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The relative excess of a neutron density introduced by Bethe is applied
to classify atomic nuclei with respect to a neutron halo. Calculations are
based on the relativistic mean field model and are performed for 116 spher-
ically symmetric nuclei across the periodic system of elements and for a
group of deformed nuclei studied in antiproton annihilation reaction at the
LEAR facility in CERN. Basic properties of the neutron excess function
are discussed.

PACS numbers: 21.10.Ma, 24.10.Jv, 21.10.Jz, 21.10.Ft

In the early 1970’ Bethe [1] introduced a function

Z .
5B=NPN*PZ:PN*PZ, (1)

which describes the difference of the relative neutron density gy = Z/Npn
and the density of protons pz in the nucleus. The integral of dp over the
whole space equals to zero

/(5]3(7") dbr — %/pN(r) P — /pz(r) &r=0. @)

This rather trivial property of the neutron excess function makes it very
interesting and allows to define easily the total peripheral neutron excess
without the knowledge of the density distribution in the nuclear periphery.

* Presented at the XXVIII Mazurian Lakes School of Physics, Krzyze, Poland,
August 31-September 7, 2003.
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To see this let us consider the case of a spherically symmetric nucleus with
some mean radius R. The integral in Eq. (2) can then be written as

0= /(53(7") d3r:47r/6]3(r)7"2 dr
0
R [

= 477/5]3(7’)7"2 dr+47r/53(7")r2 dr (3)

0 R

which means the absolute equality of integrals in the last expression i.e.,

R 00
47r/5]37"2 dr = —47r/(5Br2 dr, (4)
0 R
where the choice of R is arbitrary. Let us define the following function of r
r o0
Ip(r) = 4%/53(7"/)7"/2 dr' = 47r/5B(7"/)T/2 dr' . (5)
0 T

We will assume R to be equal to a root Rs of the dg(r) function which is
closest to the nuclear radius R = r9AY? (see e.g. [2]), where A the nuclear
mass number and ry is the nuclear radius constant. The value of Ig(r)
calculated at the r = Rgs we call the outer neutron excess and denote by Ap

AB = IB(R(;) . (6)

The value of Ag gives also the total relative proton excess inside the nucleus
or the relative neutron deficit in the nuclear interior. It follows from Eq. (4)
that the integral describes the relative excess of neutrons outside of the
nucleus. In the model case of sharp density distributions of both neutrons
and protons with equal radii (Rz = Ry = R) o function disappears at
each point r and the outer neutron excess is equal to zero as it should.

An example of the g function is shown in Fig. 1 for 2®Pb. The neutron
excess function has a root Rs which is very close to the value of Ry, at
which the density of the nucleons falls to the half of its average internal
value. The zero of the dg function is at r ~ 6.5 fm and is also close to the
nuclear radius R = 7.3 fm. The maximum of dg(r) corresponding to r > R
appears approximately at R + 1.5 fm.

The corresponding Ig(r) integral as a function of r is plotted in figure 2.
At r = Ry = 6.50 fm i.e., at the root of the Bethe function has its maximum
and goes to zero at r — oo.
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Fig. 1. Bethe function 6g(r) = (Z/N)pn — pz (solid line) for 2°*Pb. The solid line
shows the total density p, + pz (see the similar plot in Ref. [1]).
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Fig. 2. Integral Iz of Bethe neutron excess function Ig(r) (dashed line) as a function
of r for 2°°Pb. The point R; is the root of the 6z and maximum of the function

Ig(r). The maximal value of Is defines the outer neutron excess Ag. Solid curve
represents r20g (r).

In the present paper we consider 116 spherically symmetric nuclei taken
from Ref. [3] for which we calculate Bethe functions and the corresponding
neutron excess integrals in the relativistic mean-field theory. Next we report
the results of the calculations and discuss its consequences for determining
the peripheral or halo properties of nuclei.

To determine the nuclear densities we use the relativistic mean field
theory (RMF) (see e.g., [4,5] based on the following Lagrangian density
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The fields belong to the nucleon (Dirac spinor field ), the low mass isovec-
tor-vector meson (p),; R'W), the isoscalar—vector (wy; £2,,), scalar o and to
the massless photon vector field (A,; F,.).

The Dirac spinors v; of the nucleon and the fields of the o, p and w
mesons as well as the electromagnetic field Ay are the solutions of the coupled
Dirac, Klein—-Gordon and Maxwell equations which are obtained from the
Lagrangian (7) by means of the classical variational principle.

Hereby we use the following Lagrangian parameters [6] m = 939 MeV,
me = 508.194 MeV, m,, = 782.501 MeV, m, = 763.000 MeV and the cou-
pling constants g, = 10.217, g, = 12.868, g, = 4.474, go = —10.431 fm~1,
g3 = —28.885. In the spherical case we used the simplified phenomenological
average pairing gap A = 12/v/A, where A is the atomic number.

The calculations of Ag were done for 116 spherically symmetric nuclei
and, in addition, for a nine deformed nuclei studied in Refs. [7,8].

The spherically symmetric nuclei for which we calculated the Bethe func-
tion are shown in Fig. 3. The information on the sphericity of these nuclei
is drawn from Ref. [3]. The majority of nuclei shows a large global neutron
excess [ = (N — Z)/A.

The tin isotopes are experimentally known to cover the whole range of
N from magic N = 50 to the magic number N = 82. The outer excess
op together with the total density distributions are shown in figure 4 for
the chain of tin isotopes. One observes an increasing bump of the Bethe dp
function with increasing N in the outer nuclear region (r > R).

In figure 5 we have shown the outer neutron excess Ap as function of
the mass number A for all considered nuclei. Only a small group of nuclei in
the vicinity of A = 40 shows a negative outer neutron excess Ap indicating
a peripheral proton excess. There are also nuclei for which the outer proton
and neutron distributions are nearly equal. This is mainly the case for nuclei
with A < 100 and N =~ Z.

The following nuclei were studied in annihilation reactions of antiprotons
with nucleons in the peripheral region of the nucleus [7,8]: 58Ni, 9Zr, %5Ru,
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Fig.3. Spherically symmetric nuclei (thin squares) as well as LEAR experiment

(deformed) nuclei (thick line squares). The information on the sphericity is drawn
from Ref. [3]. The dashed line approximates [-stability line.

130e 144G, 154Gm  176Y], 232Th, 238U, The authors of the cited papers
introduced the halo factor

IR

f~ NY, T3

(8)

where the antiproton absorption width I'; (/) on nuclear neutrons (pro-
tons) is defined by

Fi(p) ~ / Pr(p) | U5 ()2 P(r)r* dr. (9)

Here ¥5(r) is the antiproton wave function and P(r) is a geometric factor.

In RMF calculations for the deformed systems we used the realistic pair-
ing gap energies A®) (see e.g. Ref. [9]) calculated from experimental masses.
We slightly modify the procedure of determining the outer neutron excess
Ag since it is hard to find numerically the roots of dg(7) which form a
complicated surface. The new Ap is defined as the maximal value of the
integral

Ag(R) = — | d&*76p(7), (10)
/

where Vg is the volume enclosed by the sphere of radius R. Both procedures
produce nearly the same results in the case of spherical nuclei.
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Fig. 4. Relative neutron excess function dp for tin (Sn) isotopes as a function of .
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Fig.5. Neutron excess function Ag for spherical nuclei vs mass number A.

In Table I are shown for these nuclei the values of the outer neutron excess
Ag, the experimental halo factors fex, deduced from the experimental data
on antiproton annihilation and the halo factors fryr calculated in the RMF
model (see Ref. [10]). One can observe a positive correlations between the
factor fexp of Ref. [7,8] and the outer neutron excess Ap studied here. This
is also shown in figure 6.
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Fig.6. The different halo indicators: the experimental halo factor of Ref. [7,8§],
halo factor frmr (circles) and the outer neutron excess Ap (full circles). The
factor fryr was taken from Ref. [10].
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TABLE 1

Experimental (second column) and theoretical (3rd column) halo factors f and
Bethe outer neutron excess integral (third column) calculated in RMF model with
NL3 set of parameters. The experimental values are taken from Ref. [7,8]. The
theoretical values are calculated in Ref. [10]

Nucleus fexpt fRMF AB

8Ca 2.97 — 2.511
58N 1.3 1.2 0.353
%67y 3.7 2.3 3.297
9Ru 0.79 2.3 1.359
1000Mo 3.24 —  3.165
104Ry 3.4 — 2975
106(0q 0.6 —  2.007
H2gn 1.01 — 2.757
H6Cq 5.6 —  5.268
124Gy 5.4 —  6.703
128T¢ 4.3 —  6.159
130Tg 4.2 3.5  6.422
144G 0.5 1.5  4.749
148N 4.8 —  6.929
154qm, 2.2 3.0 5.643
160Gqd 5.8 —  5.639
176y1, 8.0 3.6 6.214
2327 5.4 55  T7.678
238y 5.8 50  7.822

The Bethe neutron excess function might be one of the measure of the
outer neutron excess and it can indicate rather simply the halo nuclei on the
basis of the neutron and proton density distributions given inside the core
of the nucleus. This is very convenient from a theoretical point of view. The
excess function is correlated with the halo factor introduced in Ref. [7,8] as
shown in figure 6 (see also [10-12]).
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