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BETHE PLOTS AND NEUTRON HALO∗Andrzej Baran and Paweª Mierzy«skiInstitute of Physi
s, M. Curie-Skªodowska Universitypl. M. Curie-Skªodowskiej 1, 20-031 Lublin, Poland(Re
eived May 11, 2004)The relative ex
ess of a neutron density introdu
ed by Bethe is appliedto 
lassify atomi
 nu
lei with respe
t to a neutron halo. Cal
ulations arebased on the relativisti
 mean �eld model and are performed for 116 spher-i
ally symmetri
 nu
lei a
ross the periodi
 system of elements and for agroup of deformed nu
lei studied in antiproton annihilation rea
tion at theLEAR fa
ility in CERN. Basi
 properties of the neutron ex
ess fun
tionare dis
ussed.PACS numbers: 21.10.Ma, 24.10.Jv, 21.10.Jz, 21.10.FtIn the early 1970' Bethe [1℄ introdu
ed a fun
tion

δB =
Z

N
ρN − ρZ = ρ̃N − ρZ , (1)whi
h des
ribes the di�eren
e of the relative neutron density ρ̃N = Z/NρNand the density of protons ρZ in the nu
leus. The integral of δB over thewhole spa
e equals to zero

∫
δB(r) d3r =

Z

N

∫
ρN (r) d3r −

∫
ρZ(r) d3r = 0 . (2)This rather trivial property of the neutron ex
ess fun
tion makes it veryinteresting and allows to de�ne easily the total peripheral neutron ex
esswithout the knowledge of the density distribution in the nu
lear periphery.
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2294 A. Baran, P. Mierzy«skiTo see this let us 
onsider the 
ase of a spheri
ally symmetri
 nu
leus withsome mean radius R. The integral in Eq. (2) 
an then be written as
0 =

∫
δB(r) d3r = 4π

∞∫

0

δB(r)r2 dr

= 4π

R∫

0

δB(r)r2 dr + 4π

∞∫

R

δB(r)r2 dr (3)whi
h means the absolute equality of integrals in the last expression i.e.,
4π

R∫

0

δBr
2 dr = −4π

∞∫

R

δBr
2 dr , (4)where the 
hoi
e of R is arbitrary. Let us de�ne the following fun
tion of r

IB(r) = −4π

r∫

0

δB(r′)r′2 dr′ = 4π

∞∫

r

δB(r′)r′2 dr′ . (5)We will assume R to be equal to a root Rδ of the δB(r) fun
tion whi
h is
losest to the nu
lear radius R = r0A
1/3 (see e.g. [2℄), where A the nu
learmass number and r0 is the nu
lear radius 
onstant. The value of IB(r)
al
ulated at the r = Rδ we 
all the outer neutron ex
ess and denote by ∆B

∆B ≡ IB(Rδ) . (6)The value of ∆B gives also the total relative proton ex
ess inside the nu
leusor the relative neutron de�
it in the nu
lear interior. It follows from Eq. (4)that the integral des
ribes the relative ex
ess of neutrons outside of thenu
leus. In the model 
ase of sharp density distributions of both neutronsand protons with equal radii (RZ = RN = R) δB fun
tion disappears atea
h point r and the outer neutron ex
ess is equal to zero as it should.An example of the δB fun
tion is shown in Fig. 1 for 208Pb. The neutronex
ess fun
tion has a root Rδ whi
h is very 
lose to the value of R1/2 atwhi
h the density of the nu
leons falls to the half of its average internalvalue. The zero of the δB fun
tion is at r ≈ 6.5 fm and is also 
lose to thenu
lear radius R = 7.3 fm. The maximum of δB(r) 
orresponding to r > Rappears approximately at R+ 1.5 fm.The 
orresponding IB(r) integral as a fun
tion of r is plotted in �gure 2.At r = Rδ = 6.50 fm i.e., at the root of the Bethe fun
tion has its maximumand goes to zero at r → ∞.
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Fig. 1. Bethe fun
tion δB(r) = (Z/N)ρN − ρZ (solid line) for 208Pb. The solid lineshows the total density ρn + ρZ (see the similar plot in Ref. [1℄).
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Fig. 2. Integral IB of Bethe neutron ex
ess fun
tion IB(r) (dashed line) as a fun
tionof r for 208Pb. The point Rδ is the root of the δB and maximum of the fun
tion
IB(r). The maximal value of IB de�nes the outer neutron ex
ess ∆B. Solid 
urverepresents r2δB(r).In the present paper we 
onsider 116 spheri
ally symmetri
 nu
lei takenfrom Ref. [3℄ for whi
h we 
al
ulate Bethe fun
tions and the 
orrespondingneutron ex
ess integrals in the relativisti
 mean-�eld theory. Next we reportthe results of the 
al
ulations and dis
uss its 
onsequen
es for determiningthe peripheral or halo properties of nu
lei.To determine the nu
lear densities we use the relativisti
 mean �eldtheory (RMF) (see e.g., [4, 5℄ based on the following Lagrangian density



2296 A. Baran, P. Mierzy«ski
L = ψ̄i{i γµ ∂µ −m}ψi

+
1

2
∂µσ ∂µσ − 1

2
mσσ

2 − gσ ψ̄iψi σ − g2
3
σ3 − g3

4
σ4

−1

4
Ω

µν
Ωµν +

1

2
m2

ω ω
µωµ − gω ψ̄i γ

µ ψi ωµ

−1

4
~Rµν ~Rµν +

1

2
m2

ρ ~ρ
µ~ρµ − gρψ̄i γ

µ~τ ψi ~ρµ

−1

4
FµνFµν − eψ̄i γ

µ (1 − τ3)

2
ψiAµ . (7)The �elds belong to the nu
leon (Dira
 spinor �eld ψ), the low mass isove
-tor�ve
tor meson (~ρµ; ~Rµν), the isos
alar�ve
tor (ωµ;Ωµν), s
alar σ and tothe massless photon ve
tor �eld (Aµ;Fµν).The Dira
 spinors ψi of the nu
leon and the �elds of the σ, ρ and ωmesons as well as the ele
tromagneti
 �eld A0 are the solutions of the 
oupledDira
, Klein�Gordon and Maxwell equations whi
h are obtained from theLagrangian (7) by means of the 
lassi
al variational prin
iple.Hereby we use the following Lagrangian parameters [6℄ m = 939 MeV,

mσ = 508.194 MeV, mω = 782.501 MeV, mρ = 763.000 MeV and the 
ou-pling 
onstants gσ = 10.217, gω = 12.868, gρ = 4.474, g2 = −10.431 fm−1,
g3 = −28.885. In the spheri
al 
ase we used the simpli�ed phenomenologi
alaverage pairing gap ∆ = 12/

√
A, where A is the atomi
 number.The 
al
ulations of ∆B were done for 116 spheri
ally symmetri
 nu
leiand, in addition, for a nine deformed nu
lei studied in Refs. [7, 8℄.The spheri
ally symmetri
 nu
lei for whi
h we 
al
ulated the Bethe fun
-tion are shown in Fig. 3. The information on the spheri
ity of these nu
leiis drawn from Ref. [3℄. The majority of nu
lei shows a large global neutronex
ess I = (N − Z)/A.The tin isotopes are experimentally known to 
over the whole range of

N from magi
 N = 50 to the magi
 number N = 82. The outer ex
ess
δB together with the total density distributions are shown in �gure 4 forthe 
hain of tin isotopes. One observes an in
reasing bump of the Bethe δBfun
tion with in
reasing N in the outer nu
lear region (r > R).In �gure 5 we have shown the outer neutron ex
ess ∆B as fun
tion ofthe mass number A for all 
onsidered nu
lei. Only a small group of nu
lei inthe vi
inity of A = 40 shows a negative outer neutron ex
ess ∆B indi
atinga peripheral proton ex
ess. There are also nu
lei for whi
h the outer protonand neutron distributions are nearly equal. This is mainly the 
ase for nu
leiwith A < 100 and N ≈ Z.The following nu
lei were studied in annihilation rea
tions of antiprotonswith nu
leons in the peripheral region of the nu
leus [7,8℄: 58Ni, 96Zr, 96Ru,
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Fig. 3. Spheri
ally symmetri
 nu
lei (thin squares) as well as LEAR experiment(deformed) nu
lei (thi
k line squares). The information on the spheri
ity is drawnfrom Ref. [3℄. The dashed line approximates β-stability line.
130Te, 144Sm, 154Sm, 176Yb, 232Th, 238U. The authors of the 
ited papersintrodu
ed the halo fa
tor

f ∼ Z

N

∑
s Γ

s
n∑

s Γ s
p

, (8)where the antiproton absorption width Γ
s
n (Γ s

p ) on nu
lear neutrons (pro-tons) is de�ned by
Γ

s
n(p) ∼

∫
ρn(p) |Ψ s(r)|2 P (r) r2 dr . (9)Here Ψ

s(r) is the antiproton wave fun
tion and P (r) is a geometri
 fa
tor.In RMF 
al
ulations for the deformed systems we used the realisti
 pair-ing gap energies ∆
(3) (see e.g. Ref. [9℄) 
al
ulated from experimental masses.We slightly modify the pro
edure of determining the outer neutron ex
ess

∆B sin
e it is hard to �nd numeri
ally the roots of δB(~r) whi
h form a
ompli
ated surfa
e. The new ∆B is de�ned as the maximal value of theintegral
∆B(R) = −

∫

VR

d3~rδB(~r) , (10)where VR is the volume en
losed by the sphere of radius R. Both pro
eduresprodu
e nearly the same results in the 
ase of spheri
al nu
lei.
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ThFig. 5. Neutron ex
ess fun
tion ∆B for spheri
al nu
lei vs mass number A.In Table I are shown for these nu
lei the values of the outer neutron ex
ess

∆B, the experimental halo fa
tors fexp dedu
ed from the experimental dataon antiproton annihilation and the halo fa
tors fRMF 
al
ulated in the RMFmodel (see Ref. [10℄). One 
an observe a positive 
orrelations between thefa
tor fexp of Ref. [7,8℄ and the outer neutron ex
ess ∆B studied here. Thisis also shown in �gure 6.
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Fig. 6. The di�erent halo indi
ators: the experimental halo fa
tor of Ref. [7, 8℄,halo fa
tor fRMF (
ir
les) and the outer neutron ex
ess ∆B (full 
ir
les). Thefa
tor fRMF was taken from Ref. [10℄.
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ond 
olumn) and theoreti
al (3rd 
olumn) halo fa
tors f andBethe outer neutron ex
ess integral (third 
olumn) 
al
ulated in RMF model withNL3 set of parameters. The experimental values are taken from Ref. [7, 8℄. Thetheoreti
al values are 
al
ulated in Ref. [10℄Nu
leus fexpt fRMF ∆B

48Ca 2.97 � 2.511
58Ni 1.3 1.2 0.353
96Zr 3.7 2.3 3.297
96Ru 0.79 2.3 1.359
100Mo 3.24 � 3.165
104Ru 3.4 � 2.975
106Cd 0.6 � 2.007
112Sn 1.01 � 2.757
116Cd 5.6 � 5.268
124Sn 5.4 � 6.703
128Te 4.3 � 6.159
130Te 4.2 3.5 6.422
144Sm 0.5 1.5 4.749
148Nd 4.8 � 6.929
154Sm 2.2 3.0 5.643
160Gd 5.8 � 5.639
176Yb 8.0 3.6 6.214
232Th 5.4 5.5 7.678
238U 5.8 5.0 7.822The Bethe neutron ex
ess fun
tion might be one of the measure of theouter neutron ex
ess and it 
an indi
ate rather simply the halo nu
lei on thebasis of the neutron and proton density distributions given inside the 
oreof the nu
leus. This is very 
onvenient from a theoreti
al point of view. Theex
ess fun
tion is 
orrelated with the halo fa
tor introdu
ed in Ref. [7,8℄ asshown in �gure 6 (see also [10�12℄).REFERENCES[1℄ H.A. Bethe, Ann. Rev. Nu
l. S
i. 21, 93 (1970).[2℄ A. Bohr, B.R. Mottelson, Nu
lear Stru
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