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The “square root” of the Dirac operator derived on the superspace is
used to construct supersymmetric field equations. In addition to the re-
cently found solution — a vector supermultiplet — it is demonstrated how
another supermultiplet follows as solution: a set of spin 3/2 and spin 1 com-
ponent fields obeying the appropriate equations of motion together with an
auxiliary, spin 2 tensor field.

PACS numbers: 11.30.Pb, 03.65.—w

1. Introduction

The idea to take the “square root” of the Dirac operator follows directly
from the analogous procedure performed by Dirac on the Klein—Gordon op-
erator [1]. Whereas in the first case the motivation was to linearize the op-
erator in space-time derivatives, the form of the supersymmetry algebra [2]
suggested that repeating this procedure would lead to the operator linear
in supersymmetry generators or equivalently, spinorial derivatives. Such
construction was presented some time ago [3] together with a set of super-
symmetric field equations which result when acting with the “square root”
operator on superfields.

To recall this construction in short let me write the Dirac equation in
two-component notation and chiral representation:
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The Lorenz indices are denoted here by u,v, A and p, the spinor indices by

«a and (.
We are looking for the operator S satisfying:

Sis=p.

The solution proposed in Ref. [3] is

o 1 (D" D
_\/E Dd Da )

where the spinorial derivatives are defined on the superspace as

o . o
Da = % +ZO’“ao'é0 8#’
_ o

Dd = _W — 10 O'/Jao'éau.

Indeed, using the anticomutation relations
{Da, Dg} = {Ds, Dy} =0,
{DQ,DB} = —2i0" 50,

we get

sis— _ < iy, M >

M iotaad,

where a scalar, hermitian operator

M =~ (DD + DD)

(2)

(7)

appears instead of the mass m. The operator S is thus the solution to our

problem on the space of superfields A which satisfy

MA=mA.

(8)

Acting with the operator S on a superfield we are able to construct a free
field equation — the “square root” of the Dirac equation. The simplest two

choices of superfields are 3]

(9)
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B - < o ) (10)

SF=0, &B=0. (11)

and

leading to the equations

It is also obvious that due to Eq. (2) both superfields F' and B satisfy the
Dirac equation
DF=0, DB=0. (12)

Recently the equations
SF=0 (13)

(together with the condition M F' = mF') were studied and solved in Ref. [4].
In the simplest case when W, = H,, the solution was found to be the
Maxwell supermultiplet

. i _
Wa = = iXa(y) + |0a’d(y) = 5 (0"7") *(Ouwi (y) = D (v)) | 05
+ 000" 060, (y) (14)
with y* = z# + ifo”0. The massless component fields wy(z) and Ay ()

satisfy the Maxwell and Dirac equations, respectively, and d = const.

2. The equations and their solutions

In this paper we study the other set of Egs. (11)
SB=0, (15)

the superfield B satisfying in addition the condition (8). In terms of
(in general complex) component superfields the equations read:

DY — DsVo = 0,
D% + D,V = 0, (16)
and
M® = md, (17)
MV = myed,

Multiplying the first Eq. (16) by D, and making use of the second Eq. (16)
we obtain
M®=md=0. (18)
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Out of two possibilities suppose first @ = 0 and the mass m arbitrary. The
Egs. (16) simplify and it is easy to show in this case that

D?*Ved = D2yed =, (19)
which implies _ .
MV =mVe* =0. (20)

If we are interested in non-zero superfields, the mass m has to vanish, m = 0.
The other possibility, m = 0 and & arbitrary, leads to similar conclusion.
Indeed, a new constraint on @ can be obtained by acting with the antico-

mutator {Da, Dﬁ-} on the superfield ¢ and using Eqs. (16),

{Das Dy} & = ~2i0" 30,0 = 2MV, 5 = 0. (21)

The above equality means that @ is constant in space-time and depends only
on 6 and f. Taking into account the condition (18), the most general form
of @ is

B = c1 + 500 + C360% + 4,000 + c5(00 — 00) (22)

with constant ¢1,ca,...,c5. One further notices that the Egs. (16) are in-
variant under the simultaneous shift

b — =0+,

L e A (23)
where _ B . _ o B
VX = ey 0% — 0°¢5 + 4, 0" (00 — 00) + 560 . (24)
We can perform this shift so that
?=0. (25)
Egs. (16) reduce then to
DaVoY = D,V =0, (26)

We first express the bi-spinor superfield V® through the vector superfield Vi
Ve = ghaey (27)

Acting with the anticomutator {Da, Dﬁ-} on the superfield V¢ one notices
that the superfield V,, is divergenceless

"V, =0 (28)
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and due to Eq. (19) B
D*V, = D*V, = 0. (29)

It is interesting to note that the Eqgs. (29), (19) are not independent and
follow from Eqgs. (26). To find the general solution to Eqgs. (26) let me
expand V), in terms of component fields:

Vi, = au(x) +V200,(x) + V20x,(x) + 05" 0v,,(x) + 00 f,(x) + 00h,,(x)

_ 1 o
+000° (nﬂg(m) - — swpaﬁﬁ-a*xﬂﬁ(x))

V2

_ : 1 .
1000, (ﬁﬁ(:p) + s swpavwawg(m))

0000 (¢, () + im au(@)) (30)

The conditions (26), (28), (29) lead to the following relations among the
component fields (z dependence suppressed):

— bosons

o a, = 0, (31)
fu=hp=0c. =0, (32)
1907 (i0hau +uxe) = 0, (33)
Oay, — 9,0y, = 0, (34)
0"vyy = 0Mvy, = 0, (35)

— fermions
M = M xXpa = 0, (36)
"o = ohe Xy = 0, (37)
MM GEAO\ o + 15O = 0, (38)
M 0,0600X5 — 10450, X"Y = 0, (39)
ny=py = 0. (40)

As can be seen from the above equations we can eliminate the fields f,,
hu, ¢us Nua and pug from the supermultiplet, so that we are left with the
component fields a,, ¥ua, Xua and vy, only.
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Let us look first at the bosonic content of the supermultiplet. Decom-
posing the tensor field v, into symmetric and antisymmetric part

UV = vfj,/ + vEV , (41)

one notices that the symmetric part obeys the spin-2 field constraints

8“7}2,, =0,
vi“v = 0. (42)

It decouples as well from Eqgs. (33)—(35), [7].
The antisymmetric part v** can be expressed through a vector field v#

VAR = GHyY — 9Vt (43)
and related to the tensor field
Quy = aMaV - &/Q;u (44)

through (imaginary) duality relation

1
vﬁy = Zeuy,\paAp. (45)
The relations (31)—(35) can be expressed by one of these fields (e.g. a*")
and lead to the Maxwell field equations:

0"ay, = 0,

Evunpda™ = 0. (46)

with the Lorenz condition d*a, = 0.

Let us look now at the fermionic sector. The component fields 7y and ﬁfj
vanish. The vector-spin fields obey Eqgs. (36)—(38) which means that only
the spin 3/2 is present. To summarize, the solution to Egs. (16) is built of
two spin 3/2 vector-spinor component fields ¢j(x) and )ij(m) obeying the
(massless) Rarita—Schwinger equations (38)—(39), a spin 1 vector field a,(x)
obeying the Maxwell equations (46) and a symmetric spin 2 tensor field UEV
with no eqution of motion.

3. Specific solution — chiral supermultiplet

The chiral and antichiral supermultiplets can be obtained as solutions to
Egs. (16) by assuming

V,=9,V, (47)
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with
DyV =0, or D,V =0. (48)

Eqgs. (31)-(40) simplify significantly and the solution to the Egs. (16)
consists of one scalar field a satisfying the (massless) Klein-Gordon equation
one spinor field v satisfying the (massless) Dirac equation and one auxiliary
(constant) scalar field F'.

4. Remarks

It is easy to show that the above equations of motion (38), (39), (46)
follow also from the supersymmetric Lagrangian

L= / d*0d20vHV, = / d*0dov vee . (49)
In addition, this Lagrangian forces the tensor field UEH, otherwise constrained

only by Eq. (42), to vanish. The Lagrangian (49) has the “supergauge”
symmetry

V= Vi+0u(V+VT), (50)
which transforms the component fields in the following way:

a, — a,+0y(a+a”),
% - 1/};1""8#1/}7
Xp — Xu+8u¢_’,

A A
Vop = Vpp>

vp, — Uh, + 0y0u(a —a¥). (51)

5. Summary

Together with earlier results [3,4, 6] the “square root” of the Dirac op-
erator supplies us with two different gauge supermultiplets. The first one
coincides with the known vector gauge supermultiplet used to construct
gauge theories together with chiral matter superfields. The supermultiplet
V,, studied in the present paper is less known. It was constructed and used
in connection with the supergravity vector current [10], but in that case the
“active” component fields were rather spin 2 (graviton) and spin 3/2 (grav-
itino). In our case the dynamical fields are rather the spin 1 and 3/2 ones.
Their coupling to other supermultiplets is now under study.
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