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ON STATUS OF CONSTANT f IN THE CONFORMAL
POINCARÉ GAUGE THEORY OF GRAVITATION

V.V. Karbanovski†, R.I. Maxioma, M.S. Bogdanov

O.V. Nefiodova, Yu.V. Kolesnikova, E.O. Panaite

Murmansk State Pedagogical University

Egorova Street 15, 183720 Murmansk, Russia

(Received February 8, 2005)

The status of constant f is analysed in the framework of the Conformal
Poincaré Gauge Theory of gravitation. It is shown, that for the Morris–
Thorne wormholes and the Bianchi I cosmology this constant should have
the different signs. A possible interpretation of the obtained results is
discussed.
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It is known, that in framework of the Einstein’s GR there is a number of
difficulties. In particular, we point out the problem of description of various
cosmological models and the impossibility of construction the Morris–Thorne
wormhole (MTW). It is also known that within GR the Robertson–Walker
Universe either possesses the initial singularity, or contains a “exotic” matter
(physical vacuum or quintessence) or has initial event horizon [1]. Moreover,
the anisotropic models (Bianchi I) in the framework of GR can be nonsin-
gular only for the Kasner vacuum solution (c = 1)

ds2 = −dt2 + a0t
q1dx2 + b0t

q2dy2 + c0t
q3dz2 (1)

in a degenerated case q1 = q2 = 0, q3 = 1 which is reduced to Minkovski
Space–Time.

It is also known that vacuum MTW [2] has an event horizon on throat,
and nonvacuum solutions describing them inevitably contain an “exotic”
matter (with negative radial pressure).

As one of possible ways of exception of abovementioned problems a tran-
sition to the conformal Poincaré Gauge Theory of gravitation in the Einstein
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gauge and in the torsionless limit [3] which is based on equations (Cαβµν is
the Weyl tensor, κ = 8πG/c4, f — an arbitrary parameter)

Rµ
ν −

1

2
δµ

νR+ κfCµα
νβR

β
α = κT µ

ν , (2a)

fCµα
νβ;µ = 0 (2b)

can be considered.
The asymptotical solutions of system (2) near to singular points for the

perfect fluid configurations have been investigated in work [4]. In [3] it has
been shown, that for a static spherical symmetric line element

ds2 = −eν(r)dt2 + eλ(r)dr2 + eµ(r)
(

dΘ2 + sin2
Θdφ2

)

(3)

in vacuum case and for a Robertson–Walker Universe the solutions of equa-
tions (2) coincide with corresponding GR solutions. Therefore, here we shall
consider the system (2) for the MTW with a matter and for the anisotropic
cosmological models (Bianchi I).

According to definition [2] the MTW is a topological handle in space-time
which connects the distant regions of Universe. A line element for MTW
corresponds to (3) with λ = 0. The functions eν(r) and eµ(r) have symmetric
minima at r = 0 (the MTW throat) and are everywhere positive. These
functions are also monotonous to the left and to the right of the throat.

For the MTW line element the equations (2) are reduced to the following
system (a prime denotes differentiation with respect to r)

R12
12 =

1

4
e−λ(2µ′′ + µ′2 − λ′µ′)

=
1

6

(

P⊥ −
(2 + y)ε+ (1 − y)Pr

1 + 2y

)

+W , (4a)

R23
23 =

1

4
e−λµ′2 − e−µ

=
(1 − y)(Pr − ε) − (1 + 2y)P⊥

3(1 − 4y)
− 2W , (4b)

R01
01 =

1

4
e−λ(2ν ′′ + ν ′2 − λ′ν ′)

=
(1 + 2y)(ε− Pr) + 4(1 − y)P⊥

6(1 − 4y)
− 2W , (4c)

R02
02 =

1

4
e−λµ′ν ′

=
1

6

(

P⊥ +
(1 − y)ε+ (2 + y)Pr

1 + 2y

)

+W , (4d)
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here W = r0e
− 3µ

2 , y = κfW , r0 is an integration constant for equation (2b)
(see [4,5]), ε = −T 0

0, Pr = T 1
1, P⊥ = T 2

2 = T 3
3 — the energy density, the

radial pressure and the tangent pressure, respectively.
We research now the conditions of smooth junction for functions ν(r)

and µ(r) with vacuum solution [6]

ds2 = −(1−rge
−

µ

2 )dt2+

[

((eµ)′)2

4eµ(1 − rge
−µ

2 )

]

dr2+eµ(dΘ2+sin2
Θdφ2) , (5)

here rg is a gravitational radius of object, on the surface of configuration.
In accordance with equation (2b) the Weyl tensor is everywhere continuous.
For the line element (5) the nonzero components of this tensor is defined by
expression

W =
rge

− 3µ

2

2
, (6)

(

W = −
1

2
C01

01 = C02
02 = C03

03 = C12
12 = C13

13 = −
1

2
C23

23

)

.

Then we have r0 = rg/2 > 0.
As the functions ν(r), µ(r) and their first derivatives ν ′(r), µ′(r) are

continuous on the surface of configurations also the components R02
02 and

R23
23 are continuous. Using (4b), (4d) and (5) we obtain

rge
−

3µ

2 =
1

3

(

(1 − y)(Pr − ε) − (1 + 2y)P⊥

1 − 4y

)

− 2W , (6a)

rge
−

3µ

2 =
1

6

(

P⊥ +
(1 − y)ε+ (2 + y)Pr

1 − 4y

)

+W . (6b)

From requirements (6) and a boundary condition Pr = 0 we find

y(ε(1 − y) + P⊥(1 + 2y)) = 0 . (7)

The case y = 0 corresponds to f = 0 and is reduced to GR. For y 6= 0 we
have

0 ≤
P⊥

ε
=

y − 1

2y + 1
≤ 1 (8)

(as ε ≥ P⊥ ≥ 0 for “usual” matter).
From (8) we find

y ≤ −2 (9a)

or

y ≥ 1 . (9b)
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According to definition of a MTW at throat the conditions µ′ = 0 and
µ′′ > 0 should be fullfilled. Then from equations (4b) and (4d) we obtain

P⊥ = −
1 − y

1 + 2y
ε+

2 + y

1 + 2y
(12yW + e−µ(1 − 4y)) − 6W , (10a)

Pr = −12yW − e−µ(1 − 4y) . (10b)

Substituting the expressions (10) in (4a), we have an inequality

ε+ Pr

1 + 2y
< 0 . (11)

As for “usual” matter ε + Pr ≥ 0 then from (11) it follows that only the
case (9a) can take place. Taking into consideration y = κfW and W > 0
we come to a conclusion that for MTW within the framework of the theory
based on system (2), the parameter f is negative

f < 0 . (12)

We research now the equations (2) for a line element of cosmological
model Bianchi I

ds2 = −dt2 + a2(t)dx2 + b2(t)dy2 + c2(t)dz2 . (13)

The equations (2) are reduced for this case to the system (a dot denotes
a differentiation with respect to t)

−κε = G0
0 + κf(AG1

1 +BG2
2 − (A+B)G3

3) , (14a)

κP1 = G1
1 + κf(AG0

0 − (A+B)G2
2 +BG3

3) , (14b)

κP2 = G2
2 + κf(BG0

0 − (A+B)G1
1 +AG3

3) , (14c)

κP3 = G3
3 + κf(−(A+B)G0

0 +BG1
1 +AG2

2) , (14d)

Ȧ + (2A +B)h2 + (A−B)h3 = 0 , (14e)

Ḃ + (A+ 2B)h1 + (B −A)h3 = 0 , (14f)

here Gi
k = Ri

k −
1
2Rδ

i
k, P1 = T 1

1 , P2 = T 2
2 , P3 = T 3

3 , A = C01
01, B = C02

02,

h1 = ȧ
a
, h2 = ḃ

b
, h3 = ċ

c
.

We shall consider expression (14a) for initial point of cosmological evo-

lution which corresponds to a minimum of metric functions: ȧ = ḃ = ċ = 0,
ä > 0, b̈ > 0, c̈ > 0.

Then we obtain

ε0 =
f

3

(

ψ2
1 + ψ2

2 + ψ2
3 − ψ1ψ2 − ψ1ψ3 − ψ2ψ3

)

, (15)
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where ψ1 = ä0

a0
, ψ2 = b̈0

b0
, ψ3 = c̈0

c0
. Expression (15) has a minimum ψ1 =

ψ2 = ψ3 = 0, corresponding to the vacuum solution.
Hence expression in brackets (15) at any ψ1, ψ2, ψ3 will be non-negative.
Thus, the given problem can have the solutions describing a “usual” mat-

ter (ε0 ≥ 0) only at f > 0. In the result it is obtained, that the formulation
of the considered problems corresponds to constants f with different signs.
One of the reasons for such conclusion can be essential impossibility (as well
as in GR) of correct investigation of MTW or Bianchi I cosmology within the
framework of examined theory. As other interpretation of the given result
it is possible to assume presence of dependence of constant f from proper-
ties of concrete objects. A similar situation takes place, as is known, in the
framework of the Jordan–Brans–Dicke theory.
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