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PROTON–NEUTRON PAIRING
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State-dependent δ-force is used to analyze isovector (T = 1) and
isoscalar (T = 0) superfluidity in the framework of the generalized BCS
model with an approximate Lipkin–Nogami particle-number projection.
Calculations are performed with the single-particle levels generated in axi-
ally symmetric Skyrme–Hartree–Fock code with SIII force for several
medium-mass N ∼ Z nuclei.
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1. Introduction

The BCS formalism capable to deal simultaneously like-particle and
proton–neutron correlations was already introduced in the sixties [1–4]. In
recent years, due to the progress in experimental techniques, a revival of
interest on the subject is taking place. There are many valuable approaches
proposed by different authors to include np correlations, however, most of
the mean-field calculations is done imposing different symmetries and simpli-
fications, e.g. disregarding Coulomb interaction or using schematic pairing
forces. Here we study the np interaction with the δ-force commonly used
to describe pairing in pp and nn channels. The pairing correlations are
permitted between nucleons in time-reversed orbits (αᾱ pairing) as the αα
pairing plays a role only in well deformed nuclei [4]. In this paper the effects
of including np correlations are studied in BCS and Lipkin–Nogami (LN)
approaches in the ground states of several even–even Ge isotopes.
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2. Pairing Hamiltonian

In the following we consider the pairing Hamiltonian with the generalized
pairing interaction of the form

v̂ = −
∑

T,S

V TTzδ(~r1 − ~r2)Π̂
T Π̂S , (1)

where Π̂T and Π̂S operators project onto proper isospin–spin subspaces.
V TTz are the coupling strengths to be determined. Since the nucleon–
nucleon interaction is isospin invariant and we consider N ∼ Z nuclei it
is justified to choose the coupling constant equal for all Tz components in
T = 1 channel. The interaction in T = 0 channel is supposed to be stronger.
The generalized pairing Hamiltonian can be written as

Ĥ =
∑

kl,ττ ′,T

gT
kτ,lτ ′ a

†
kτa

†
k̄τ ′

al̄τ ′alτ , (2)

where gT
kτ,lτ ′ is the antisymmetrized matrix element of the interaction (1)

and ττ ′ ∈ {p, n}. The generalized BCS equations which allow to treat the
protons and neutrons as nonseparable systems are of the form [6]
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where q = 1, 2, ε̃τk = eτk − λτ . The diagonalization of the matrix (3) yields
quasiparticle energies Ekq and occupation amplitudes u, v. The pairing gaps
read

∆ττ
m =

∑

k,q

gT=1
mτ,kτvkτqu

⋆
kτq ,

∆np
m = ∆1np

m + i∆0np
m ,

∆1np
m =

∑

k,q

gT=1
mp,knℜe

(

vkpqu
⋆
knq

)

,

∆0np
m =

∑

k,q

gT=0
mp,knℑm

(

vkpqu
⋆
knq

)

, (4)

and the pairing energy is calculated as

Epair = −
∑

kl,ττ ′,T

gT
kl κ

ττ ′

ll̄
κττ ′⋆

kk̄
, (5)
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where κττ ′

kk̄
=

∑

q v⋆
kτqukτ ′q. The Fermi levels for protons and neutrons are

determined from the particle number equation

Nτ = 2
∑

kq

vkτqv
⋆
kτq . (6)

These BCS equations are solved iteratively till the required accuracy for the
pairing energy and average particle number is achieved.

3. Lipkin–Nogami approach

It is especially interesting to investigate the LN approach in the case of
isoscalar and isovector pairing interactions where transitions superfluid to
normal phases are present in BCS calculations. Let us remind shortly the
outline of the Lipkin–Nogami [7] model for the case of a generalized pairing
interaction. We follow here the considerations of Ref. [8] where the case of
pp and nn pairing was studied. A more detailed discussion on the subject
can be also found in [9, 10].

The Lipkin–Nogami method aims to minimize the expectation value of
the operator

Ĥ ′ = Ĥ −
∑

τ

λτ∆N̂τ −
∑

τ,τ ′

λττ ′

2 ∆N̂τ∆N̂τ ′ , (7)

where ∆N̂τ = N̂τ − 〈N̂τ 〉. The coefficients λττ ′

2 , which are kept constant
during the variational procedure, are determined using subsidiary conditions

〈Ĥ ′(∆N̂τ∆N̂τ ′ − 〈∆N̂τ∆N̂τ ′〉)〉 = 0 , (8)

which lead to the set of equations

Gττ ′

+
∑

σσ′

λσσ′

2 N ττ ′

σσ′ = 0 , (9)

where

Gττ ′

=
∑

{4}

〈0|Ĥ40|4〉〈4|(N̂τ N̂τ ′)04|0〉 , (10)

N ττ ′

σσ′ =
∑

{4}

〈0|(N̂σN̂σ′)40|4〉〈4|(N̂τ N̂τ ′)04|0〉 . (11)

Here |4〉〈4| denotes the projection onto a four-quasiparticle space,
σσ′ ∈ {p, n}. The resulting LN equations can be written as
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,

where the pairing gaps and single-particle energies are renormalized as fol-
lows:

ε̃
(LN)
τk = ε̃τk + 2λττ

2 ρττ
kk ,

∆
ττ ′(LN)
k = ∆ττ ′

k − 2λττ ′

2 κττ ′

kk̄
, (12)

with particle densities ρττ
kk =

∑

q vkτqv
⋆
kτq. Pairing correlation energy in the

Lipkin–Nogami model is given by

ELN = Epair − 2
∑

kτ,k̄τ ′

λττ ′

2 κττ ′

kk̄
κττ ′⋆

kk̄
. (13)

4. Results

The usual way of choosing the coupling strengths for pp and nn corre-
lations is adjusting them to odd–even mass differences. For np correlations
very little is known about the actual strength of the interaction. It can be
fitted to experimental pairing gaps [6] or to the Wigner energy [11] which is
expected to be the result of np correlations in T = 0 channel. Both meth-
ods of adjusting pairing strengths give similar results [12]. Here, to discuss
the behaviors of different modes we present the results as functions of the
ratio of coupling strengths in T = 1 and T = 0 channels: x = V T=0/V T=1.
All the results shown were obtained for V T=1 = 400MeVfm3 in the pairing
window containing all the levels with the energies less than eF + 5MeV, eF

indicating the energy of the Fermi level.
Fig. 1 shows the spectral pairing gaps in different channels as functions

of x parameters in BCS and LN models for 64Ge. As can be seen, the np
solution in LN approach arises for larger values of x parameter as compared
to BCS results, but the nn and pp gaps do not vanish with the appearance of
the np mode. Contrary to the BCS model, in particle conserving approach
both T = 1 and T = 0 channels contribute to the np solution. An excerpt
of the state-dependent LN pairing gaps as functions of the level number in
64Ge is shown in Fig. 2.
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Fig. 1. Pairing gaps as functions of coupling strengths ratio.
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Fig. 2. State-dependent pairing gaps as functions of the level number.

Fig. 3 shows the normalized pairing energy as a function of x in BCS and
LN models. Due to the transition between different modes in BCS approach
the correlation energy is lower when only one type of pairs is present. This is
mostly the case of 64Ge where with the increase of V T=0 strength the system
prefers to form only np pairs. For nuclei with non zero Tz = (N−Z)/2 values
there is less sharp transition and the np mode occurs only in coexistence with
particle-like modes. In LN approach the three pairing gaps can coexist in
a wide range of x values, therefore, activating the np mode leads to a gain in
pairing energy. It is worth to notice that λnp

2 is negative and the correction
to the pairing energy associated with np mode is positive. Nevertheless,
the pp and nn channels are enhanced in such a way that the pairing energy
increases with the increase of x value.

The main results can be summarized as follows:
(i) BCS method does not lead to a coexistence of T = 1 and T = 0 np
superfluid phases but the mixing of T = 0 np and like-particle modes is
found. In the particle conserving approach both T = 0 and T = 1 channels
contribute to the np pairing gap.
(ii) The BCS solutions with coexisting T = 0 and T = 1 superfluid phases
are sometimes higher in energy than the solutions with T = 1 or T = 0 pairs
only.



112 K. Sieja, A. Baran

-8

-6

-4

-2

 0

 2

 2  2.2  2.4  2.6N
or

m
al

iz
ed

 p
ai

rin
g 

en
er

gy
 (

M
eV

)

x

LN
Tz=0

Tz=1

Tz=-1
Tz=2

-8

-6

-4

-2

 0

 2

 2  2.2  2.4N
or

m
al

iz
ed

 p
ai

rin
g 

en
er

gy
 (

M
eV

)

x

BCS

Tz=0

Tz=1

Tz=-1

Tz=2

Fig. 3. Normalized pairing energy as a function of x in BCS and LN models.
Different curves correspond to different Ge isotopes indicated by Tz = (N − Z)/2

values.

(iii) Particle number projection act destructively on np correlations and

enhances pp and nn pairing modes (λττ ′

2 < 0, λττ
2 > 0). The T = 0 phase

occurs for a larger value of x parameter than in the BCS case but contrary
to the BCS method, in the LN model activating the T = 0 pairing always
leads to a gain in the pairing energy.
(iv) The above considerations are common for studied nuclei with Tz =
−1, 0, 1 values. In the considered range of V T parameters for Tz = 2 only
trivial np solutions are found.
(v) The BCS and LN results obtained in this work are similar to those of
Refs. [6, 10]. However, contrary to those results the coexistence of T = 0
and T = 1 phases in BCS approach in the ground state of N = Z nucleus
is found. No np collective solution is observed in Ge isotopes with Tz ≥ 2
which is in contradiction to the results of Ref. [6].
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