

Φ r−1
A (3.11)

where
A

Φ= k
∑

B

B 6=A

mBr−1
AB .

Taking into account the last result, we can integrate Eq. (3.7) and we get

h00

(4)

= 2Φ2 − χ̈ + k
∑

A

mA(2
A

Φ −3V 2
A)r−1

A . (3.12)

From the formulas (2.7), (2.8), (2.9) and (2.11) in the post-Newtonian
approximation we have

d2ξn
A

dt2
= Fn

A

(0)

+ c−2 Fn
A

(2)

, (3.13)

where

Fn
A

(0)

= −1

2

A

∂n h00

(2)

, (3.14)

Fn
A

(2)

= −1

2

A

∂n h00

(4)

−1

2

A

hnk

(2)

∂k h00

(2)

+

A

ḣ0n

(3)

+
1

2

A

ḣ00

(2)

V n
A

+

A

ḣnk

(2)

V k
A−

A

∂n h0k

(3)

V k
A+

A

∂k h0n

(3)

V k
A+

A

∂k h00

(2)

V k
AV n

A

−1

2

A

∂n hmk

(2)

V k
AV m

A +
A

∂m hnk

(2)

V m
A V k

A . (3.15)
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Inserting the solutions (3.2) and (3.12) into Eq. (3.15) we get the following
integrals with the singular functions which, after integrating, yield

∫

δ̂(r̄A)r−2
A Nk

A(dx̄) = 0 ,

∫

δ̂(r̄A)r−3
A Nk

A(dx̄) = 0 ,

∫

δ̂(r̄A)r−2
A Nk

AN s
AN b

A(dx̄) = 0 ,

∫

δ̂(r̄A)r−1
A (δkb − N b

ANk
A)(dx̄) = 0 ,

∫

δ̂(r̄A)r−2
A Nn

Ar−1
B (dx̄) = 0, A 6= B ,

∫

δ̂(r̄A)r−1
A r−2

B Nn
B(dx̄) = 0, A 6= B . (3.16)

The first four integrals vanish due to the property (D) of δ̂ [see (B.5) in
Appendix B]. In order to evaluate the two last integrals, we used additionally
the following forms of the expansion of r−1

B , r−2
B Nn

B , into the power series
with respect to rA ≈ 0:

r−1
B = r−1

AB−r−2
ABNk

ABNk
ArA+

{

3
2r−3

ABNk
ABN s

ABNk
AN s

A− 1
2r−3

AB

}

r2
A+O(r3

A),

r−2
B Nn

B = r−2
ABNn

AB +
{

r−3
ABNn

A − 3r−3
ABNn

ABN b
ABN b

A

}

rA + O(r2
A) . (3.17)

From the above expansion and the property (D) of δ̂, it follows that the last
two integrals in (3.16) vanish. From (3.13)–(3.16) and (3.2), (3.12), we have

d2ξn
A

dt2
= k

∑

B

B 6=A

mA∂A
n r−1

AB + c−2

{

k
∑

B

B 6=A

mB

[

1
2V m

B V k
B∂A

m∂A
k ∂A

n rAB

+
(

4V n
B V k

A − 4V n
A V k

A − 4V n
B V k

B + 3V n
A V k

B

)

∂A
k r−1

AB

+
(

V 2
A − 4V k

AV k
B + 3

2V 2
B

)

∂A
n r−1

AB − k(5mA + 4mB)r−1
AB∂A

n r−1
AB

]

−1
2k2

∑

B

B 6=A

∑

C
C 6=A

C 6=B

mBmC

(

∂B
k r−1

BC ∂B
k ∂B

n rAB − 8r−1
AB∂B

n r−1
BC

−2r−1
BC∂B

n r−1
AB − 8r−1

AB∂C
n r−1

AC

)

}

. (3.18)
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For the two bodies N = 2, we get from (3.18) the following equations

d2ξn
1

dt2
= km2∂

1
nr−1

12 + c−2
{

km2

[

1
2V m

2 V k
2 ∂1

m∂1
k∂1

nr12 + (4V n
2 V k

1 − 4V n
1 V k

1

−4V n
2 V k

2 + 3V n
1 V k

2 )∂1
kr−1

12 + (V 2
1 − 4V k

1 V k
2 + 3

2V 2
2 )∂1

nr−1
12

−k(5m1 + 4m2)r
−1
12 ∂1

nr−1
12

]}

. (3.19)

Substituting the index 1 by 2 in (3.19) we obtain the equations of motion
for the second body. The equations (3.19) have been derived for the first
time from the field equations by Einstein, Infeld and Hoffmann [14] using
the coordinate conditions (2.15). These equations have been derived also by
Infeld and Plebanski [24] under condition (2.14).

Here we developed the procedure of receiving the post-Newtonian ap-
proximation, since we would like to illustrate the technique of regularization
by means of the Infeld–Plebanski δ̂-function and to point out the significant
role of the identities (2.12), (2.13).

4. The solution of field equations in the 2PN approximation

Taking into account the solutions (3.2), (3.12) and the formulae (2.2),
(2.3), (2.5), (2.6), (2.10), (2.11) and (2.14) from (2.1) we get

∆ hmn

(4)

−4∂mΦ∂nΦ+4∂kΦ∂kΦδmn+2Φ̈δmn+4Φ∆Φδmn+4∂nΦ̇m+4∂mtΦn

= 16πk
∑

A

mAδ̂(r̄A)

[

V n
A V m

A − 1
4V 2

Aδmn − 1
2

A

Φ δmn

]

. (4.1)

The second term on the left-hand side of Eq. (4.1) can be transformed by
means of the formulae

∆ ln SAB = r−1
A r−1

B , SAB = rA + rB + rAB, A 6= B. (4.2)

∆ ln rA = r−2
A , (4.3)

∂m∂nr−2
A = 2∂mrA

−1∂nr−1
A + 2r−1

A ∂m∂nr−1
A . (4.4)

The last one results from (A.3) for L = 2. From Eqs. (4.2)–(4.4), (A.9) and
(A.13) and the first expression of (3.3), we obtain

∂mΦ∂nΦ = ∆

[

k2
∑

A

∑

B

B 6=A

mAmB∂A
m∂B

n ln SAB

+1
8k2

∑

A

m2
A(∂m∂n ln rA + r−2

A δmn)

]

+ 4
3πk2

∑

A

m2
Aδ̂(r̄A)r−1

A δmn . (4.5)
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The third term on the left-hand side of (4.1) one can transform by means
of (3.6). In order to transform the fourth term on the left-hand side of
Eq. (4.1), we use (3.5). We transform the two last terms on the left-hand
side of (4.1) by means of the following formula

Φn = 1
2∆χn, χn = k

∑

A

mArAV n
A . (4.6)

Taking into account (4.5), (4.6) and

2r−1
A ∂m∂nrA = ∂m∂n ln rA + r−2

A δmn,

from (4.1) we have

∆
[

hmn

(4)

+ 2∂nχ̇m + 2∂mχ̇n + χ̈δmn + 2Φ2δmn

−4k2
∑

A

∑

B

B 6=A

mAmB∂A
m∂B

n lnSAB − k2
∑

A

m2
Ar−1

A ∂m∂nrA

]

= 16πk
∑

A

mAδ̂(r̄A)
[

V n
A V m

A − 1
4V 2

Aδmn − 1
2

A

Φ δmn

]

+16
3 πk2

∑

A

m2
Aδ̂(r̄A)r−1

A δmn . (4.7)

Taking into account (3.10), we obtain the solution of Eq. (4.7) in the form

hmn

(4)

=−χ̈δmn−2Φ2δmn−2∂nχ̇m−2∂mχ̇n+4k2
∑

A

∑

B

B 6=A

mAmB∂A
m∂B

n ln SAB

+k2
∑

A

m2
Ar−1

A ∂m∂nrA − 2k
∑

A

mAr−1
A

[

2V m
A V n

A −
( A

Φ+1
2V 2

A

)

δmn

]

. (4.8)

Using the solutions (3.2) and Eqs. (2.2), (2.3), (2.5), (2.6), (2.10), (2.11)
and (2.14), from Eq. (2.1) we get

∆ h0n

(5)

+ 16∂kΦ∂nΦk + 12Φ̇∂nΦ − 8Φ∆Φn

= 16πk
∑

A

mAδ̂(r̄A)

[

2ΦV n
A + 2Φn−

A

Φ V n
A − 1

2V 2
AV n

A

]

. (4.9)
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Just in a similar way as in the case of Eq. (4.5), we transform the second
and the third terms on the left-hand side of (4.9)

∂kΦ∂nΦk =∆

[

k2
∑

A

∑

B

B 6=A

mAmB∂A
k ∂B

n ln SABV k
B + 1

4k2
∑

A

m2
Ar−1

A ∂k∂nrAV k
A

]

+4
3πk2

∑

A

m2
Aδ̂(r̄A)r−1

A V n
A , (4.10)

Φ̇∂nΦ = ∆
[

− k2
∑

A

∑

B

B 6=A

mAmB∂A
k ∂B

n ln SABV k
A− 1

4k2
∑

A

m2
Ar−1

A ∂k∂nrAV k
A

]

−4
3πk2

∑

A

m2
Aδ̂(r̄A)r−1

A V n
A . (4.11)

Inserting Eqs. (4.10) and (4.11) into (4.9), we get

∆
[

h0n

(5)

+ 4k2
∑

A

∑

B

B 6=A

mAmB∂A
k ∂B

n ln SAB

(

4V k
B − 3V k

A

)

+k2
∑

A

m2
Ar−1

A ∂m∂nrAV m
A

]

= 16πk
∑

A

mAδ(r̄A)
[

2Φn−
A

Φ V n
A − 1

2V 2
AV n

A

]

− 16
3 πk2

∑

A

m2
Aδ(r̄A)r−1

A V n
A .

(4.12)

From (3.10), (3.11) and from the similar formulae for Φn we obtain the
solution Eq. (4.12) in the form

h0n

(5)

= 2k
∑

A

mAr−1
A V 2

AV n
A − k2

∑

A

m2
Ar−1

A ∂k∂nrAV k
A

−4k2
∑

A

∑

B

B 6=A

mAmB∂A
k ∂B

n lnSAB(4V k
B − 3V k

A)

+4k2
∑

A

∑

B

B 6=A

mAmBr−1
A r−1

AB(V n
A − 2V n

B ) . (4.13)

More difficult task is to find the function h00

(6)

. Taking into account

the solutions (3.2), (3.12), (4.8), (4.13), the formulae (2.2), (2.3), (2.5),
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(2.6),(2.10), (2.11) and (2.14), from (2.1) we have

∆ h00

(6)

+ 12Φ̇Φ̇ + 4ΦΦ̈ − 16∂kΦs∂sΦk + 16Φk∂kΦ̇ − 4∂kΦ∂kχ̈

+16∂kΦs∂kΦs + 8Φ∂kΦ∂kΦ + 8Φ̇k∂kΦ + 8∂k∂sΦ∂kχ̇s + (χ)····

−12Φ2∆Φ + 2χ̈∆Φ + 8k
∑

A

mAr−1

A
∂k∂sΦV k

AV s

A

+4k
∑

A

mA

(

2
A

Φ −3V 2

A

)

∂kΦ∂kr−1

A
+ 4k3

∑

A

m3

Ar−5

A

−
[

k
∑

A

mA

(

2
A

Φ −3V 2

A

)

r−1

A

]

··

− 2k
∑

A

mA

(

2
A

Φ −3V 2

A

)

Φ∆r−1

A

−4k
∑

A

mA

(

A

Φ + 1

2
V 2

A

)

r−1

A
∆Φ − k3

∑

A

∑

B

B 6=A

m2

AmB∂k∂sr
−1

B
∂k∂s ln rA

−8k2
∑

A

∑

B

B 6=A

mAmB∂k∂sΦ∂A

k ∂B

s lnSAB = 16πk
∑

A

mAδ̂(r̄A)

{

1

4
(

A

Φ)2 + 9Φ2

−3Φ
A

Φ − 5

2
ΦV 2

A + 7

4

A

Φ V 2

A − 3

2
χ̈ + 1

4

A

χ̈ −2
A

Φk V k

A + 4ΦkV k

A − ∂kχ̇k + 7

16
V 4

A

+kmA

(

3
A

Φ−5

2
V 2

A

)

r−1

A
+k

∑

B

B 6=A

mB

(

3
B

Φ−5

2
V 2

B

)

r−1

B
− 1

4
k

∑

B

B 6=A

mB

(

2
B

Φ−3V 2

B

)

r−1

AB

+ 1

2
k2m2

Ar−2

A
+ k2

∑

B

B 6=A

mAmB

(

r−1

A
r−1

B
− r−1

A
r−1

AB
− r−1

B
r−1

AB

)

+ 1

4
k2

∑

B

B 6=A

m2

Br−2

B
+ 1

2
k2

∑

B

B 6=A

∑

C
C 6=A

C 6=B

mCmB

(

r−1

B
r−1

C
−r−1

B
r−1

BC
−r−1

C
r−1

BC

)

}

. (4.14)

Using Eqs. (4.2)–(4.4) and (A.9), (A.13) we transform the terms on the
left-hand side of Eq. (4.14) successively:
the second term

Φ̇Φ̇ = ∆
{

k2
∑

A

∑

B

B 6=A

mAmB∂A
s ∂B

k ln SABV s
AV k

B

+1
4k2

∑

A

m2
Ar−1

A ∂k∂srAV k
AV s

A

}

+ 4
3πk2

∑

A

m2
Ar−1

A δ̂(r̄A)V 2
A , (4.15)



Derivation of the Post-Post-Newtonian Equations of Motion for . . . 2031

the third term

ΦΦ̈ = ∆

{

k2
∑

A

∑

B

B 6=A

mAmB

[

∂B
s ∂B

k ln SABV k
BV s

B + ∂B
k lnSABW k

B

]

+k2
∑

A

m2
A

[

3
4r−1

A ∂k∂srAV k
AV s

A − 1
2r−2

A V 2
A − 1

2∂k ln rAW k
A

]

}

−4
3πk2

∑

A

m2
Ar−1

A δ̂(r̄A)V 2
A , (4.16)

the fourth term

∂kΦs∂sΦk = ∆
{

k2
∑

A

∑

B

B 6=A

mAmB∂B
s ∂A

k ln SABV s
AV k

B

+1
4k2

∑

A

m2
Ar−1

A ∂k∂srAV k
AV s

A

}

+ 4
3πk2

∑

A

m2
Ar−1

A δ̂(r̄A)V 2
A , (4.17)

the fifth term

Φk∂kΦ̇ = ∆{−k2
∑

A

∑

B

B 6=A

mAmB∂B
s ∂B

k ln SABV k
AV s

B

+k2
∑

A

m2
A[−3

4r−1
A ∂k∂srAV k

AV s
A + 1

2r−2
A V 2

A]} + 4
3πk2

∑

A

m2
Ar−1

A δ̂(r̄A)V 2
A ,

(4.18)

and the fourteenth term

k
∑

A

mAr−1
A ∂k∂sΦV k

AV s
A = ∆

{

k2
∑

A

∑

B

B 6=A

mAmB∂B
k ∂B

s ln SABV k
AV s

A

+k2
∑

A

m2
A

[

3
4r−1

A ∂k∂srAV k
AV s

A − 1
2r−2

A V 2
A)

] }

− 4
3πk2

∑

A

m2
Ar−1

A δ̂(r̄A)V 2
A .

(4.19)

We transform the terms sixth, seventh, eighth, ninth, tenth and fifteenth
on the left-hand side of Eq. (4.14) by means of Eqs. (3.3), (4.6), (3.5) and
(A.1)–(A.6). Then, we get

∂kΦ∂kχ̈ = 1
2∆(Φχ̈) − 1

2 χ̈∆Φ − 1
2Φ∆χ̈ = 1

2∆(Φχ̈) − 1
2 χ̈∆Φ − ΦΦ̈ ,

∂kΦs∂kΦs = 1
2∆Φ2

k − Φk∆Φk ,

Φ∂kΦ∂kΦ = 1
6∆Φ3 − 1

2Φ2∆Φ,
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2Φ̇k∂kΦ + 2∂k∂sΦ∂kχ̇s = ∆[∂kΦχ̇k] − χ̇k∂k∆Φ ,

k
∑

A

mA(2
A

Φ −3V 2
A)∂kΦ∂kr

−1
A = 1

2∆
{

k
∑

A

mA(2
A

Φ −3V 2
A)Φr−1

A

}

−1
2k

∑

A

mA

(

2
A

Φ−3V 2
A

)

r−1
A ∆Φ− 1

2k
∑

A

mA

(

2
A

Φ−3V 2
A

)

Φ∆r−1
A . (4.20)

Above all from (3.5) for the seventeenth term on the left-hand side of
Eq. (4.14) we have

[

k
∑

A

mA

(

2
A

Φ −3V 2
A

)

r−1
A

]

··

= 1
2∆

[

k
∑

A

mA

(

2
A

Φ −3V 2
A

)

rA

]

··

. (4.21)

The terms eleventh and sixteenth can be written down in the form

(χ)···· = 1
12∆k

∑

A

mA(r3
A)···· ,

k3
∑

A

m3
Ar−5

A = 1
6∆k3

∑

A

m3
Ar−3

A + 2πk3
∑

A

m3
Ar−2

A δ̂(r̄A) , (4.22)

where in the expressions above we used additionally the formulae:

∆r3
A = 12rA , (4.23)

∆r−3
A = 6r−5

A − 12πr−2
A δ(r̄A) , (4.24)

where the last expression follows from (A.13) for L = 3.
In order to transform the expression

k3
∑

A

∑

B

B 6=A

m2
AmB∂k∂sr

−1
B ∂k∂s ln rA,

we take into account the formula (A.14) and the following property of
δ-function

δ(r̄A) ln rB = δ(r̄A) ln rAB , A 6= B,

as well as the relation

Nk
ANk

B = 1
2

(

r−1
A rB + r−1

B rA − r2
ABr−1

A r−1
B

)

.
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Then, we get

k3
∑

A

∑

B

B 6=A

m2
AmB∂k∂sr

−1
B ∂k∂s ln rA

= 1
2∆

{

k3
∑

A

∑

B

B 6=A

m2
AmB

[

∂A
k ∂B

k (r−1
B ln rA − r−1

B ln rAB)

−1
2r−1

B r−2
A + 1

2r−2
ABr−1

B + 1
2rBr−2

A r−2
AB

]}

+2πk3
∑

A

∑

B

B 6=A

m2
AmB δ̂(r̄A)r−1

A

(

rBr−2
AB − r−1

B

)

. (4.25)

The rest of terms in (4.14) except the twenty first, include the δ̂-function.
Inserting (4.15)–(4.22) into (4.14), we get the final equation for h00

(6)

in the

form

∆
{

h00

(6)

+ 8Φ2
b + 4

3Φ3 − 2Φχ̈ + 4∂kΦχ̇k + 1
12k

∑

A

mA(r3
A)····

+2
3k3

∑

A

m3
Ar−3

A − 4k2
∑

A

m2
A∂k ln rAW k

A − k2
∑

A

m2
Ar−1

A ∂k∂srAV k
AV s

A

+2k
∑

A

mA

(

2
A

Φ −3V 2
A

)

Φr−1
A − 1

2

[

k
∑

A

mA

(

2
A

Φ −3V 2
A

)

rA

]

··

−1
2k3

∑

A

∑

B

B 6=A

m2
AmB

[

∂A
k ∂B

k (r−1
B ln rA−r−1

B ln rAB)− 1
2r−1

B r−2
A + 1

2r−2
ABr−1

B

+1
2rBr−2

A r−2
AB

]

− k2
∑

A

∑

B

B 6=A

mAmB

[ (

16V s
AV k

B − 12V k
AV s

B

)

∂A
k ∂B

s lnSAB

+(16V s
BV k

A − 8V s
BV k

B − 8V s
AV k

A)∂B
k ∂B

s ln SAB − 8∂B
k lnSABW k

B

]}

= 16πk
∑

A

mAδ̂(r̄A)
{

1
4(

A

Φ)2 + 5Φ2 − 5Φ
A

Φ +1
2ΦV 2

A + 7
4

A

Φ V 2
A − 1

2 χ̈

+1
4

A

χ̈ −2
A

Φn V n
A − ∂kχ̇k + 7

16V 4
A + kmA

( A

Φ −3
2V 2

A

)

r−1
A + 1

3kmAr−1
A V 2

A

−1
4k

∑

B

B 6=A

mB

(

2
B

Φ −3V 2
B

)

r−1
AB+ k

∑

B

B 6=A

mB

( B

Φ−3
2V 2

B

)

r−1
B + 1

4k2
∑

B

B 6=A

m2
Br−2

B

+1
8k2

∑

B

B 6=A

mAmB

[

r−1
A rBr−2

AB + 7r−1
A r−1

B − 8r−1
A r−1

AB − 8r−1
B r−1

AB

]



2034 I. Nowak

+1
2k2

∑

B

B 6=A

∑

C
C 6=A

C 6=B

mCmB

(

r−1
B r−1

C − 2r−1
B r−1

BC

)}

− 16π
∑

A

mA∂kδ̂(r̄A)χ̇k

+8k2
∑

A

∑

B

B 6=A

mAmB∂k∂sΦ∂A
k ∂B

s ln SAB . (4.26)

In order to solve Eq. (4.26), we have to make regularization of the following
integrals, which do not vanish only for x̄ = ξ̄A

∫

δ̂(r̄′A)r
′
−1

A N
′k
A N

′s
A |x̄ − x̄′|−1(dx̄′) ,

∫

δ̂(r̄′A)r
′
−1

A |x̄ − x̄′|−1(dx̄′) ,

∫

δ̂(r̄′A)r
′
−1

A r
′
−1

B |x̄ − x̄′|−1(dx̄′) ,

∫

δ̂(r̄′A)r
′
−1

A r′B|x̄ − x̄′|−1(dx̄′) ,

∫

δ̂(r̄′A)r
′
−2

A |x̄ − x̄′|−1(dx̄′) . (4.27)

From (3.9) and the following expansion of r′B and r
′
−1

B into powers series
with respect to r′A:

r
′
−1

B = r−1
AB − r−2

ABNk
ABN

′k
A r′A + O(r

′2
A ) ,

r′B = rAB + Nk
ABN

′k
A r′A + O(r

′2
A ) ,

one can easily see that all integrals in (4.27) vanish due to the property (D)

of δ̂. Then, the solution of Eq. (4.26) takes the form:

h00

(6)

= 2Φχ̈ − 4∂kΦχ̇k−8Φ2
k − 4

3Φ3− 1
12k

∑

A

mA(r3
A)····− 2

3k3
∑

A

m3
Ar−3

A

−7

4
k

∑

A

mAV 4
Ar−1

A −2k
∑

A

mA

(

2
A

Φ −3V 2
A

)

Φr−1
A +4k2

∑

A

m2
A∂k ln rAW k

A

+4k
∑

A

mA

A

χ̇k ∂kr
−1
A +k2

∑

A

m2
Ar−1

A ∂k∂srAV k
AV s

A + 8k
∑

A

mA

A

Φk V k
Ar−1

A

−k
∑

A

mA

A

Φ
( A

Φ +9V 2
A

)

r−1
A + 1

2

[

k
∑

A

mA(2
A

Φ−3V 2
A)rA

]

··

+k
∑

A

mA

A

χ̈ r−1
A

− 2k2
∑

A

∑

B

B 6=A

mAmB

( B

Φ −3
2V 2

B

)

r−1
ABr−1

A + 4k3
∑

A

∑

B

B 6=A

m2
AmBr−2

ABr−1
A
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+k2
∑

A

∑

B

B 6=A

mAmB[(16V s
AV k

B − 12V k
AV s

B)∂A
k ∂B

s ln SAB

+ (16V s
BV k

A − 8V s
BV k

B − 8V s
AV k

A)∂B
k ∂B

s ln SAB − 8∂B
k ln SABW k

B]

+1
2k3

∑

A

∑

B

B 6=A

m2
AmB

[

∂A
b ∂B

b (r−1
B ln rA−r−1

B ln rAB)− 1
2r−1

B r−2
A − 3

2r−2
ABr−1

B

+1
2rBr−2

A r−2
AB

]

+2k3
∑

A

∑

B

B 6=A

∑

C
C 6=A

C 6=B

mAmBmC

(

2r−1
ABr−1

BC−r−1
ABr−1

AC

)

r−1
A +H,

(4.28)

where H is the solution of the equation:

∆H = 8k2
∑

A

∑

B

B 6=A

mAmB∂k∂sΦ∂A
k ∂B

s ln SAB . (4.29)

The equation above one can solve for the two bodies. In this case, the
function H has the form [9]:

H = k2m2
1m2{4∆1∂

1
b ∂2

b [(r1 + r12) ln S12] + 8∂1
k ln S12∂

1
kr−1

12 − 4r2r
−2
1 r−2

12

+4r−2
12 r−1

1 − 2r−1
12 r−2

1 + 4r2
2r

−3
1 r−2

12 + 6r2
2r

−2
1 r−3

12 − 4r−3
1 − 6r−3

12 } + 1 ↔ 2 .

(4.30)

We obtain this expression taking, into account the property δ̂(r̄2)r1 =

δ̂(r̄2)r12, using (4.29), (4.2)–(4.3), (A.14) and the following formulae:

∆1 ln S12 = r−1
1 r−1

12 ,

S−1
12 (1 + Nk

1 Nk
12) = 1

2(r−1
2 + r−1

1 − r12r
−1
1 r−1

2 ),

∂1
k∂2

k ln S12 = 1
2(r−1

1 r−1
2 − r−1

1 r−1
12 − r−1

2 r−1
12 ) .

Finally, our solutions for two bodies have the form:

h00

(2)

= −2km1r
−1
1 − 2km2r

−1
2 ,

hmn

(2)

= −2km1r
−1
1 δmn − 2km2r

−1
2 δmn ,

h0n

(3)

= 4km1r
−1
1 V n

1 + 4km2r
−1
2 V n

2 , (4.31)

h00

(4)

= km1r
−1
1 [(N1V1)

2 − 4V 2
1 ] + 2k2m2

1r
−2
1 + k2m1m2[2r

−1
1 r−1

2 + 1
2r1r

−3
12

+5
2r−1

2 r−1
12 − 1

2r2
1r

−1
2 r−3

12 ] + 1 ↔ 2 , (4.32)
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hmn

(4)

= km1r
−1
1 [(N1V1)

2δmn − 2(Nm
1 V n

1 + Nn
1 V m

1 )(N1V1)]

−k2m2
1r

−2
1

[

δmn + Nm
1 Nn

1

]

+ k2m1m2[(
1
2r1r

−3
12 + 5

2r−1
1 r−1

12 − 2r−1
1 r−1

2

−1
2r2

1r
−1
2 r−3

12 − 4r−1
12 S−1

12 )δmn + 2r−2
12 (Nm

1 Nn
12 + Nn

1 Nm
12)

+4Nm
12N

n
12(S

−2
12 + r−1

12 S−1
12 ) − 4S−2

12 (Nm
1 Nn

2 + Nn
1 Nm

2 + 2Nm
1 Nn

12

+2Nn
1 Nm

12)] + 1 ↔ 2 , (4.33)

h0n

(5)

= 2km1r
−1
1 V n

1 V 2
1 + k2m2

1r
−2
1 [(N1V1)N

n
1 − V n

1 ]

+k2m1m2{Nn
1 S−2

12 [16(N12V1) + 16(N2V1) − 12(N12V2) − 12(N2V2)]

+Nn
12[16S

−2
12 (N1V2) − 12S−2

12 (N1V1) − 4S−2
12 (N12V1) − 4S−1
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+1 ↔ 2. (4.35)

In the these formulae the following notations were used: (NAVA) ≡ Nk
AV k

A ,
(NAVB) ≡ Nk

AV k
B , (NABVB) ≡ Nk

ABV k
B , (VAVB) ≡ V k

AV k
B . The symbol

1 ↔ 2 means the same term but with the indices 1 and 2 exchanged.
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5. The 2PN equations of motion

The equations of motion in the 2PN approximation have the form

d2ξn
1

dt2
= Fn

1
(0)

+ c−2 Fn
1

(2)

+ c−4 Fn
1

(4)

, (5.1)

where

Fn
1

(4)

= F
′n
1

(4)

+ F
′′n
1
(4)

+ F
′′′n
1
(4)

,

where F
′′n
1
(4)

and F
′′′n
1
(4)

contain the expressions up to c−4-order arising in

1

∂n h00

(4)

(the term
1

∂nχ̈) and Fn
1

(2)

(the term

1

ḣ0n

(3)

), respectively. Then,

we get

F
′n
1

(4)

= −1
2km2

1

∂n∂kr2 W k
2

(2)

, (5.2)

F
′′n
1
(4)

= 4km2

1

r−1
2 W n

2
(2)

. (5.3)

Taking into account Eqs. (2.7)–(2.9) and (2.11), we have the following form

for F
′′′n
1
(4)

F
′′′

n
1

(4)

=− 1

2

1

∂n h00
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+
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+
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Taking into account Eqs. (3.19), (5.2), (5.3) and applying regularization to
the divergent integrals (B.6), we get

F
′n
1

(4)

=−1
2k2m1m2r

−3
12 [3Nn

12(N12V1)
2+4Nn

12(N12V2)
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1
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In order to obtain F
′′′n
1
(4)

we use Eqs. (4.31)-(4.35) and (5.4). After the

regularization (B.6), we have
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1
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ḣ0k

(3)

= −8k3m2
2m1r

−4
12 Nn

12 + 8k2m2
2r

−3
12 V n

2 (N12V2) , (5.11)

1

h0n

(3)
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1
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1
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Now we obtain the 2PN equations of motion for two point particles from
Eqs. (3.19) and (5.1)–(5.30):
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Substituting the index 1 by 2 in (5.31), we obtain the equation of motion
for the second body.
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6. The 2PN equations of motion in the EIH-coordinates

The solutions h00

(2)

, hmn

(2)

, h0n

(3)

, h00

(4)

i.e. (4.31) and (4.32) of the

field equations (2.1) in the 2PN approximation in EIH coordinates (2.15)
have the same form as in the Infeld-coordinates (2.14). However, the solu-
tions hmn

(4)

, h0n

(5)

, h00

(6)

in EIH-coordinates differ from (4.33)–(4.35) and

takes the following form

hmn

(4)

(EIH)
= hmn

(4)

(I) − 4k2m2
1r

−2
1 (δmn − 2Nm

1 Nn
1 )

−8k2m1m2[S
−1
12 (r−1

1 δmn − r−1
1 Nm

1 Nn
1 )

−S−2
12 (Nm

1 Nn
1 + Nm

1 Nn
2 )] + 1 ↔ 2 , (6.1)

h0n

(5)

(EIH)
= h0n

(5)

(I)
+ 4k2m2

1[r
−2
1 V n

1 − 2r−2
1 Nn

1 (N1V1)]

+k2m1m2{4S−1
12 r−1

1 [2V n
2 − 2Nn

1 (N1V2)] + 4S−2
12 [Nn

2 (N1V1)

−2Nn
1 (N12V1) − 2Nn

2 (N12V1) − Nn
1 (N2V2) − 2Nn

1 (N1V2)

−2Nn
2 (N1V2)]} + 1 ↔ 2 , (6.2)

h00

(6)

(EIH)
= h00

(6)

(I)
+2k3m2

1m2{2r−3
2 + r−3

1 +r−3
12 +r−2

12 r−1
1 −r2

1r
−2
12 r−3

2

−r2
2r

−2
1 r−3

12 + r−1
2 r−2

12 − r2
1r

−3
2 r−2

12 + r−2
1 r−1

12 + r−2
1 r−1

2

−r2
12r

−2
1 r−3

2 + S−1
12 [4r−2

1 + 2r−3
1 r2 + 2r−1

2 r−1
1 − 2r2

12r
−3
1 r−1

2

+4r−3
12 r2

2r
−1
1 − 4r1r

−3
12 − 4r−1

12 r−1
1 + 2r2

1r
−3
12 r−1

2 − 2r2r
−3
12

−2r−1
12 r−1

2 − 12r−2
12 ]} + 4k3m3

1r
−3
1 + 4k2m2

1{2r−2
1 (N1V1)

2

−r−2
1 V 2

1 } + 4k2m1m2{r−1
12 S−1

12 [6V 2
1 − 6(V1V2) − 6(N12V1)

2

+6(N12V1)(N12V2)] + r−1
1 S−1

12 [−4V 2
1 − 4(V1V2) − 2(N1V1)

2

+4(N1V2)(N1V1)] + S−2
12 [−2(N1V1)

2 + 8(N12V1)(N1V1)

+6(N12V1)(N12V2) − 6(N12V1)
2 + 8(N12V1)(N2V2)

−2(N1V1)(N2V2) + 4(N1V2)(N12V2) + 4(N2V2)(N1V2)

−4(N12V1)(N1V2) + 4(N1V1)(N1V2)]} + 1 ↔ 2 . (6.3)

The way of deriving Eqs. (6.1)–(6.3) is the same as that one for (4.31)–(4.35).
The post-Newtonian equations of motion in EIH-coordinates have the

same form as the equations in the Infeld-coordinates; in the 2PN approx-
imation, however, these equations have different forms; the differences are
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shown in the following expression

d2ξn
1

dt2

(EIH)

=
d2ξn

1

dt2

(I)

+c−4{4k2m1m2r
−3
12 [8Nn

12(N12V1)(N12V2)−4Nn
12(N12V1)

2

−4Nn
12(N12V2)

2+Nn
12V

2
1 +Nn

12V
2
2 −2Nn

12(V1V2)+2V n
1 (N12V1)

−2V n
1 (N12V2) − 2V n

2 (N12V1) + 2V n
2 (N12V2)]

+4k2m2
2[8N

n
12(N12V1)(N12V2) − 4Nn

12(N12V1)
2 − 4Nn

12(N12V2)
2

+Nn
12V

2
1 + Nn

12V
2
2 − 2Nn

12(V1V2) + 2V n
1 (N12V1) − 2V n

1 (N12V2)

−2V n
2 (N12V1) + 2V n

2 (N12V2)]

+2k3m2
1m2r

−4
12 Nn

12 + 4k3m1m
2
2r

−4
12 Nn

12 + 2k3m3
2r

−4
12 Nn

12} . (6.4)

The above expression is obtained by direct calculation of the integrals in
(B.7).

7. Coordinate transformations

The form of Eqs. (5.31) differs from that ones obtained in [6,9,11], where
the harmonic coordinates were used. Using transformations

xn −→ xn − 2c−4χ̇n −→ xn + c−4[2km1N
k
1 V k

1 V n
1 + 2km2N

k
2 V k

2 V n
2

+2k2m1m2(r1 − r2)r
−2
12 Nn

12)] ,

ξn
1 −→ ξn

1 − 2c−4
1

χ̇n −→ ξn
1 + c−4[2km2(N12V2)V

n
2 − 2k2m1m2r

−1
12 Nn

12] ,

ξn
2 −→ ξn

2 − 2c−4
2

χ̇n −→ ξn
2 + c−4[−2km1(N12V1)V

n
1 + 2k2m1m2r

−1
12 Nn

12] .

(7.1)

where

ξn
A =

∫

δ̂(r̄A)xn(dx̄) ,

we obtain

d2ξn
1

dt2
−→ d2ξn

1

dt2
+ c−4{km2r12[6V

n
2 (N12V2)

3 − 6V n
2 V 2

2 (N12V2)

−12V n
2 (N12V1)(N12V2)

2 + 4V n
2 (N12V1)V

2
2 + 8V n

2 (N12V2)(V1V2)

+6V n
2 (N12V2)(N12V1)

2 − 4V n
2 (N12V1)(V1V2) − 2V n

2 V 2
1 (N12V2)]

+k2m1m2r
−3
12 [10V n

2 (N12V2)−12V n
2 (N12V1)+8V n

1 (N12V1)−6V n
1 (N12V2)

−6Nn
12(N12V2)

2 − 16Nn
12(N12V1)

2 + 22Nn
12(N12V2)(N12V1) + 4Nn

12V
2
1

−4Nn
12(V1V2)] + 2k3m2

1m2r
−4
12 Nn

12 − 2k3m2
2m1r

−4
12 Nn

12} , (7.2)
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km2∂
1
nr−1

12 −→ km2∂
1
nr−1

12 + c−4{k2m2
2r

−3
12 [6Nn

12(N12V2)
2 − 2V n

2 (N12V2)]

+k2m1m2[6N
n
12(N12V1)

2 − 2V n
1 (N12V1)] − 8k3m2

2m1r
−4
12 Nn

12} . (7.3)

Substitution of (7.2) and (7.3) into (5.31) leads to the 2PN equations of
motion in the harmonic coordinates. Similarly, using the transformation

xn−→xn+c−4[−2χ̇n−4k2m1m2∂n lnS12−2k2m2
1∂n ln r1−2k2m2

2∂n ln r2]

−→xn+c−4[2km1N
k
1 V k

1 V n
1 +2km2N

k
2 V k

2 V n
2 +2k2m1m2(r1−r2)r

−2
12 Nn

12

−4k2m1m2S
−1
12 (Nn

1 + Nn
2 ) − 2km2

1r
−1
1 Nn

1 − 2km2
2r

−1
2 Nn

2 ] ,

ξn
1 −→ ξn

1 + c−4
[

− 2
1

χ̇n −4k2m1m2

1

∂n ln S12 −2km2
2

1

∂n ln r2

]

−→ ξn
1 + c−4[2km2(N12V2)V

n
2 − 4k2m1m2r

−1
12 Nn

12 − 2k2m2
2r

−1
12 Nn

12] ,

ξn
2 −→ ξn

2 + c−4
[

− 2
2

χ̇n −4k2m1m2

2

∂n ln S12 −2km2
1

2

∂n ln r1

]

−→ ξn
2 + c−4

[

− 2km1(N12V1)V
n
1 + 4k2m1m2r

−1
12 Nn

12 + 2k2m2
1r

−1
12 Nn

12

]

.

(7.4)

in Eqs. (6.4), we get the 2PN equations of motion also in the harmonic
coordinates [3–7,9,11]. We obtain the formulae (7.1) and (7.4) by using
(37a), (37b) and (38) from [28] and assuming that the transformed metric
tensor satisfies the equation

√−ggµν = 0.

The last one defines the harmonic coordinates.

Appendix A

The derivatives of the product of singular functions

The identities (2.12), (2.13) we use for the singular function r−L
A , r−M

B , L =
1, 2, 3, . . . ,M = 1, 2, 3, . . ..

Putting f = r−1
A and successively g = r−1

A , r−2
A , . . . into (2.12) we obtain

∂ar
−L
A ≡ Lr−L+1

A ∂ar
−1
A . (A.1)

Substituting r−L
A , r−M

B into (2.12) and using (A.1) we get

∂a(r
−L
A r−M

B ) ≡ Lr−M
B r−L+1

A ∂ar
−1
A + Mr−L

A r−M+1
B ∂ar

−1
B . (A.2)

Similarly, substituting f = r−1
A , g = r−1

A , r−2
A , . . . into (2.13) we have

∂a∂br
−L
A ≡ L(L − 1)r−L+2

A ∂ar
−1
A ∂br

−1
A + Lr−L+1

A ∂a∂br
−1
A . (A.3)
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For r−L
A , r−M

B from (2.13) and (A.3) we obtain

∂a∂b(r
−L
A r−M

B ) ≡ Lr−M
B r−L+1

A ∂a∂br
−1
A + Mr−L

A r−M+1
B ∂a∂br

−1
B

+L(L − 1)r−M
B r−L+2

A ∂ar
−1
A ∂br

−1
A + M(M − 1)r−L

A r−M+2
B ∂ar

−1
B ∂br

−1
B

+LMr−L+1
A r−M+1

B [∂ar
−1
A ∂br

−1
B + ∂ar

−1
B ∂br

−1
A ] . (A.4)

In particular, from (A.3) and (A.4) we get

∆r−L
A ≡ L(L − 1)r−L+2

A ∂ar
−1
A ∂ar

−1
A + Lr−L+1

A ∆r−1
A , (A.5)

∆(r−L
A r−M

B ) ≡ Lr−M
B r−L+1

A ∆r−1
A + Mr−L

A r−M+1
B ∆r−1

B

+L(L − 1)r−M
B r−L+2

A ∂ar
−1
A ∂ar

−1
A M(M − 1)r−L

A r−M+2
B ∂ar

−1
B ∂ar

−1
B

+2LMr−L+1
A r−M+1

B ∂ar
−1
A ∂ar

−1
B . (A.6)

Substituting into (A.1)–(A.6) the derivatives (which are taken, similarly as
in [11] and [29]) from the distribution theory [30]):

∂ar
−1
A = −r−2

A Na
A , (A.7)

∂a∂br
−1
A = r−3

A [3Na
AN b

A − δab] − 4
3πδ(r̄A)δab (A.8)

we can determine the derivatives of the product of the functions r−L
A , r−M

B

by their derivatives

∂ar
−L
A = −Lr−L−1

A Na
A , (A.9)

∂a(r
−L
A r−M

B ) = −Lr−M
B r−L−1

A Na
A − Mr−L

A r−M−1
B Na

B , (A.10)

∂a∂br
−L
A = Lr−L−2

A [(L + 2)Na
AN b

A − δab] − 4
3πLr−L+1

A δ(r̄A)δab , (A.11)

∂a∂b(r
−L
A r−M

B ) = LMr−L−1
A r−M−1

B (Na
AN b

B + N b
ANa

B) + Mr−L
A r−M−2

B

×[(M + 2)Na
BN b

B − δab] + Lr−M
B r−L−2

A [(L + 2)Na
AN b

A − δab]

−4
3πMr−L

A r−M+1
B δ(r̄B)δab − 4

3πLr−M
B r−L+1

A δ(r̄A)δab , (A.12)

∆r−L
A = L(L − 1)r−L−2

A − 4πLr−L+1
A δ(r̄A) , (A.13)

∆(r−L
A r−M

B ) = L(L − 1)r−M
B r−L−2

A + M(M − 1)r−L
A r−M−2

B

−4πLr−M
B r−L+1

A δ(r̄A) − 4πMr−L
A r−M+1

B δ(r̄B) . (A.14)

In order to obtain derivatives of rL
A, L = 1, 2, 3, . . . we are using the

ordinary differential calculus.
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Appendix B

The regularization procedure for the divergent integrals

In (5.2), (5.3), (5.7)–(5.30) we get the following divergent integrals:
∫

δ̂(r̄A)rK

A rM

B d(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

Ad(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

Bd(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

ANk

Ad(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

ANk

Bd(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

BNk

Bd(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

ANk

ANs

Ad(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

ANk

ANs

Bd(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

ANk

BNs

Bd(x̄) ,

∫

δ̂(r̄A)rK

A rM

B Nn

BNk

BNs

Bd(x̄) ,

∫

δ̂(r̄A)∂n∂A

b lnSAB(dx̄) ,

∫

δ̂(r̄A)∂n∂B

b lnSAB(dx̄) ,

∫

δ̂(r̄A)∂n∂A

k ∂B

b lnSAB(dx̄) ,

∫

δ̂(r̄A)∂B

n ∂A

k ∂A

b lnSAB(dx̄) ,

∫

δ̂(r̄A)∂B

n ∂B

k ∂A

b lnSAB(dx̄) ,

∫

δ̂(r̄A)r−2

A
Na

A∂B

n ∂A

a lnSAB(dx̄) ,

∫

δ̂(r̄A)r−2

B
Na

B∂B

n ∂A

a lnSAB(dx̄) ,

∫

δ̂(r̄A)r−2

A
Na

A∂A

n ∂B

a lnSAB(dx̄) ,

∫

δ̂(r̄A)r−2

B
Na

A∂A

n ∂B

a lnSAB(dx̄) . (B.1)

where K ∈ {−4,−3,−2,−1, 0, 1}, M ∈ {−4,−3,−2,−1, 0, 1} are the
power exponents. These integrals are non-vanishing only for x̄ = ξ̄A.

In order to calculate the above integrals we need the following expansions
of rM

B , rK
B Nn

B and SM
AB into a power series with respect to rA ≈ 0:

rM
B = rM

AB + MrM−1
AB Nk

ABNk
ArA +

[

M(M − 2)

2
rM−2
AB Nk

ABN s
ABNk

AN s
A

+
M

2
rM−2
AB

]

r2
A +

[

M(M − 2)(M − 4)

6
rM−3
AB Nk

ABN s
ABN b

ABNk
AN s

AN b
A

+
M(M − 2)

2
rM−3
AB Nk

ABNk
A

]

r3
A + O(r4

A) , (B.2)

r
(M+1)
B Nn

B = r
(M+1)
AB Nn

AB +
{

rM
ABNn

A + MrM
ABNn

ABNk
ABNk

A

}

rA

+
{

Mr
(M−1)
AB Nk

ABNk
ANn

A +
M(M − 2)

2
r
(M−1)
AB Nn

ABNk
ABN s

ABNk
AN s

A
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+
M

2
r
(M−1)
AB Nn

AB

}

r2
A +

{M

2
r
(M−2)
AB Nn

A +
M(M − 2)

2
r
(M−2)
AB Nn

ABN b
ABN b

A

+
M(M − 2)

2
r
(M−2)
AB N b

ABN s
ABN b

AN s
ANn

A

+
M(M − 2)(M − 4)

6
r
(M−2)
AB Nn

ABN b
ABN s

ABNk
ABN b

AN s
ANk

A

}

r3
A

+O(r4
A), (B.3)

SM
AB = (2rAB)M + M(2rAB)M−1(1 + NK

ABNk
A)rA

+

{

M(M − 1)

2
(2rAB)M−2(1 + 2Nk

ABNk
A + Nk

ABN s
ABNk

AN s
A)

+
M

2
(2rAB)M−1(r−1

AB − r−1
ABNk

ABN s
ABNk

AN s
A)

}

r2
A

+

{

M(M − 1)(M − 2)

6
(2rAB)M−3(1 + Nk

ABN s
ABN b

ABNk
AN s

AN b
A

+3Nk
ABNk

A + 3Nk
ABN s

ABNk
AN s

A) +
M(M − 1)

2
(2rAB)M−2(r−1

AB

+r−1
ABNk

ABNk
A − r−1

ABNk
ABN s

ABNk
AN s

A − r−1
ABNk

ABN s
ABN b

ABNk
AN s

AN b
A)

+
M

2
(2rAB)M−1(r−2

ABNk
ABN s

ABN b
ABNk

AN s
AN b

A−r−2
ABNk

ABNk
A)

}

r3
A+O(r4

A) .

(B.4)

Inserting (B.2), (B.3) and (B.4) into (B.1), we obtain the integrals in the
form

∫

δ̂(r̄A)r−p
A Nk1

A Nk2
A . . . Nkn

A d(x̄), p = 0, 1, 2, . . . L.

Taking into account the property D2) of δ̂(r̄) and using the spherical coor-
dinates, we have

∫

δ̂(r̄′A)r
′
−p

A N
′k1
A N

′k2
A . . . N

′kn

A d(x̄′)

=

∞
∫

0

δ̂(r̄′A)r
′
−p+2

A dr′
∮

N
′k1
A N

′k2
A . . . N

′kn

A dΩ , p = 0, 1, 2, . . . L ,

where the last integral is taken over the solid angle. Returning to (x̄) coor-
dinates in the first integral on the right-hand side of the above expression
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and taking into account that
∮

dΩ = 4π, we obtain

∫

δ̂(r̄′A)r
′
−p

A N
′k1
A N

′k2
A . . . N

′kn

A d(x̄′)

=

∫

δ̂(r̄′A)r
′
−p

A d(x̄′)
1

4π

∮

N
′k1
A N

′k2
A . . . N

′kn

A dΩ , p = 0, 1, 2, . . . L .

Taking into account the property (D4) of δ̂ the last integral in the formula
above yields

∫

δ̂(r̄′A)r
′
−p

A d(x̄′)
1

4π

∮

N
′k1
A N

′k2
A . . . N

′kn

A dΩ =

{

0 , p = 1, 2, . . . L ,
1
4π

∫

N
′k1
A N

′k2
A . . . N

′kn

A dΩ, p = 0 .
(B.5)

We calculate the second integral on the right-hand side of (B.5) by integrat-
ing over the solid angle or by using the formulae (90.19) and (90.20) from
[12].

Finally, from (B.1) by means of (B.5) we obtain the following non-
vanishing integrals:

∫

δ̂(r̄A)r−1
A r−2

B Nn
AN b

AN s
A(dx̄) = − 2

15r−3
AB[Nn

ABδbs+N b
ABδns+N s

ABδnb] ,
∫

δ̂(r̄A)r−2
A Nn

B(dx̄) = −1
3r−2

ABNn
AB,

∫

δ̂(r̄A)r−3
A rBNn

A(dx̄) = − 1
15r−2

ABNn
AB ,

∫

δ̂(r̄A)r−3
A r−3

B Nn
A(dx̄) = −r−6

ABNn
AB,

∫

δ̂(r̄A)r−2
A r−4

B Nn
B(dx̄) = 5

3r−6
ABNn

AB ,

∫

δ̂(r̄A)∂n∂A
b ln SAB(dx̄) =

[

1
4δnb − 1

4Nn
ABN b

AB

]

r−2
AB,

∫

δ̂(r̄A)∂n∂B
b ln SAB(dx̄) = [Nn

ABN b
AB − 1

2δnb]r
−2
AB ,

∫

δ̂(r̄A)∂n∂A
a ∂B

b ln SAB(dx̄) =
[

1
2N b

ABδan + 1
4Nn

ABδab

+1
4Na

ABδnb − Nn
ABNa

ABN b
AB

]

r−3
AB ,

∫

δ̂(r̄A)∂B
n ∂A

a ∂A
b ln SAB(dx̄) =

[

3
4N b

ABδan + 3
4Na

ABδbn
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+1
2Nn

ABδab − 3Nn
ABNa

ABN b
AB

]

r−3
AB ,

∫

δ̂(r̄A)∂B
n ∂B

b ∂A
a ln SAB(dx̄) = [−N b

ABδan − Nn
ABδab

−Na
ABδnb + 4Nn

ABNa
ABN b

AB]r−3
AB ,

∫

δ̂(r̄A)r−2
B Na

B∂B
n ∂A

a ln SAB(dx̄) = 1
2r−4

ABNn
AB ,

∫

δ̂(r̄A)r−2
B Na

B∂A
n ∂B

a ln SAB(dx̄) = 1
2r−4

ABNn
AB . (B.6)

These integrals give the contribution in equations of motion (5.31).
The following regularized integrals were used for deriving the 2PN equa-

tions in the EIH coordinates:
∫

δ̂(r̄A)∂k∂n∂m ln SAB(dx̄) = r−3
AB

[

5
2Nk

ABNn
ABNm

AB − 1
2Nk

ABδnm

−1
2Nn

ABδkm − 1
2Nm

ABδnk

]

,
∫

δ̂(r̄A)∂k∂n∂B
m ln SAB(dx̄) = r−3

AB

[

− 3Nk
ABNn

ABNm
AB + 3

4Nk
ABδnm

+3
4Nn

ABδkm + 1
2Nm

ABδnk

]

,
∫

δ̂(r̄A)∂k∂n∂A
m ln SAB(dx̄) = r−3

AB

[

1
2Nk

ABNn
ABNm

AB − 1
4Nk

ABδnm

−1
4Nn

ABδkm

]

,
∫

δ̂(r̄A)∂k∂
A
n ∂A

m ln SAB(dx̄) = r−3
AB

[

1
2Nk

ABNn
ABNm

AB − 1
4Nm

ABδnk

−1
4Nn

ABδkm

]

,
∫

δ̂(r̄A)∂k∂B
n ∂B

m ln SAB(dx̄) = r−3
AB

[

4Nk
ABNn

ABNm
AB − Nk

ABδnm

−Nn
ABδkm − Nm

ABδkn

]

,
∫

δ̂(r̄A)r−3
B (3Nk

BNn
B − δnk) ∂k ln SAB(dx̄) = r−4

ABNn
AB ,

∫

δ̂(r̄A)r−2
B Nk

B∂n∂k ln SAB(dx̄) = −1
2r−4

ABNn
AB . (B.7)
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