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THE ASSOCIATED Σ PRODUCTION AND THE

Σ -NUCLEUS POTENTIAL∗J. D¡browski and J. Ro»ynekTheoretial Division, Soªtan Institute for Nulear StudiesHo»a 69, 00-681 Warsaw, Poland(Reeived May 31, 2004)Kaon spetrum from (π−,K+) reation on 28Si target in the region of
Σ prodution is analyzed in impulse approximation for di�erent strengthsof the Σ single partile potential. It is onluded that this potential isrepulsive, and its strength is onsistent with the Nijmegen model F of thehyperon�nuleon interation.PACS numbers: 21.80.+a 1. IntrodutionOur present knowledge of the Σ hyperon interation with nulear mat-ter, represented by the single partile (s.p.) potential UΣ , omes from thefollowing soures:� Strong interation shifts ǫa and widths Γa of the observed Σ

− atomilevels [1, 2℄.� Final state interation of Σ hyperons in the strangeness exhange
(K−, π) reations, whih a�ets the observed pion spetrum (see, e.g.,[3℄, and [4℄ � hereafter referred to as I).� Free spae hyperon�nuleon sattering data, to whih the hyperon�nuleon interation potential may be �tted (see, e.g., [5�8℄), and withthis potential one may alulate UΣ (see, e.g., [9�11℄) 1.

∗ This researh was partly supported by the Polish State Committee for Sienti�Researh (KBN) under Grant No. 2P03B7522.
1 This indiret way of determining UΣ is burdened by the sarity of the hyperon�nuleon two-body data. In fat, the proedure is often used in the reversed diretion:knowing UΣ helps to determine the hyperon�nuleon interation (see, e.g., [2℄).(2303)



2304 J. D¡browski, J. Ro»ynekAll these soures imply that the ΣN interation is well represented by theNijmegen model F of the baryon�baryon interation [6℄, whih leads to arepulsive UΣ with the strength of the repulsion of about 24 MeV at theequilibrium density of nulear matter [11, 12℄.Reently, a new soure of information on UΣ beame available: the �-nal state interation of Σ hyperons in the assoiated prodution reation,
(π,K+). The �rst measurement of the inlusive K+ spetrum from the
(π−,K+) reation on a silion target was performed in KEK at pion mo-mentum of 1.2 GeV/c [13℄.In the present paper we analize the inlusive K+ spetrum reportedin [13℄ and try to determine UΣ onsistent with this spetrum. We extendthe proedure applied in I in the ase of the strangeness exhange reationto the ase of the assoiated prodution. We simply alulate the rosssetion for the inlusive (π−,K+) reation in the impulse approximationwith di�erent strengths of UΣ , and ompare it with experimental results.The paper is organized as follows. In Setion 2, we alulate in the im-pulse approximation the ross setion for the (π−,K+) reation, and obtain�nal expressions for the inlusive spetrum of the produed kaons. In Se-tion 3, we present our results for the (π−,K+) reation on the 48Si targetand ompare them with the experimental results of [13℄. Disussion of ourresults and onlusions are presented in Setion 4. The determination ofthe transition matrix for the elementary proess π+ + P → K+ + Σ

− ispresented in Appendix A.2. Cross setion for the inlusive (π−, K+) reationin the impulse approximationIn the Σ s.p. model, the motion of Σ
− in the hypernulear state pro-dued in the (π−,K+) reation is desribed by the wave funtion ψΣ (r)whih is the solution of the s.p. Shrödinger equation with the s.p. poten-tial UΣ (r) = VΣ (r) + iWΣ (r), where WΣ represents the absorption due tothe ΣΛ onversion proess Σ

−P → ΛN . The target protons involved inthe elementary proess π−P → K+
Σ

− are desribed by the wave funtions
ψP (r) whih are bound state solutions of the s.p. Shrödinger equation withthe shell model potential VP (r).We want to alulate the ross setion for the (π−,K+) reation in whihthe pion π− with momentum kπ (in units of ~) and energy Eπ hits a targetproton in the state ψP (with s.p. energy eP ) and emerges in the �nal stateas kaon K+ in the diretion k̂K with energy EK (both Eπ and EK aretotal energies inluding rest masses), whereas the hit proton emerges in the�nal state as a Σ

− hyperon with momentum kΣ . We apply the impulseapproximation with K+ and π− plane waves, assume a zero-range spin-



The Assoiated Σ Prodution and the Σ -Nuleus Potential 2305independent interation for the elementary proess π−P → K+
Σ

− (witha onstant transition matrix t) and obtain (with spins suppressed in thenotation):
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,(1)where the momentum transfer q = kK −kπ, and ψΣ ,kΣ
(r)(−) is the Σ sat-tering wave funtion whih behaves asymptotially as exp(ikΣr) + inomingwave.The energy onservation imposes the following relation between the en-ergies of the partiles involved in the (K−, π+) reation:
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2k2
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2MΣ
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2 + eP + Eπ −EK . (2)Notie that the reoil of the hypernuleus is negleted here.If only the energy spetrum of kaons at �xed k̂K is measured then thisspetrum, d2σ/dk̂KdEK , is obtained by integrating ross setion (1) over
k̂Σ :

d2σ(lP jP )
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=

∫
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d3σ(lP jP )
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}

. (3)Here, we have indiated expliitly the quantum numbers lP jP of the s.p.state ψP of the proton on whih the elementary proess π−P → K+
Σ

− takesplae. To get the experimental pion spetrum, we have to sum expression(3) over all states oupied by target protons.Let us onsider the ase when the lP jP proton shell is losed, i.e., whenall the 2jP + 1 magneti substates of the lP jP shell are oupied by protons(as is the ase with the 28Si target onsidered in the next setion). When weintrodue the spin oordinate ξ and the Σ and P magneti quantum numbers
µΣ and mP , we may write the total ontribution of the lP jP proton shell tothe pion spetrum in the form:
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∑
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,(5)where the Σ sattering wave funtion ψ(−)
Σ ,kΣµΣ

behaves asymptotially as aplane wave with momentum kΣ and spin projetion µΣ + inoming wave,
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ψP,lP jP mP

is the normalized proton wave funtion in the s.p. state withquantum numbers lP jPmP , and ∫

dτ denotes the r integration and the ξsummation.A straightforward alulation (similar to that in [14℄) leads to the fol-lowing expression for S(lP jP ) in terms of Wigner 3-j symbols [valid in thease of a pure entral potential UΣ (without spin�orbit oupling) onsideredin the present paper℄:
S(lP jP ) = (4π)2(2jP + 1)

∑

Ll

(2L+ 1)(2l + 1)

×
(

L lP jP l
0 0 0

)2

| 〈l|jL(qr)|lP 〉 |2, (6)with
〈l|jL(qr)|lP jP 〉 =

∫

drul(kΣ ; r)(−)∗jl(qr)RlP jP
(r), (7)where RlP jP

(r)/r is the radial part of ψP,lP jP mP
and ul(kΣ ; r)(−)/r is theradial part of the l omponent of ψΣ ,kΣµΣ

, whose asymptoti behavior is
ul(kΣ ; r)(−)/r − jl(kΣ r) ∼ h

(2)
l (kΣ r). Notie that the dependene on thekaon sattering angle θK enters through the relation: q2 = k2

π + k2
K −

2kπkKcosθK . 3. Results for the 28Si targetSimilarly as in I we assume for the Σ s.p. potential the form of a squarewell
UΣ (r) = −(VΣ0 + iWΣ0)θ(R− r), (8)where the radius R is the same as the radius R in expression (9) for theproton s.p. potential. For the depth of the absorptive potential, we use thevalue WΣ0 = 2.5 MeV, obtained in [15℄ and [16℄ from the Σ

−P → Λn rosssetion. For the depth VΣ0 we assume values varying from −40 to 20 MeV.Notie that VΣ0 is positive for an attrative and negative for a repulsivepotential.For the proton s.p. potential, we use � as in I � the form:
UP (r) = −VP0θ(R− r) − VP lslsδ(R − r), (9)with VP0 = 46 MeV and VP ls = 15 MeV fm. The radius R = 3.7559 fmhas been adjusted to the proton separation energy BP = 11.585 MeV. Thispotential leads to the s.p. proton energies in the d5/2, p1/2, p3/2, and s1/2states: eP (d5/2) = −BP , eP (p1/2) = −22.91 MeV, eP (p3/2) = −26.88 MeV,



The Assoiated Σ Prodution and the Σ -Nuleus Potential 2307and eP (s1/2) = −35.70 MeV, whih agree qualitatively with the separationenergies determined in the (p, 2p) and (e, e′p) reations (see [17℄).The Coulomb interation of Σ
− and the target proton is not taken intoaount expliitly. Its average value inside the nulear ore is ±6 MeV, andwe assume that it is inluded into VΣ0 and VP0.At the moment, the only available experimental results for the (π−,K+)reation with Σ hyperon prodution are those on the silion target at pπ =

1.2 GeV/c reported in [13℄. In Fig. 1, the data of [13℄ are ompared with ourresults for d2σ/dk̂KdEK obtained with three values of VΣ0: 20 MeV (urveA, attrative VΣ ), −20 MeV (urve B, repulsive VΣ ), −40 MeV (urve C,repulsive VΣ ). The BΣ on the absissa is the separation (binding) energy of
Σ

− from the hypernulear system produed (in the ground or exited state)with the nulear ore left in its ground state. (If the hypernulear systemprodued onsists of the hyperon attahed to the nulear ore in a state withan exitation energy E∗, we have −BΣ = ǫΣ + E∗.)

Fig. 1. Kaon spetrum from (π−,K+) reation on 48Si at θK = 6◦ at pπ =

1.2 GeV/c. See text for explanation.Our results, urves A, B, and C, were obtained with the value of t2 =
0.1257 E7 MeV2 fm6, �tted to the measured value of the total ross setionfor the free π− +P → K+Σ

− proess at pion momentum equal 1.2 GeV/c.We do not take into aount the proton motion in the target Si nuleus,whih would require averaging the ross setion around pLab
π = 1.2 GeV/c.To obtain a su�ient auray, espeially at higher values of −BΣ , thesummation in expression (6) was extended over values of L up to L = 12.



2308 J. D¡browski, J. Ro»ynek4. Disussion and onlusionsThe data points in the inlusive pion spetrum in Fig. 1 at positive valuesof BΣ orrespond to reations with emission of Λ hyperons (exept for �nal
Σ bound states possible only for attrative VΣ ). In the present paper, we donot onsider proesses with emission of Λ hyperons, and onsequently, ouralulated urves in Fig. 1 start at −BΣ = 0. We alulate the ross setionfor the (π−,K+) reation in the impulse approximation with the Σ

− wavefuntion determined by the Shrödinger equation with a omplex potential
UΣ whose imaginary part WΣ represents the ΣΛ onversion treated as anabsorption. However in the inlusive (π−,K+) experiment, kaons may beaompanied not only by Σ

− hyperons but also by Λ hyperons produed inthe ΣΛ onversion2. Thus treating the ΣΛ as absorption neglets the partof kaon spetrum aompanied by Λ emission.One way of inluding this Λ emission part of kaon spetrum was shownin [14℄ where the Λ hannel was introdued expliitly into the desription.The results of [14℄ indiate that although Λ emission is ruial at negativeand small positive values of −BΣ , at higher values of −BΣ it is relativelyless important, espeially when the Λ�nuleus interation in the Λ hannelis taken into aount. The method used in [14℄ is an approximate one � itapplies the e�etive two-hannel approah [18℄.Another way of inluding the part of kaon spetrum aompanied by Λemission is the Green funtion method [19℄, applied in [13℄. After introduingapproximations learly stated in [19℄ (onerning , e.g., the oupling betweendi�erent ore states), the Green funtion method leads to expressions forthe ross setions for the (π−,K+) reations aompanied by Σ emission(the Σ esape ross setion d2σesc/dk̂KdEK), and by Λ emission (the ΣΛonversion ross setion d2σcon/dk̂KdEK), whih depend on the e�etives.p. Σ Hamiltonian obtained from the full Σ and Λ hannel Hamiltonian byeliminating the Λ hannel.In atual alulations, one uses in the e�etive Σ Hamiltonian a phe-nomenologial loal Σ�nuleus s.p. potential. In priniple, the ΣN elastisattering may ontribute to the Σ�nuleus potential (see, e.g., [15℄), andit ould imply that the ΣN elasti sattering ontributes to the onver-sion ross setion. Let us also mention, that in this approah one annotinvestigate the e�et of the Λ�nuleus interation.The results shown in Fig. 1 learly rule out an attrative potential VΣ .Even if we applied an adjustable saling fator � a proedure applied in [13℄� to the urve A (whih has a maximum at −BΣ = 89 MeV), the resultingurve would di�er from the experimental points.
2 A diret prodution of Λ hyperons is not possible in the (π−, K+) reation.



The Assoiated Σ Prodution and the Σ -Nuleus Potential 2309From the results shown in Fig. 1, we onlude that the strength of therepulsive Σ potential is somewhere between 20 and 40 MeV, 20 MeV .
−VΣ0 . 40 MeV. The present estimate leads to VΣ slightly more repulsivethan estimates based on the analysis of strangeness exhange reations [4℄and Σ

− atoms [2℄. Nevertheless the present estimate is not inonsistent withthe other estimates, espeially onsidering the error bars at the data at highvalues of BΣ .We do not believe that onsidering distortion of kaons and pions wouldhange our onlusion, as it was shown in [13℄ the distortion e�et does nota�et the spetrum shape very muh.Our present result di�ers from the result of the analysis in [13℄ whihsuggest a 150 MeV strength of the repulsion in VΣ , whih would be om-pletely inonsistent with the Σ
− atomi data, and the analysis of the (K−, π)reations.Our �nal onlusion is that the s.p. Σ potential is repulsive inside thenuleus, and the strength of the repulsion is onsistent with the Nijmegenmodel F of the barion�barion interation.Appendix ADetermination of the π− + P → K+ + Σ− transition matrixWe start from the expression for σ, the total ross setion for the ele-mentary proess π+ + P → K+ + Σ

−:
σ =

Ω

v

∑

f

δWi→f

δt
=

Ω

v

∑

f

2π

~
δ(Ef − Ei)|(f |t̂|i)|2, (A.1)where δWi→f/δt is the probability per unit time of the transition betweenthe initial state i of the π− +P system (with energy Ei = Eπ +EP ) and the�nal state f of the K+ + Σ

− system (with energy Ef = EK +EΣ ), t̂ is thetransition matrix, and v/Ω is the inoming �ux (v is the relative veloity ofthe inoming pions and target protons, and Ω is the normalization volume).The initial and �nal states are plane waves: |i) = |kπkP ) and |f) = |kKkΣ ).They are normalized in Ω
3.We approximate the transition matrix t̂ by a onstant t:

(f |t̂|i) = t(f |i) =
t

Ω2

∫

dre−i(K f−K i)r , (A.2)where K i = kπ + kP , and K f = kK + kΣ .
3 We assume that the interation responsible for the πP → KΣ transition does notdepend on P and Σ spin whih is ignored in our notation.



2310 J. D¡browski, J. Ro»ynekSine ∫

dreiK r vanishes for K 6= 0, we have ∣
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=
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dkΣδ(Ef − Ei)δ(K f −K i). (A.3)As σ does not depend on the referene frame, we hoose the enter ofmass (CMS) frame, in whih the alulation of σ is simplest. By E and
p = ~k , we denote energies and momenta in this frame. In CMS we have
K i = 0, and the last δ in (A.3) beomes δ(K f ) = δ(kK + kΣ ), and (A.3)takes the form:
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Ef = EK + EΣ =
√
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√
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EKEΣ

(c~)2kKdkK , (A.6)we may hange the integration over kK in (A.4) into integration over Ef .Thus we get
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, (A.7)where v has been expressed through the pion laboratory momentum andenergy, v = c2pLab
π /ELab

π .The CMS quantities in (A.7) may be easily expressed through the in-variant s (see, e.g., [20℄):
s = (EK +EΣ )2 = (Eπ +EP ) = (MP c
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λ(s, (MKc2)2, (MΣ c2)2) , (A.10)



The Assoiated Σ Prodution and the Σ -Nuleus Potential 2311where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz.Expression (A.7) for σ together with Eqs (A.8)�(A.10) enable us to al-ulate σ as funtion of pion laboratory momentum pLab
π .To determine t, we used the total ross setion σ measured by Goodand Ko�er [21℄ at pLab

π = 1.12�1.23 GeV/c. At eah of the pion momentumapplied in [21℄, we determined t so that our alulated value of σ agreedwith the measured value. Our results for t2 are shown in Table I togetherwith values of σ measured in [21℄. TABLE ITotal ross setion σ for the π−P → K+
Σ

− reation measured in [21℄ and ourresults for t2.
pLab

π [MeV/c℄ σ [fm2℄ t2 [MeV2 fm6℄1125 21.8±1.1 0.1631±0.0082 E71225 23.5±1.7 0.1132±0.0082 E71275 20.9±1.4 0.0869±0.0058 E71325 24.5±2.1 0.0901±0.0077 E7For pion momentum pLab
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