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It is shown that the total energy of the static “field + particle” system,
defined in the framework of classical, renormalised electrodynamics of par-
ticles and fields, depends in an unstable way upon the field boundary data.
It is argued that this phenomenon may be also an origin of the unstable
dynamical behaviour of the system (i.e. existence of “runaway solutions”).
It is proved that a suitable polarisation mechanism of the particle restores
the stability, at least on the level of statics. Whether or not it restores also
the full, dynamical stability of the theory is still an open question.

PACS numbers: 41.20.Cv, 03.50.De

1. Introduction

Classical electrodynamics in its present form is unable to describe in-
teraction between charged particles intermediated by electromagnetic field.
Indeed, typical well posed problems of the theory are of the contradictory
nature: either we solve partial differential equations for the unknown field,
knowing (a priori!) trajectories of charged particles (and, therefore, know-
ing the field sources), or we solve ordinary differential equations for the
trajectories of test particles, knowing (a priori!) the field (and, therefore,
knowing the forces acting on particles). Combining these two procedures
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into a single theory leads to a contradiction: in case of the point particles,
the Lorentz force due to the self-interaction is infinite.

There were many attempts to overcome these difficulties. One of them
consists in using the Lorentz—Dirac equation (see [1,3,10]) where electro-
magnetic field is split into retarded (singular) part and the nonsingular rest.
The retarded field acts on the particle via postulated effective force and the
nonsingular (finite) part enters into equation via the Lorentz force. Unfor-
tunately, this approach leads to the so called runaway solutions which are
unphysical.

Various remedies have been proposed to cure this disease (cf. [17]), most
of them just based on a fine tuning of boundary conditions. Unfortunately,
such a tuning excludes physically interesting problems (i.e. circular mo-
tion) and the question arises if one can construct a theory which does not
contain unphysical solutions at all. The authors believe that to achieve the
above goal we should first gain a deeper understanding of foundations of the
runaway behaviour.

Andrzej Staruszkiewicz got involved in these issues since the beginning
of his academic career (cf. [14] and [15]). His main contribution to the sub-
ject consists in an interesting proposal of a first mathematically consistent
relativistic mechanics of two point particles, where one particle moves in
the retarded field of the second one while the second particle moves in the
advanced field of the first one, see [16].

In the present paper we perform an analysis of the stability properties of
a theory proposed by one of us in papers [4] and [2]. It consists in defining an
“already renormalised” four-momentum of the physical system composed of
both particles and fields. We will refer to it as to “particle(s) + fields” system.
Equations of motion are then derived as a consequence of a conservation law
imposed on the four-momentum. We deeply believe that such an approach
is a correct realization of the Einstein’s programme of “deriving equations of
motion from field equations” and that a similar procedure should be applied
to formulate also the two-body-problem in General Relativity Theory.

In the framework of this theory we show that the physical instability is
inherently contained in the renormalisation method used. More precisely: in
the simplest renormalisation scheme the amount of energy contained “in the
interior of the particle” decreases when the external field surrounding the
particle increases. This contradicts the stability of the model. As a remedy
for this drawback we propose the polarisability of the particle. Numerical
analysis of such an improved model shows validity of our proposal.

For this purpose we derive the theory of polarisability. We show that the
sensitivity of the particle to polarisation must is uniquely determined by the
dependence of the mass of the particle upon its dipole moment. Violating
this law would lead to a non-local theory (see Section 5).
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In this paper we analyse the renormalised energy of the “particle + field”
system on the level of statics only, but the “energetic instability” discovered
here is obviously the reason for the runaway behaviour of the dynamical
system as well. Indeed, the price which we pay for perturbing the particle
at rest is negative and, whence, the system works like a perpetuum mobile.
It is, therefore, very likely that also the price accelerating the particle is
negative. This observation is fundamental, in our opinion, to understand
the physical reasons for the runaway behaviour of the theory and in search
for a remedy for this phenomenon.

The paper is organised as follows. In Section 2 the renormalisation proce-
dure proposed by one of us in [4] (see also [2]) is presented. Then a monopole
particle inside a fixed volume V is considered: we compute renormalised en-
ergy of the system and vary it with respect to particle’s position. Next, we
suppose that the particle assumes position corresponding to minimal value
of the energy. In this way we express the energy of the system as a function
of the field boundary data, imposed on dV. Finally, we analyse stability of
the system under small changes of these data. Here, both the Dirichlet-type
and the Neumann-type boundary problems are considered.

The above results are then applied to a case of a monopole particle
closed in spherical box. We prove that such a system is not stable. Then
we consider a polarisable particle. Here, the external field may generate
a non-vanishing dipole momentum, which changes completely the energy
balance. It turns out that for a Heaviside-like relation between the field and
the dipole momentum it generates, the system is stable. This suggests a
possible way to improve in the future our renormalisation method and to
avoid (maybe) also dynamical instabilities, manifesting themselves in the
runaway behaviour.

2. The renormalised four-momentum vector

Full description of the renormalised electrodynamics was proposed in [4]
or [2]. In the present section we review briefly heuristic ideas that stand
behind definition of the renormalised four-momentum of the dynamical “par-
ticle + field” system.

As a starting point of our considerations take an extended particle model.
This means that we consider a fully relativistic, gauge-invariant, interact-
ing “matter + electromagnetism” field theory, which is possibly highly non-
linear, but reduces in vacuum to the linear Maxwell theory if the electromag-
netic field is sufficiently weak. A moving particle is described by a solution of
the theory, such that the “non-linearity-region” (or the “strong-field-region”)
is concentrated in a tiny world tube W around a smooth, time-like trajec-
tory (. We assume that outside of this tube the fields describing charged
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matter practically vanish and the electromagnetic field is sufficiently weak
to be well described by the linear Maxwell theory. Let ¥ denotes the energy-
momentum tensor of such a field configuration. The four momentum of the
“matter + electromagnetism” system is then obtained by integration of ¥
(conserved — due to Noether Theorem) over a space-like hyperplane X

Py = /z*gdau. (1)
X

We assume, moreover, that this fundamental theory admits a static,
stable, soliton-like solution, which will be called a extended particle at rest.
Let 5tat¢ denote its energy-momentum tensor and let m be the total energy
(mass) of this solution:

m = /Estatic “Adcr“ . (2)
b))

Due to relativistic invariance, we have also a six parameter family of
solutions obtained by acting with Poincaré transformations on the static so-
lution. Each of these solutions may be called a “uniformly moving extended
particle” because the strong-field region (interior of the particle) is concen-
trated around the straight line Z =const. As we boost the static solution to
the four-velocity uy, we denote by T5%%€(y) its energy-momentum tensor.
Then the four-momentum of this solution equals mu) and we have:

muy = /T’tam(u)u)\dau. (3)
b

This leads to a trivial identity:

Py = muy + / (SMA — ‘ZStatiC(u)”)\) doy (4)
o)

which becomes extremely useful in the following arrangement. Choose the
straight line describing the “trajectory” of the uniformly moving extended
particle in such a way that it is tangent to the approximate trajectory ¢ of the
generic extended particle at their intersection point with X. If K(R) C X
denotes the ball of radius R, which contains the strong field region of both
solutions, but is small with respect to the characteristic distance of the
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external Maxwell fields, then we have:

Py = muy + / (SH)\ — TStatiC(u)“A) doy,
S_K(R)

+ / (T4, — Tt ()" ) doy, . (5)
K(R)

Our assumption about stability of the soliton-like solution means that the
last integral is negligible since inside the strong field region both solutions
are very close to each other. But the first integral contains only contributions
from external Maxwell fields accompanying both particles. This way we have
proved that the following formula:

Py ~ muy, + / (S“)\ — ‘ZStatiC(u)“/\) do,,, (6)
S—K(R)

containing only external Maxwell field surrounding the particle, provides a
good approximation of the total four-momentum of the “particle + field”
system.

The theory proposed in [4] consists in mimicking the above formula in
the point particle case. Hence, we consider solutions of Maxwell equations
having a “delta-like” current corresponding to a point charge e travelling
over a trajectory (. Such a solution is treated as an idealised description of
external properties of the extended particle considered above. Denote by T
the energy momentum tensor of this solution. The uniformly moving parti-
cle, whose four-velocity equals u, is represented in this picture by a boosted
Coulomb field, and its energy-momentum tensor is denoted by 75%%¢(q,).
If trajectories of both particles are again tangent with each other at their
common point of intersection with X', then momentum (6) may be rewritten
as:

Py ~ muy, + / (T’ﬁ\ — TStatiC(u)“A) doy,, (7)

S-K(R)
because outside of the strong-field region, T reduces to 7' and gstatic(y)
reduces to T5%%¢(y). The main observation done in [4] is that, due to can-

cellation of principal singularities of both T and T'(u), the above integration
may be extended to the entire 3). More precisely, the following quantity:

Py = muy + P/ (T’i — TstatiC(u)M)\) dU“ (8)
X
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is well defined (“P” denotes the “principal value” of the integral). Accord-
ing to the discussion above, we interpret this quantity as the total four-
momentum of the interacting system composed of the point particle and the
Maxwell field accompanying the particle. Consequently, we impose conser-
vation of P as an additional condition. This implies equations of motion
of the point particle as a good approximation of equations of motion of the
true, extended particle.

This approach has an obvious generalisation to the system of many par-
ticles (see [4]). Also polarisable particles, carrying magnetic or electric mo-
ment (and — consequently — displaying stronger field singularity than the
Coulomb field) may be treated this way (cf. [8]). Recently, the above ap-
proach was improved by replacing the reference Coulomb field in (8) by
the Born field, matching not only particle’s velocity but also its accelera-
tion. This way the principal-value-sign “ P” may be omitted in the definition
because the corresponding integral converges absolutely (cf. [9]).

In what follows, we are going to apply definition (8) to static “particle +
field” configurations only.

3. Electrostatics of a monopole particle

Consider now electrostatic field D surrounding the particle with charge e,
situated at the point 7. Due to Maxwell equations, the Gauss law:

VD = ed (7 — 7y) 9)

must be satisfied, where by § we denote Dirac delta distribution (in con-
trast with conventional §, denoting variation of a function). It is, therefore,
convenient to decompose the field into its singular and regular parts:

D= Dreg + Dsinga (10)
where the singular part Dgiye is simply the Coulomb field:

6(’17—’170)

Dgipg ' = ——————=
e = Tl rolP

whereas the remaining field Dyeg := D — Dygipg is divergenceless: V.Dyee = 0.
Moreover, static Maxwell equations imply the existence of the scalar poten-
tial ¢: D = —V¢. Hence, we have: A¢ree = 0.

According to (8), the complete energy of this “particle + field” system
contained in the entire X' equals:

H:m+%/(D2—D§ing) dv . (11)
b))
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Consider now a fixed volume V' 3 7 containing the particle. Subtracting
from H the electrostatic energy contained outside of V:

1
H]Rii_v = 5 / D2d'l), (12)
R3-V

we obtain the total energy contained in V:

1 1
Hy = m— / Dsmgzdv—l—§ / Dieg’dv
R3-V 14
+ / Deing Dregdv . (13)
\%4

Given boundary conditions, we are going to minimise the above quantity
with respect to the particle’s position 75 € V. Assuming that the particle
always tries to minimise the energy of the system, we can write both 7
and the total “particle+field” energy as functions of the field boundary data.
Stability of the energy with respect to the boundary data on 9V will then
be studied. Before we pass to the above programme, we must specify which
kind of boundary conditions on dV have to be controlled.

3.1. Neumann conditions

Varying the energy integral (13) with respect to the particle’s position
we get:

OHy = / {Dreg ’ (5D1”eg + 5D51ng) + Dsing 5Dreg} dv
\%

— / Dyging 0 Dyeg dv . (14)
R3-V
For Neumann conditions we put D = —V¢ for both the regular and the

singular parts of the field, outside of the variation §. Integrating by parts
and using VD, = 0 we get:

SHy = [ Greg 6(VDsing)dv — [ ¢ D* ¢ do. (15)
v V/ g g)av /{ } g

ov

But the variation of (9) gives us:

(V Dsing) = 6 (ed (F — 7)) = —edy (8 (F — 7p)) o, (16)
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where 53;'5 denotes a virtual displacement of the particle. Imposing Neumann
conditions D10V = f, where f is a fixed function, we obtain: 6D+ =0 on
0V. Hence, the surface integral vanishes. Inserting (16) into (15) we derive
the following formula:

dHy = —eD;®(xf)oxt . (17)

We conclude that the extremum of energy condition implies the following
static equilibrium equation:

D8 (xf) = 0. (18)

3.2. Dirichlet conditions

For Dirichlet case we put 6D = —Vd¢ for both the regular and the
singular parts of the field and then integrate (14) by parts. We obtain:

SHy = / (V Dying) 0hsegdv — / {DL 5¢} do . (19)

| ov

Imposing Dirichlet conditions ¢|0V = f, where f is a fixed function, we
obtain: d¢ = 0 on OV and, therefore, the surface integral vanishes again.
To derive the equilibrium condition (18) from the variational principle, we
must perform the following Legendre transformation:

/(VDsing) 5¢regdv :5/(VDsing) ¢regdv
\%

|4

- /(5VDsing) qbregd’u . (20)

\%

Then we use (9) and (16). This way we obtain:
§ (Hy — edreg(0)) = Dy (x5)0x - (21)

Comparing (17) and (21) we observe that the equilibrium condition (18)
may either be obtained from the variational principle § (Hy) = 0, when the
Neumann boundary data are controlled, or from the variational principle
d (Fv) =0, with Fy := Hy — epreg(70), when the Dirichlet boundary data
are controlled. The quantity Hy is the total energy of the “particle + field”
system, whereas Fy is an analog of the free energy in thermodynamics. We
conclude that imposing Neumann condition on the boundary corresponds to
the adiabatic insulation of the system, whereas imposing Dirichlet condition
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means that we expose it to a kind of a “thermal bath”. Indeed, imposing
e.g. condition ¢|0V = 0 we must cover the surface dV with a metal shell
and ground it electrically. This means that we admit energy exchange of our
system with the earth. Similarly as in thermodynamics, the free energy Fy,
which we optimise, contains not only the system’s energy Hy but also the
term “—egreg(79)” which we interpret as energy of the “boundary-condition-
controlling device”. Of course, from the point of view of the particle, both
conditions lead to the same equation: D'8(zk) = 0 because our theory is
local and the particle interacts with its immediate neighbourhood only, no
matter how the boundary data are controlled far away from the particle.

4. An example — monopole particle in a spherical box

In this section we shall analyse stability of a charged, monopole particle
closed in a spherical box with radius R: V = K (0, R) C R3. Simplicity of
the model allows us to solve explicitly the static Maxwell equations (for both
the Neumann and the Dirichlet cases) and to compute renormalised energy
of the system. Then we will find the extremum of the energy function with
respect to the particle’s position and check that for the Neumann case we
get the minimum and for the Dirichlet case — the maximum of the energy.
Assuming that the particle always minimises the energy, we will express
energy function in terms of the boundary data and show that the system is
unstable under small changes of these data.

The problem consists in solving equation A¢ = —ed(7 — ), where 7 €
K(0,R). In the Neumann case we impose the following condition:

e

D'ﬁL:R:E'ﬁ—FW’ (22)
where E is a fixed three dimensional vector.
In the Dirichlet case we impose the following condition:
= e
¢| _p=—E-iR+——. (23)

Because of the axial symmetry of the problem, we may restrict ourselves
to the analysis of the energy functional at points 7y which are parallel to
E: 7||E. With this simplification, we are able to find an explicit solution

¢ = ¢sing + qbreg, where: 1
e

(bsing = Em

in both Dirichlet and Neumann cases (c¢f. Appendices A and C). To write
an explicit formula for ¢,¢g it is useful to introduce the following variable:

L=
(E|T0)7

ro ‘= =
£l
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which runs from —R to R. Under this convention we obtain:

broe = £< R 1
T Ar \VRY £ rg2r2 — 2rgrR2cosf R

1
% In ‘RQ — rorcos + \/R* 4 ro2r2 — 2rgrR2 cos 9‘ >
By %111(232) (24)

in the Neumann case, whereas:

e (1 R ,
g = — (= — — BF 25
Dreg 47T<R \/R4+T027’2—27‘07’R26089> " (25)

in the Dirichlet case.

4.1. Stability

In both cases, the renormalised energy can be computed explicitly. De-

noting E := ||E|| we obtain the following result:
1 (e R 1 3] 2
- (= — 21 _0|_=
Ty m+2<47T<R2—7’(2) Rn‘ R? R>
4
4—§7rR3E2 — 2€E7“0> , (26)
in the Neumann case (c¢f. Appendix B) and:
14 e R
= | =nRE? - ———— 27
Hp m+2<37r 47TR2—7“8>’ @7)

in the Dirichlet case (c¢f. Appendix C). Finally, we compute the electric “free
energy” F = H — epreg(70) in the Dirichlet case:

1/ R 4 e 2
—mt s (S 4 %eEr 4+ oaRPEP - SZ2) (28
d m+2<47TR2—r(2)+ cErot 3T 47TR> (28)

We see that the equilibrium condition in the Neumann case reads:

2
o € To o
Dreg F=ry 0< <€E - E}%(T—r%)) = 0, (29)
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whereas in the Dirichlet case it reads:

e¢Dyeglr = 0=
e? Rry 0

- 2 EF = —F=0.
e E e oo F =0 (30)

We express the energy in terms of the following, standardised variables:

70 A7 R?
=—¢€|-11 = E. 31
r=2e-11  g=" (31)
Denoting;:
8TR
W = (H—m)=, (32)
we obtain:
1
_ 2 2
H'N—l_x2—ln|1—x\—2qm+§q -2, (33)
1 1
! 2
= —q“ - . 4

Observe that for ¢ = 0 both energies may be expanded as follows (¢f. Fig. 1):

Hy = —1+22%2+0(zh), (35)
Hp = —1—22+0(z%). (36)

This implies that only in the Neumann case the equilibrium point (z = 0)
is also a minimum of the energy. In the Dirichlet case the energy has a local
maximum at the equilibrium point. As may be easily seen, this happens also
for any value of E. Hence, for the Dirichlet case the free energy F should
be used, for which local extremum is also minimum. In what follows we
shall use the true (local) energy and consequently, we restrict ourselves to
the Neumann case only.

4.2. Neumann conditions

In terms of the standardised variables, the equilibrium condition (29)

reads: ( 2
r(2—=x
=—2. 37
For small values of ¢ this enables us to express equilibrium position in terms
of the boundary data:

Tr =

N[

(38)
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0.6 Neumann

Dirichlet

0.1 0.2 0.3 0.4 0.5
X

Fig. 1. Graph of renormalised energy vs particle’s position and ¢ = 0 for H' 5 and
Hp.

The same result could be obtained from the following expansion:

1
H oy (z,q) = -1+ §q2 —2qx + 227 + O(z4) , (39)
M n(2,q) = 0= 2~ % . (40)

Knowing relation between position of the particle and the boundary data
we express the energy in terms of boundary data only:

1
H N (@ @)lomg = =1 = ca* + 0(g"). (41)

Observe that for increasing values of ¢, the energy of the system decreases
(cf. figure 2)! The system “particle + field” turns out to be unstable —
even small fluctuations of the external field ¢ can decrease its total energy.
This means that the particle behaves like a perpetuum mobile, providing a
source of energy at no costs. In our opinion this unphysical feature of the
model, manifestly seen in its static behaviour, could possibly be a source of
its dynamical instability, i.e. the existence of “runaway” solutions of Dirac
equation. As a remedy, described in the sequel, we propose to equip the
particle with an additional mechanism which, via electric polarisability, will
restore its static stability.
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Fig. 2. Graph of renormalised energy vs boundary field ¢ for H'zr(z(q), q)-

5. Polarisable particle

We assume that the particle may get a non-vanishing electric dipole
moment due to interaction with the neighbouring field. We prove in the
sequel that, under a suitable choice of the polarisability properties of the
particle, the resulting “particle + field” system becomes statically stable.

For a polarised particle, formula (13) for the total energy remains valid
but the field singularity is now deeper than in (9), namely:

VD = V Dgng = ed(F — 7o) — pF oL (7 — 7o) , (42)

where p* is a dipole moment. We assume that p* has been generated by
the surrounding electric field D according to some law p = p(Dieg(70)),
describing the sensitivity of the particle. Moreover, we admit the dependence
of the coefficient m in (8) (and, consequently, in (13)) upon polarisation. It
will be shown in the sequel that insisting in having m constant we are not
able to make the model physically consistent. Moreover, it will be shown
that the electric sensitivity is uniquely implied by the dependence m = m(p).

5.1. Variational principle

Variation of the renormalised energy (13) with respect to the particle’s
position contains now the non-vanishing term dm. Similar calculations as
for the scalar particle lead, in case of the Neumann boundary conditions, to
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formula:

dHy = om~+ [ ¢regd(V Dging)dv — $6D* 1} do, (43)
o [t [l

and, in case of the Dirichlet conditions, to:

SHy = 6m + / (V Dying)66regdv — / {DL&;&} do

\4 oV
= dm+6 / (V Dying) Gregdv— / regd(V Dying )dv— / {DLdgb} do . (44)
14 14 oV
According to (42), the new version of formula (16) reads:
8(VDging) = — (e0k8(F — 7o) — p?0;0k8(F — 7)) Sz
— (08(F — 7)) p". (45)

Plugging (45) into (43) we see that the total energy variation splits into the
sum of two pieces: the work due to virtual displacement of the particle and
the remaining work, due to variation of m and p:

oMy = — (eDrog + 1" 0Dreg ) |1y, 070
A
+dom — Dreg‘F:F()ép . (46)
B

The second part B is obviously nonlocal — both the mass m and the moment
p depend upon the value of Dyeg(7)). This quantity must be obtained from
the field equation: A¢ree = 0, with boundary value depending upon the
particle’s position. The only way to save locality of the model is to force the
term B to vanish identically by imposing the following constraint:

dm = Dieg (70)dp . (47)

Denoting by mg = m(0) the mass of the unpolarised particle and by f(p)
the additional polarisation energy:

m(p) =mo + f(p), (48)

formula (47) may be written as:

of(p)

Dli:eg(FO) = apk

(49)
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We see that the polarisation energy f must play a role of the generating
function for the polarisability relation, otherwise the model would not be
local. Indeed, suppose that B does not vanish and the particle’s equilibrium
condition implies vanishing of the whole right hand side of (46). To decide
whether or not its actual position is acceptable as an equilibrium position,
the particle must know not only the field in its immediate neighbourhood,
but also the shape of V and the field boundary data on V. Such a behaviour
would be physically non-acceptable.

Inverting the generating formula (49), we may find the dependence
P = p(Dreg(70)), which is uniquely implied by the “equation of state” (48).
It may be rewritten as follows:

K On(D)

where

h(D) = f — Dyp" (51)

describes the Legendre transformation between “canonically conjugate”
quantities p and D and may be interpreted as the “free polarisation energy”,
whereas the “true energy” (48) may be rewritten as:

m(D) = mo + Dpp® + h(D). (52)

Hence, (46) implies:

SHy = — (eDreg + Pk, Dreg) s 070 (53)
and the equilibrium condition becomes a local equation:
(eDreg + pkakDreg) ‘F:FO =0. (54)

A similar procedure works in the Dirichlet case as well. Applying the
state equation to (44) we obtain:

OFv = (eDreg +pk8kDreg) |F:F05’FO’ (55)
where the “free energy” Fy is given as:
fV = HV - /(VDsing)qbreg - 2f

1%
= Hy — egbreg("?O) + Dreg‘pzfo -p—2f. (56)

Equilibrium condition §Fy = 0 reduces to the same, local equation (54).
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6. An example — polarisable particle in a spherical box

Let us come back to the simple model described in Section 4 on page 83.
For the polarisable particle we must solve the field equation:

Ap = —ed(7—179) +p- V(6(F—10)), (57)

where 7y € K(0, R), with either Neumann (22) or Dirichlet condition (23).
We want to compute renormalised total energy of the “particle + field” sys-
tem and to prove that for a suitable state equation (48) our model becomes
stable.

Splitting the solution ¢ into two parts:

¢ = " + ¢, (58)

where by ¢™°" we denote the solution of the monopole problem, found earlier
(cf. Section (4), page 84), we reduce the problem to equation:

AP =5V (§(F ~ 7)) | (59)

with homogeneous boundary conditions: Ddip . ﬁL: r = 0 in the Neumann
case and q&dip‘r: r = 0 in the Dirichlet case. Choosing the axis e, parallel to

E and passing to spherical coordinates (7,6, ¢) we obtain for 7y = (79, 0,0)
and p'= pe, + pye, (see Appendix D on page 101):

6P = oGn + drep (60)
where:
A (o1
dip _ P ( R3 (R2 — T COS 9) B 1 >
TR Am ro (R* + (ror)? — 2rroR2 cos 9)% rolt
n p_x< rR3sin 6 cos ¢
4T\ (R4 + 10212 — 2rgrR2 cos 0)%
cos ¢(R? cos § — ror) cos 0 cos ¢
" Rrosin VR + 10212 — 2rgrR2cosf  Rrosind ) ' (62)

As we already noticed in the monopole case, axial symmetry of the problem
implies that minimum of the energy is assumed at the point 7y which is
parallel to E. The same argument implies that we have p, = 0 in this
configuration. We are going to limit our analysis to such configurations
only.
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6.1. Stability

We compute the total, renormalised energy of the system as a sum of

two parts: ‘
H = H™" 4 HIP (63)

where H™°" denotes the energy of the monopole field obtained earlier ((26),
page 84), and HYP denotes the remaining part, containing energy of the
dipole field and the interaction energy. The latter term is computed in
Appendix E (page 104). The final result for the Neumann case, written in
terms of standardised variables, reads:

1 1
HN,(xaq)p) = 1—2172 —1H|1—1‘2| _2q$+§q2_2

2 ( p x(2—2> p? 1 P
2 (Lx 22)_22 73~ opd) - (64)
3 \eR (1 —2a?) e2R? (1 — 2?) eR
Now, stability of the system depends upon the polarisability of the particle,
i.e. upon the choice of the “function of state” f (cf. (48) on page 88). At

the moment we have no general criterion which would guarantee stability.
However, it is easy to show that for:

2
L o
) = —;HPH?’ — Dyeg = —*|pllp, ¢>0 (65)

our system is stable. Indeed, using (24) and (62) we obtain the following
equation for the value of the dipole moment p:

— mon dip
==V ( reg + gbreg)
=70

1 (e 2 ex(2 — 2
T ar <R_q2 T R3(1 f)952)3 B 32((1 — xz))2> : (66)

_02p25gn(p) = Dreg

Denoting 4rec?R* = C and p = ﬁ%, we get equation for p:

p r(2 — 22
_Cﬁ’?sgn(@ = <q _ a _21;2)3 _ (1(2_ 352)2)) . (67)

For small x, we use Taylor expansion of the right-hand side. Consequently,
we have:

—Cp?sgn(p) ~ q — 2p — 2z — 6pax? — 32°. (68)

For p > 0 there are two solutions of this equation for small x and g:

1 xzC
D —(1++/1—-gC + —— 69
- 1

xC
~ = (1-y/1-¢C - —=—).
b2 c( w© W) (70)

%
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For p < 0 there is only one solution for small x and g:

- 1 xC
~—— (1410 - ——=—_). 71
P3 C( ++/1+¢q 1+qc> (71)

Inserting the above solutions into the energy function (64) we define for
i=1,23:

H,Z'(x> q) = Hj\/,(ﬂl', q, ERﬁZ) .
It turns out that H’y does not admit any minimum with respect to z (i.e. a

stable “field + particle” configuration). For the remaining two cases we use
Taylor expansion for small x:

1 4 2 2
Hy ~ —1—|——q2— + <—§+2+q2>

39 T30 T3 T=q0 C
1 2 ¢ 1 1
—9q (1 o(1-2 421
q( - 1—q0>$+ ( 2t e T31-4C
2 /11 g\
2 (Lol 9,2 2
+ T—aC \3 2—|—C>>x (72)
1, 4 2 2 g
! %_1 2_ = 2
Hs T3¢ 302+3\/_1—|—q0_< cz ¢’

2 1 1 q 9
— == . 73
MVie e, (3 2 c))x (73)
Minimising both energies with respect to z we obtain:

302 20(C%—-9) ,

C2(2C* — 15C? + 45) 4
4
). (74)
302 20(C2-9) ,
23(0) Maarcr gy (8 B
C%(20* — 1502 + 45) , (75)
(C?—3) '
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Plugging z;(q) into the energy we get for small ¢:

8 15 +4C?
+ q
302 6(3 - C?)
(18 + 42C% — 7CHC ,
12(3—c2z 1
8 15 +4C?%
+ q
302 6(3 - C?)
(18 + 42C% — 7CHC
12(3 — C2)2

Hi(g) = —1—

Hs(g) ~ —1-

93

(77)

We see that for C' €]0,v/3[ the ¢* term is positive. This means that the sys-
tem “particle + field” does not behave any longer like a perpetuum mobile:
to deform its original configuration, corresponding to ¢ = 0, the boundary-
condition controlling device must perform a positive work. Hence, the sys-
tem is stable under small changes of ¢ (see figure 3).

—-1.652

—-1.654 1

—1.656

—1.658 1

—1.66 1

—1.662 1

—-1.664

—1.666

0.02 0.04 0.06 0.08
o

01

Fig. 3. Graph of H'(¢q) — renormalised energy vs boundary field for dipole particle,

C=1
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6.2. Conclusions

We have shown that the polarisability of the particle, described by a
suitable “state function” f (e.g. by (65)), may be a good remedy for the static
instability of the renormalised electrodynamics of point particles. Whether
or not this will cure also the dynamical instability, i.e. the existence of
“runaway”’ solutions, is another question which we would like to study in the
nearest future.

At the moment the bifurcation phenomenon occurring near the ground
state ¢ = 0 is worthwhile to study. Observe that the point 7y = 0, corre-
sponding to ¢ = 0 and described by the purely monopole field, is not stable.
This configuration corresponds to a local maximum of the energy and be-
longs to the unstable branch of stationary points, described by the function
H',.

Appendix A
Neumann solution for “particle + field system”

We are looking for a solution of the Poisson equation A¢ = —ed (7 — ) with
boundary condition (22), where ||| < R and 7| E. Denote:

¢reg .
o= §bsing + ¢(r)eg - BT, (Al)
where @ging = ﬁ |F_840‘, Agb?eg =0 and:
B, il =i v + =, (A.2)
e Tlr=R AT 7 —7ol) |,_p 4mR?
To find ¢96g, we use the following formula (cf. [11], p. 83):
1 — o™
-—= P, (cos0)—— A3
VrZ¥roZ=2rrgcosf T nZ::l n( )r”+1 (A-3)

(0 is the angle between 7 and E) valid for —r < ro < r, together with the
following Ansatz:

(;Sgeg = Z cnr" Py(cos0) . (A4)
n=1

Write boundary condition as:

0 _eo (1 1
R_47T87’ r |7 =7

reg
or -

; (A.5)
r=R
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and substitute (A.3) and (A.4) to (A.5). This way we get the solution given

as a series:
o _eR > 1\ (rro)"
s = nzzl (1 " E) gy L n(eos0)- (A.6)

Observe that (A.3) gives, after rescaling, the first component of (A.6). The
second one will be obtained from the following;:

Lemma A.1 For [|rg|| > r we have

oo

1 T‘Qn
Z Empn(cos 9)

n=1
1 2
—(1—T—OCOSO+\/1+<T—O) —2r—0C089>
2 r r r

Proof: Substituting ¢ for rg in (A.3):

"/ o =1
/ ZWPH(COSQ) dt

1
= —1In
r

0 n=1
)
1 1
-/ )
) tVr2 +t2 —2rtcos tr
[eS)
1 7“0"
= Z Empn(cos 0)
n=1

To

1
r —cos@—l—g\/ﬂ—l—tz — 2rtcos

1
= —— <ln
T t

+ In t>

0
1 1 2
=——1In —<1—T—OCOSQ+\/1+(T—O> —2r—ocos<9> . (A7)
r 2 r r r
Plugging R? instead of r and rrg instead of r in Lemma (A.1) yields:
0 e R 1 1 2
oy = —— — =+ —=In(2R
S Arm <\/R4 +7r92r?2 —2rgrR%2cos® R R (2F)
1
& In ‘RQ — rorcos @ + \/R* 4 ro2r2 — 2rgrR2 cos 0‘ > . (A.8)

Figure 4 shows the directions of the field D — E = Dgjng + D?eg + ﬁV%.
Observe that the field is tangent to the boundary of K (0, R).
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Appendix B

To compute integral (14):

observe that:

/ Dsmgdv +5 / Dreg

R3V

Renormalised energy for Neumann solutions

+ / DsingDregdv
\%

B / Dsmgdv - 5

1
¢singD sing do

8%
/Dregdv = - / ¢reg reg

BV OR3

Fig. 4. Directions of the field D-F for R =1, ry = 0.5.

(B.1)

Integrals containing products of singular and regular fields are understood

in the sense of distributions (cf. [13], p. 748).

Denoting k.

= K(70,€) we
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obtain:

/DsingDregdU = lim / DsingDregdU

e—0
V—k6
= — hm P / v ¢s1ng reg + ¢reg smg)
V ke
1
- - 11_{% 5 / (gbsinngreg + ¢regDLsing) dO’ . (B4)
OV —0ke

Hence, for V = Kpr := K (0, R) we have:

H = m—% / ¢D* do
0Kg

1
T ll_I,n D) <¢reg sing + nglng reg) do. (B,5)

Oke
The formula is true for both the monopole and the dipole singularity of
Dsing. Here, we consider the monopole (Coulomb) singularity. In this case

the function ¢ging multiplied by €? (coming from the surface measure do)
vanishes for ¢ — 0. Hence, we have:

1 1
H=m — 5 / ngJ_ do + IIHEL) 5 / ¢regDstng do. (B6)
OKR Oke

To compute the integral over 0k., we use spherical coordinates (e, 3, ¢) cen-
tred at 7. Parameters r and cos@ present in ¢,; may be expressed as
follows:

r?2 = 12+ —2ergcos B, rcosf =rg—ecosf3, (B.7)
lil%fr’2 =72 lim rcos@ = ry. (B.8)
€—> €E—

Then:
or [ 1
J_ 6 7T . 2
ti 5 [ GnegDig o =ty £ [ S dnero, . 9)sin 5 d
ke 0
s
e . 1
= Zcbreg(ro, r=rp,0 =0) [ sinpds = §e¢reg|szo . (B.9)

0
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98
Consequently:
1 N 1
H=m— 5 ¢D do + §e¢reg|77:770 . (BlO)
0K R
Knowing ¢ we can compute H:
D er= 5L 1 Beost (B.11)
r=R T 4r R2 o8t ’
¢lr=r = —ERcos 0
e 2 1 1
+ — ——+ =In(2R
4m <\/R2 +1r92 —2rgRcos® R R (2R)
1
—EIH‘R—T’()COSQ—F\/R2+T02—2T0R0089 >, (B.12)
e‘breg‘f':;o
e? R 1 1 r2
= eBrg+ — - — — — “In|1-22|]). B.13
er0+47r<R2—r8 R Rn‘ R2> (B-13)
Note that:
/ ! do =47R (B.14)
VRZ +1o2 — 2rgRcosf ’ .
Kgr
/ Ecosfdo =0, (B.15)
Kgr
/ln‘R— rocosf + /R2 + ro2 — 2rgRcos 0| do
Kgr
= 47R’In 2R,
where we used two integrals 2.736 from [12|. Then:
2
- (B.16)

e
47 R? /¢d0 ~ 47R’
Kgr
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Moreover:
4
E’R / cos? Odo = §7TR3E2, (B.17)
Kpg

E 0 4
/ o8 do = -mEry, (B.18)
F VR2 +1¢2 —2rqgRcosd 3

R

/ln‘R—rocose—F VR2 + 192 — 2rgRcos 0
Kr

4
x E cosfOdo = —§7T7’0R, (B.19)

where we used four integrals 2.736 from [12]. Then:

4 E 4
FE / ¢cosfdo = —§7rR3E2 + Z—W <§7T’I"o+ §7r1"0>
Kpgr
4 3.0
= —§7TR E* +eErg. (B.20)

The final result is the sum of (B.13), (B.16) and (B.20) with coefficient 3:

)
2 2
H:m+l<e—<7R 1ln' _To

2\4r \R2 -1 R R?
4
+ g7rR3E2 - QeEro> : (B.21)
Appendix C

Dirichlet solution and the corresponding energy

To find a solution of the Poisson equation A¢p = —ed(7— 1) with boundary
conditions (23), where ||7o|| < R and 7||E, we denote: ¢ = ¢ging + %%, — ET,

reg
_ 1 e 0o _ .
where ¢sing = 4~ =l Ag¢re, = 0 and:

1 e e

0

S N — — . C.1
Pregly—p A <\F—F0\> LRJF AT R (C.1)

Again, we use Ansatz (A.4) as we did in Appendix A, page 94, and expand
also boundary conditions:

e <1 1 >
r=R 47 T |F—F0‘

Breg , (C.2)

r=R
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in series of Legendre polynomials. After substituting (A.3) and (A.4) to
(C.2) we obtain:

o _ €R = (rro)”

s = " 2 ()T

P, (cosb). (C.3)

After rescaling (A.3) we get:
0 e (1 R >
- (= — . C.4
Dre 4 <R VRY+ 1202 — 2rgrR2 cos 0 (G4)

Singular part of the electric field has the Coulomb singularity at 7. Hence,
formula (B.10) is valid. However, we have:

R2 2
Dt|—p = c 0 ~ + Ecosé, (C.5)
ATR (R2 4 12 — 2rgRcos 0)2
1
@lr—r = —ERcosf + iﬁ’ (C.6)
e? (1 R

re ﬂ_ﬂ:_E — =] . .

20) g|r_m eBro+ <R T2 r%) (C.7)

This implies:

™

27rR2/ e? (R% —13)sinfdo _ e? (C.8)
(47R)* (R2 4 r¢2 — 2rgR cos 9)% 4mR

[ 2 _ 12)sin 0 df
—27TR2/ERCOSO ¢ (R — rp) sin - =—eEry, (C.9)
2
0

ATR (R2 4 ry? — 2rgR cos 0)

r 4

— 21 R? / E%Rcos? 0 sinf df = —§7TR3E2 , (C.10)
0

/cos9 sinfdf =0. (C.11)

0

Consequently, we obtain:

14 e R
—m+ - (oaR3E2 - S T C.12
H m—|—2<37r 47TR2—7“8>’ ( )
or, in standardised variables (31),
1 1
/ 2
= _q° — . d
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Appendix D

Dipole particle in a spherical box

We must solve equation A¢¥P = -V (§(F — 7)) with boundary conditions

pdir . 7 +—p = 0. Denoting ¢ = ¢Silfg + ¢§1e1>§7 where

dip 1 ﬁ (F_ _"0)
¢sing E |7—,»_ —»0|3 5 (Dl)
we get Laplace equation A(;ngg = 0 with boundary condition:
= di 1 P (7= 7o)
dip = o
Drellg)'nL«:R_n' EV <W " (D2)
r—=

For any pair of vectors 7y i p we choose coordinates in which 77 is parallel to
the z-axis e, and polarisation vector assumes the form p' = pe, + p,e,. The
final solution will be the sum of two harmonic functions fulfilling boundary
condition (D.2), calculated separately for pe, and p e,.

Observe that, for ggn(ﬁ), 7) being a solution of Laplace equation, also

3 7 ., Amon ; : : mon iy
the function ¢ - Vg ¢reg” is harmonic. Moreover, if ¢reg” fulfils conditions

((A.5) condition from page 94):

0 | mon e 0 (1 1
— 7, T =—— |- —=—— , D.3
or "8 (7 7o) e Amor\r |[F—70l/)|,_p 05)
then, after differentiation with respect to 7y we obtain:
o (p 10 1
—— | = - Vi, drea =——|p Vg0 D4
or <e 7o Preg > v Amor <p "o |F—f’0|> r—R (D-4)

Hence, the function
conclude that:

@ I3y

- Vi, oo satisfies boundary conditions (D.2). We

reg

qbdip o 1

8 4re

(P Vi) dreg (D.5)

reg >

(¢f. [11], p.14). Applying (D.5) for p = pe. + p.e, allows us to solve the
problem separately for p parallel and orthogonal to 7.
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Solution for p'|| 7o

To obtain the parallel part we differentiate monopole solution ((A.8),
Appendix A) along the e,-axis:

¢dip — B 9 mon
reg e Oro reg

R 1
x 22 4~ In(2R?
47 Org <\/R4 +1ro2r2 — 2rgrR%2cos® R R (2F)

1
R In ‘RQ — rorcosf + /R + ro2r2 — 2rgrR? cos@‘)

_p < R(ror? — rR%cos )
A (R* + r¢%r2 — 2rgrR2 cos 0)
1
a RvVR* 4+ ro2r2 — 2rgrR2 cos §
—rcosf (VR +ro?r? — 2rgrRZ cos 0 + R?) + r?rg
8 R2 —rrgcosf + R+ ro2r2 — 2rogr R% cos 0 > '

3
2

But:

<R2 — rrocos 6 + /R* + ro2r2 — 2rgr R2 cos 9) (D.7)

X <R2 — rrgcosf — /R 4 1212 — 2rgrR2 cos 9)
= —(T0T)2 SiIl2 9, (Dg)
(—7“ cos 0 (\/R4 + ro2r? — 2rgrR2 cos 0 + R2) + T27“0)

R% — rrgcos® — \/R* + ro2r2 — 2rgr R2 cos 9)

= —ror? sin? 9\/R4 + 19212 — 2rgrR2% cos 0
+ 1 cos O(—ror R% cos 0) + R*r?rg
= r2rgsin? 6 (R2 — VR + 19212 — 2rgrR2 cos 0) ) (D.9)

So:

dip _ P < B R(ror? — rR%cos0)
e 4m (R* 4 r¢%r?2 — 2ror R2 cos 9)%
r2rosin® 0 (R? — VRY + r¢2r2 — 2rgrR2 cos 0)
R(rr9)2 sin® 0 /RT + r¢2r2 — 2rgrR2 cos 0 >

R3(R% - 0
_ 1 p R (R — rrocos6) P (D.10)
4m ro (R* + (ror)? — 2rroR2 cos 6)? roR
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Figure 5 shows the directions of the field DUP. Observe that the field is
tangent to the boundary of K (0, R).

R — SO

~— S
s

T SISNNNNNSSSS

Fig. 5. Directions of the field DYP + Ddip R =1, 7y =0.5, p = 1.

sing reg?

Solutions for pLr)

For p'= p,e, we get:

di e D 8
P = pr Vi Ot = fa—xo reg - (D.11)
The easiest way to calculate this derivative is to use spherical coordinates
’170 = (7“0, 90, QO()). Then:

xg =rosinfpsingg, yo=rpsinfycosypy, zg =rgcosby, (D.12)
and:

0 1 0 sin 0
—— = sinfg cos pg—=— + cos Oy cos pg— o

—_— . D.13
8.’1)0 8’1"0 o 890 To sin 90 6900 ( )

But for 7l|e, this procedure is singular because sinfy = 0. To overcome
this difficulty we first calculate the result for 7 }f e, and then pass to the
limit #y — 0 and ¢y — 0. For this purpose we must be able to differentiate
the function cos~y, where = is the angle between 7 and 17, i.e.:

—

- T = I'ToCOS 7y, (D.14)

!

or, equivalently:

cosy = cos f cos Oy + sin 0 sin 6y cos(p — ¢g) . (D.15)
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Hence, (D.13) gives us:

0 1
——cosy = (— cos 0 cos ¢q (— cos 0 sin Oy + sin O cos by cos(p — ¢g))
7o

81‘0
1 . . . 0o—0 1 .

— —singgsinfsin(p — ¢p) | — —sinfcosy. (D.16)
o »o—0 7o

This method allows us to calculate effectively the derivative of the monopole
field from Appendix A (p. 94) along . The final result reads:

piv _ Dz 7R3 sin 6 cos ¢
T8 A\ (RY + rg2r2 — 2rgrR2 cos 9)%

(D.17)

cos p(R? cos § — ror) cos 0 cos ¢
Rrosin OvVRE + 10212 — 2rgrR2cos@  Rrosinf |-
We stress that the above function is regular at § = 0 due to cancellations

between the second and the third term.

Appendix E

Renormalised energy of a dipole particle

To calculate HYP we use results of Appendix B. It turns out that in formula
(B.5), only the following non-vanishing terms were not taken into account
in H™O™:

HIP = ) /delpDJ' do + 11_1?0 5 /(qb?éIg)DsJi_ngon + ¢Silrll)ngﬂég> do, (E.1)

OKpr Oke
where:
dip _ 1 p R3 (R2 — 170 COS 9) P (E.2)
B L (R*+ (ror)? — 2rroR? cos 9)% ot
ol _ 1 p(rcos — o) (E.3)
B (r? +r3 — 2rrq cos 0)%
mon __ i( R _ i
8 An \VRY+ro%r? —2rgrR%cosf® R
1
~ In ‘R2 — rorcos @ + \/R* 4 ro2r2 — 2rgrR2 cos 0‘ )
1
—Ercosf + I In(2R?), (E.4)

. . di
qbdlp = ?ég + ¢silllw?g : (E5)
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Moreover, we have:

1 e
1
D ‘BKR = Eﬁ—FECOSQ, (E6)
0 .
1 mon di
Dreg Oke = _E( reg +¢reg> . (E7)

To compute the integral over 0K we note that:

- - - p R? — 1} 1
qbdlp _ gbdlp + gbd}p —_ —— =, (ES)
r=R e e g (R% + 12 — 2Rrg cos 0)% R

whereas D+ is expressed by (E.6). Moreover:

™

1 .
E%Qﬂ'/qﬁdlp sinfdf = 0. (E.9)
0

So:

1. o 1
—527TE/(;5dlp cosfsinf df = —EpE.
0

To find the limit:

1 . .
lim - / (¢§lngrleg +D§f§§¢?é§) do (E.10)
Oke

we analyse behaviour of fields (E.2)—(E.7) for e — 0. All these terms have at
most the e 2-singularity. Therefore, they are continuous and bounded when
multiplied by €2. Thus, we can interchange the limit and the integration
operations.

We follow our procedure described in Appendix B, page 96. Using (B.7)
and (B.8) we obtain in terms of the standardised variable z = 3:

. di p
!13(1) <e2 ¢s11111)g) =0 cos 3, (E.11)
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: 8 mon
11_1)% <_E reg
e roR To >
= — + cos 3 — E cos 3
47 <(R2 —r3)2  (R2-12)?%R
e 1 2(2—2?%) >
= ——""—-24 —F]cosf=—cosfDr" ,  (E.12)
<47T R? (1 —22)? g P
. 9 4 1 2pR3
1 _ T pdip) 2 APt
Py < 8e¢reg> 4 (R2 —rd)3 cosj
1 2p di
=——————cosf3=—cos3D> ) (E.13)
A R3(1 _ 5132)3 reg s
lim (¢ D) = —. (E.14)
. ( dip) _ 1 pro(2R? — 1)
e—0 ree 47 R(R2 — 7"(2))2
p x(2—2?%) P
=2 3 =/ _ _Zpmon E.15
dr R2(1 — 22)2 P (E.15)
s
2
/cos26sinﬂdﬂ =3 (E.16)
0
Then:
1 i : 1 (4m p ;
5 [ (6n,Dk + Do) do = (T L (Dup| Dl
2 2 34 =7 =70
ke -0 -
e p
__47T_Dm0n
1/pel222-2% 11 2p? 1
— (e 2nemr) 2 P LS. E.17
2 <47TR23 (1222 43m(1—22p 3P (E17)
Using ¢ = @E and (32) we obtain:
3 dip . 87TRHdip _ 2 ix(Q — %) _ P 1 _ ﬁq
Coe? 3\eR (1—22)2 €2R?2(1—2%2)% eR ")’

(E.18)
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