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It is shown on the ground of a simple 6 x 6 neutrino mixing model that
one of three conventional sterile (righthanded) neutrinos, if light enough,
may be consistently used for explaining a small LSND effect. Then, it is still
considerably heavier than the three active (lefthanded) neutrinos, so that a
kind of soft seesaw mechanism can work. The usual condition that the Ma-
jorana lefthanded component of the overall 6 x 6 neutrino mass matrix ought
to vanish, implies the smallness of active-neutrino masses versus sterile-
neutrino masses, when three mixing angles between both sorts of neutrinos
are small. In the presented model, the mass spectrum of active neutrinos
comes out roughly degenerate, lying in the range (5-7.5)x 1072 €V, if there
is a small LSND effect with the amplitude of the order 1072 and with the
mass-squared splitting ~ 1 eVZ.

PACS numbers: 12.15.Ff, 14.60.Pq, 12.15.Hh

It is well known that the neutrino experiments with solar v.’s [1], at-
mospheric v,’s [2], long-baseline accelerator v,’s [3] and long-baseline re-
actor 7,’s [4] are very well described by oscillations of three active neutri-
nos Ve, vy, Vr, where the mass-squared splittings of the related neutrino
mass states vy, vo, v3 are estimated to be Am2,, = Am3, ~ 7 x 1077 eV?
and Am2, = Am2, ~ 2.5 x 1072 eV? [5]. The neutrino mixing matrix

atm

U® = <US)> ( = e,pu,7 and i = 1,2,3), responsible for the unitary

transformation

Vq :ZUS) Vi, (1)
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is experimentally consistent with the global bilarge form

C12 512 0
UGB = —%812 %012 % , (2)
%512 *ECIQ %
where Cl2 = COS012 and S§12 = sin012 with 912 ~ 330, while Ue(g) =

s13 exp(—i0) is neglected according to the negative results of neutrino dis-
appearance experiments with short-baseline reactor 7.’s, in particular the
Chooz experiment [6] that estimates the experimental upper bound for s,
as s73 < 0.03.

However, the signal of 7, — U, appearance reported by the LSND exper-
iment with short-baseline accelerator 7,’s |7] requires for its interpretation
in terms of neutrino oscillations a third neutrino mass-squared splitting, say,
Am%SND ~ 1 eV?2. This cannot be justified by the use of only three neutri-
nos (unless the CPT invariance of neutrino oscillations is seriously violated,
leading to considerable mass splittings of neutrinos and antineutrinos [8]; in
the present note the CPT invariance is assumed to hold). The LSND result
will be tested soon in the ongoing MiniBooNE experiment [9]. If this test
confirms the LSND result, we will need the light sterile neutrinos in addition
to three active neutrinos to introduce extra mass splittings.

While the 3+1 neutrino models with one light sterile neutrino are consid-
ered to be disfavored by present data [10], the 3+2 or 343 neutrino schemes
with two or three light sterile neutrinos may @ prior: provide a better de-
scription of current neutrino oscillations including the LSND effect (for a
statistical discussion showing the better compatibility of all short-baseline
neutrino experiments within 34+2 models than within 3+1 models c¢f. Ref.
[11]; in Ref. [12] we argue, however, that the simple 3+2 models are not
more effective in this description than the simple 3+1 models: both kinds
of them may be consistent with a small LSND effect having the amplitude
of, say, the order 1073).

In the present note, we discuss the question to what extent three con-
ventional sterile (righthanded) neutrinos may help to reconcile the possible
LSND effect with the well established results of solar and atmospheric os-
cillation experiments (such a possibility was discussed before, ¢f. Ref. [13],
where one of the righthanded neutrinos becomes nearly massless due to some
imposed lepton symmetries).

To this end, consider the usual neutrino theory, where the Majorana
lefthanded component M (™) of the overall 6 x 6 neutrino mass matrix M ©) =

(Mo(f%)) (Oé,ﬁ =6 u,T, e&ﬂsyTs) is zero:
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0 M (D)
MO = < YOT R ) (3)

Here, three active neutrinos v, r = 1., -1, and three conventional sterile
antineutrinos ve, ., r, = (Ve,u,rr)" form the basis of a 343 neutrino model.
Then, the overall 6 x 6 neutrino mixing matrix U®) = (U o(f;)) transforms

unitarily flavor neutrinos v, (o = e, u,T,es, ls,Ts) into mass neutrinos

v; (1=1,2,3,4,5,6) :
6
Vo = Z Uo(ﬂ.) Vi . (4)
i
In the flavor representation, where the charged-lepton mass matrix is diago-
nal, the 6 x 6 mixing matrix U(®) is at the same time the 6 x 6 diagonalizing
matrix for the 6 x 6 mass matrix M (©)

U©tpr® 6 - diag(my , ma, ms, myg, ms, mg) (5)

and so, inversely

Z U m U (6)

To proceed further we will assume the simple 6 x 6 neutrino mixing
model, where

po _ ((UP 0¥ c®  s® N\ [ Uudc g ge
L o® 1 —s® o )T _g® o)

with U®) given in Eq. (2) and

C14 0 0 514 0 0
c®) = 0 cp O , 8B = 0 s 0 ) (8)
0 0 cs36 0 0 536

where ¢14 = cos 614, $14 = sinf14 and so on. Thus, in Eq. (7)

c12€14 512€25 0
NP S N 1
UG o — JoS1201e TpC12Cs 6 |
73512C14 75C12C25  5C36
C12514 5125925 0
e | 1 Bl o
U®sB — 73512514 5C12825 5836 | . 9)
LS S *LC S LS
73512514 73C12525 75536
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Due to Eq. (7) with (9), the unitary mixing transformation v; =) | U(Sj
inverse to (4), reads explicitly

Vy — Vr
V1 = Ci14 | C12Ve — S12 — S14Ve,

S

Vy — Uy
vy = C25 | S12Ve + C12 — 825V, ,

NI

Vy +vr
V3 = (36 NG — 536Vr, 5
2
Vy — Vr
Vy = 814 | C12Ve — S12 + C14Ve, ,
V2

Vy — Vr
Vs = 825 | S12Ve t+ C12 + co5Vy,

NI

Vy + vr

Vg = S
6 36\/§

+ c36Vr, - (10)

Here, v, and v; mix maximally, since (v, — v,)/v/2 and (v, + v;)/V/2 do
not mix at all. More generally, v, (v, — v7)/V/2, Ve, and v, do not mix at
all with (v, + v,)/v2 and v.,.

Applying Egs. (6) and (7) with (9), we obtain

clyma + s3my 0 0
M® = y® 0 c3ma + s3sms 0 u®H,
0 0 c§6m3 + sgﬁmg
(11)
c14514(myg — myq) 0 0
M(D) == U(3) 0 625825(TTL5 - mg) 0
0 0 c36536(Mme — m3)
(12)
and
e my + s3,my 0 0
M® = 0 3 M + s3sma 0 . (13)
0 0 C%Gmﬁ + 5§6m3

Due to Eq. (11), the condition M™ = 0 tells us that

2 2 2
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where t14 = s14/c14 = tan 614 and so on. Then, Egs. (12) and (13) take the
forms

t14TTL4 0 0
M®) =y®) 0  tosms O (15)
0 0 t36m6
and
(1—t3)my 0 0
M®) = 0 (1 — t35)ms 0 : (16)
0 0 (1 — t35)mg
Hence, we calculate
1 e 00
— M) MDOT _ 73 0 1 0 Bt (17)
M®R) 1—t35 )
00
36

If 12, = |m1/my| < 1, 835 = |ma/ms| < 1 and t3g = |m3/me| < 1, as it is
the case in the seesaw mechanism, two expressions

1 miq 0 0
—MP)— AT~y 0 my 0 UG (18)
M®)
0 0 ms
and
my 0 0
MB~1 0 ms 0 (19)
0 0 me

describe approximately the Majorana mass matrices for active (lefthanded)
and sterile (righthanded) neutrinos, respectively (the second mass matrix
is here diagonal). But, a priori, it is not necessary for the small ratios
12, = |ma1/my| < 1, t35 = |ma/ms| < 1 and t35 = |mg/me| < 1 to be so
drastically small as in the case of seesaw mechanism. We will see that this
alternative scenario may be consistently realized, when one of three sterile
(righthanded) neutrinos produces a small LSND effect.

In the case of 6x 6 mixing matrix U(®) given in Eqs. (7) and (9), we obtain
the following neutrino oscillation probabilities in the vacuum, if x3; ~ x39,
T4l 2 T2 ™ X43, T1 = Tso = T3, Tel = Teo = Tez and 0%4 > 5%4, 035 > 5%5,
c§6 > 5%6 :

P(ve — o) ~ 1 —4ckys3ysin? 2g) — 4cys3, sin? 241 — 4539555 sin’ x5; ,(20)
P(v, — v,) =~ 1 —clysiysin® xg; — sin® x3

— 252557, sin? 241 — 2c3,555 sin? w51 — 2556 sin” zg; (21)
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and

P(0,, — 1) = 2019519 8in% 91 + 2079514 (574 — 555) (514 8in? 241 — 835 sin® 251)
(22)

where x;; = 1. 27Am ,L/E and Am = m? —m?. In Egs. (20) and (21),

quadratic terms W1th respect to the small parameters s2,, s3; and s34 are
neglected.

Hence, for solar v,’s, Chooz reactor 7.’s, atmospheric v,’s and LSND
accelerator 7,’s, where (221)sol ~ O(7/2), (£31)Chooz =~ (£31)atm ~ O(7/2)
and (x41)LsNp ~ O(m/2), respectively, we deduce the following oscillation
probabilities :

P(Ve - Ve)sol ~ 1- 40%23%2 Sin2 (1'21)501 - 2(0%28%4 + 8%2835) ) (23)
(_ - De)Chooz ~ 11— 2(0%25%4 + 5%2535) ) (24)
Py — vy)atm ~ 1 — sin®(231)atm — (72514 + Clas35 + $36) (2

ot
~

and

. 1
P(Dy — Ve)LSND =~ 20%28%2 (8%4 — 335) (8%4 sm2(x41)LSND — 5335) , (26)

if 291 < 231 < 241, T51, Te1 b-€., m3,m3, m3 < m3,m2,m3. In Eq. (26), it

is assumed in addition that x4; < x51 4.6, m?l < m% Of course, for solar
v.’s the MSW matter mechanism is significant, leading to the experimentally
accepted LMA solar solution.

If there is a small LSND effect with the amplitude of the order 1073,
then due to Eq. (26) we can write

2 1/2 —3 \1/2
2 /2 525 10
~ () ~o0.049, (27
(514 = 523) <814 281H2($41)LSND> (20%25%2) (27)

Where 912 ~ 33° giving 3y ~ 0.70 and 512 ~ 0.30. In the case of 1> s?, >
535 > 53 e, 1> 7514 = [my /ma| > 835 = |ma/ms| > 35 = |m3/me| (even
if m? < m3 < m2), Eq. (27) gives

1073 \'/?

2

24 ~ <7) ~ 0.049 . (28)
20%23%2

Hence, |mj/my| = t2, ~ 0.052 < 1, though this ratio is not so dramatically
small as in the seesaw mechanism. If Am2, ~ 1 eV?, then |my| ~ 1 eV and
we predict that |mi| ~ 5.2 x 1072 eV. In this case, from the experimental
estimates Am2; ~ 7x 107° eV? and Am2, ~ 2.5 x 1072 eV? we deduce that



Can One of Three Righthanded Neutrinos ... 2247

Ima| ~ 5.3 x 1072 eV and |ms| ~ 7.3 x 1072 V. Thus, in this model, the
mass spectrum of active neutrinos is roughly degenerate, although Am3; <
Am%2 ~ Am%l.

Making use of the estimate (28), we get from Eqgs. (23), (24) and (25)
the following estimations compatible with neutrino experimental data:

P(We — Ve)sol ~ 1 —0.83sin?(z1)so1 — 0.069, (29)
P(Ue — 7e)Chooz ~ 1 —0.069 (30)

and
P(v, = Vy)atm =~ 1 — sin?(231)agm — 0.014, (31)

where 612 ~ 33°. The neglected quadratic terms in s3,, s35 and s3; would
make the values of the shifts 0.069 and 0.014 as well as the oscillation am-
plitudes 0.83 and 1 in Egs. (29), (30) and (31) a little bit smaller.

For larger LSND effect the parameter s2, is larger, and thus the small
deviations in Eqgs. (29), (30) and (31) from pure three-active-neutrino oscil-
lations grow, becoming more significant.

In conclusion, we have shown in this note on the ground of a simple 6 x 6
neutrino mixing model that one of three conventional sterile (righthanded)
neutrinos, if light enough, may be consistently used for explaining a small
LSND effect. Then, it is still considerably heavier than the three active
(lefthanded) neutrinos, so that a kind of a soft seesaw mechanism can work.

The usual condition that the Majorana lefthanded mass matrix M®)
ought to vanish, implies the smallness of active-neutrino masses versus sterile-
neutrino masses, when three mixing angles 614, 625, 636 between both sorts of
neutrinos are small (more precisely, 014, 095, 036 are mixing angles between
active neutrinos and the corresponding conventional sterile antineutrinos).
In the present model, the mass spectrum of active neutrinos comes out
roughly degenerate, lying in the range (5-7.5) x1072 eV, if there is a small
LSND effect with the amplitude of the order 10~2 and with the mass-squared
splitting ~ 1 eV?2.
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