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N-reggeized gluon states in Quantum Chromodynamics are described
by BKP equation. In order to solve this equation for N > 3 particles
the @-Baxter operator method is used. Spectrum of the integrals of mo-
tion of the system exhibits a complicated structure. In this work we con-
sider the case with N = 4 Reggeons where complicated relations between
q3-spectrum and g4-spectrum are analysed. Moreover, corrections to WKB
approximation for N = 4 and g3 = 0 are computed.

PACS numbers: 12.40.Nn, 11.55.Jy, 12.38.—t

1. Introduction

In the Regge limit, where the total energy s is large while the transfer of
four-momentum ¢ is low and fixed, the scattering amplitude of two hadrons
can be rewritten as an exchange of effective particles, i.e. propagating in
t-channel reggeized gluons, which are also called Reggeons [1-6].

Due to ordering of generalized leading logarithm approximation contri-
bution from exchange of N-Reggeon states is suppressed by factor ol —2
where «g is a strong coupling constant. Thus, the leading contribution is
given by two Reggeon states, i.e. BFKL Pomeron. The equation describing
this case was firstly derived and solved by Balitsky, Fadin, Kuraev and Lipa-
tov [4,7,8]. Extension of this equation for more than two Reggeons was for-
mulated in 1980 [9-11] by Bartels, Kwiecinski, Praszatowcz and Jaroszewicz.
It has a structure of Schrédinger equation. The first solutions for exchange
of three Reggeons appear in nineties [12-14] and these solutions correspond
to leading contribution to the QCD odderon state as well as subleading
contribution to the Pomeron state.

The Schrédinger equation for N > 4 Reggeons contains complicated
colour factor and even in 't Hooft’s multi-colour limit [23-25], i.e. N. — o0,
formulating of its solutions poses real challenge and demands using of
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advanced methods of integrable systems. In the multi-colour limit the
Reggeon Hamiltonian corresponds to the Hamiltonian SL(2, C) spin magnet
which turns out to be solvable model. Thus, making use of ()-Baxter and
Separation of Variable methods one can solve the multi-Reggeon problem
is multi-colour limit. The solutions for higher N = 4,...,8 were obtained
recently in series of papers [15-17| written in collaboration with S.E. Derka-
chov, G.P. Korchemsky and A.N. Manashov. Similar results for N = 4 have
appear also in Ref. [18,19].

The present work is continuation of [20] as well as [15-17]. We concen-
trate on N = 4 case with conformal Lorentz spin nj; = 0. Here, classifica-
tion of the four Reggeon states is performed and corrections to the WKB
calculation are computed. Moreover, we calculate the rich spectrum of the
Reggeon energy and the conformal charges {qs, g4} for four reggeized gluons.
For a broader perspective see also Ref. [21].

Thus, in Sec. 2 we explain when the reggeization of the gluon appears [22].
Next, we perform the multi-colour limit [23-25], discuss the properties of the
SL(2,C) symmetry and construct invariants of this symmetry, the confor-
mal charges. In Sec. 3 we introduce a Baxter Q-operator method [26] with
Baxter equations that allow us to solve the Reggeon system, completely.
Next, we present the exact solution to the Baxter equations. It consists in
rewriting the Baxter equation into the differential equation, which may be
solved by a series method. We find the quantization conditions for {gs,q4}
which come analyticity properties of the Baxter functions. We also reca-
pitulate known properties of N-Reggeon spectrum. The numerical results
are shown in Sec. 6 [16,17]. In particular, we discuss the resemblant and
winding structures of the g4 and ¢3 spectrum and also corrections to the
WKB approximation for g3 = 0. At the end we make final conclusions.

2. System with SL(2,C) symmetry
2.1. Hamultonian

In the Regge limit
s —o0 and t = const, (2.1)
N-Reggeon Hamiltonian can be rewritten as a sum of BFKL kernels. Per-
forming the multi-colour limit [23-25|, where a number of colours N, — oo,
the system of N-reggeized gluons is described by Hamiltonian
Hy=Hnx+Hy, [Hy,Hy] =0, (2.2)

which can be written in terms of the conformal spins (2.7):
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N N
Hy = ZH(Jk,k+1) ; Hy = ZH(jk,k—H) 3 (2.3)
k=1 k=1
where
H(J)=vy(1-J)+9(J]) —2¢(1), (2.4)

with ¢(z) = d1n I'(z)/dz being the Euler function and Jy n41 = Jn,1. Here
operators, Ji 41 and 7k,k+1, are defined through the Casimir operators for
the sum of the spins of the neighbouring Reggeons

T p1(Jrpr1 — 1) = (S(k) + 5(k+1))27 (2.5)
with S&NH) = Sél), and 7k,k+1 is defined similarly.

2.2. Symmetry SL(2,C)

The Hamiltonian (2.2) is invariant under the coordinate transformation
of the SL(2,C) group

W :azk+b - :Wk—kg (2.6)
B e+ d’ b Z+d’ '

with k=1,..., N and ad — bc = ad — be = 1.

Now, one may associate with the k-th particle the generators of this
transformation [27]. These generators are a pair of mutually commuting
holomorphic and anti-holomorphic spin operators, Sék) and ?ff). They sat-
isfy the standard commutation relations [Sék),Sé")] = ieaﬁyék”Sgk) and
similarly for Sg’“) The generators act on the quantum space of the k-th
particle, V(5t:5) ag differential operators

Sg = 23,0, + sk, S(_k) =—0,,, Sf) = z,%@zk + 2812k ,
So = Zh0s, +5, S0 =—0s, Sy = + %3, 27)

where S’ik) = Sgk) + iSék) while the complex parameters, sp and s, are
called the complex spins. Thus, the Casimir operator reads

2
S (s = (Sg’“))2 + (580 1+ s f2— (s —1), (28)

J=0

— (e 2
and similarly for the anti-holomorphic operator (S (k)) .
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The eigenstates of SL(2,C) invariant system transform as [28,29]
U(zk,Zh) = W' (21, 2k) = (czp +d) 2% (Czp + d) 40 (2,75) . (2.9)

In statistical physics (2.3) is called the Hamiltonian of the non-compact
SL(2,C) XXX Heisenberg spin magnets. It describes the nearest neighbour
interaction between N non-compact SL(2, C) spins attached to the particles
with periodic boundary conditions.

For the homogeneous spin chain we have to take s = s and 5, = 5. In
QCD values of (s,3) depend on a chosen scalar product in the space of the
wave-functions (2.9) and they are usually equal to (0, 1) or (0,0) [19,27].

2.8. Scalar product

In order to find the high energy behaviour of the scattering amplitude
we have to solve the Schrédinger equation

H = Dw(5, 5, .. En) = ExU(Z1, 5, ..., 2N) (2.10)
with the eigenstate ¥ (27, 25, ..., 2n) being a single-valued function on the

plane Z' = (z,%), normalizable with respect to the SL(2,C) invariant scalar
product

[[@])? = (w|w) = /d2z1d2z2...dQZNW(Zl,ZQ,...,ZN)\2, (2.11)

where d?z; = dx;dy; = dz;dz;/2 with Z; = z;*. One may notice that it
is possible to use other scalar products corresponding to different choice of
(s,3). For farther information see Refs. [17,21] and [18,19].

Let us consider the amplitude for the scattering of two colourless objects
A and B. In the Regge limit, the contribution to the scattering amplitude
from N-gluon exchange in the t-channel takes the form

Als,t) = is Y (ios) ¥ An(s,1). (2.12)
N
Using the SL(2, C) scalar product (2.11) we have
An(s,t) =s / %20 €50P(D 4 (Zp)| e YN/ D 5(0)) (2.13)

where the rapidity Y = Ins. Here the Hamiltonian H j is related to the sum
of N BFKL kernels corresponding to nearest neighbour interaction between
N reggeized gluons. The wave-functions |®4(p)(20)) = @ap)(Zi — Z0) de-
scribe the coupling of N-gluons to the scattered particles. The Zy-integration

fixes the momentum transfer t = —p2.
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2.4. Conformal charges qy and the conformal spins

The Hamiltonian (2.2) possesses a complete set of the integrals of mo-
tion {p,qx} where ¢x = {qx,q,} with & = 2,... N are called conformal
charges while p'= {p, P} is the total momentum of the system. In order to
construct them we introduce the Lax operators [30-33] in holomorphic and
anti-holomorphic sectors:

. + i) is™
[ — + . S(k) — u 0 - ,
() utile ) Z'SSZC) u— iS(()k)

) (k)
- . =k u+ 1S, 15
Ly(w) = u+i(oc-S = _ _ , 2.14
k(@) ( ) ( G 1O (2.14)

with v and @ being arbitrary complex parameters called the spectral param-
eters and o, being Pauli matrices.

To identify the total set of the integrals of motion of the model, one
constructs the auxiliary holomorphic monodromy matrix

Tn(u) = Ly(u)Lo(u) ... Ly(u), (2.15)

and similarly for the anti-holomorphic monodromy operator T y (). Taking
the trace of the monodromy matrix we define the auxiliary transfer matrix
(spectral invariants)

tn(u) = Tr [Ty (w)] = 2u™ 4+ Gou™ "2 + ...+ dn, (2.16)

and similarly for ¢y (7). We see from (2.16) the advantage of using the trans-
fer matrix £y (u): that is a polynomial in u with coefficients given in terms
of conformal charges ¢, and @k, which are expressed as linear combinations
of the products of k spin operators:

2

T > (s

i2>11=1751=0
N

> i > < D) (s00).

ig>i1=1 i4>i3—1 J1,J2=0

s
o~
Il

7,2>21 1ig4>i3=11ig>i5=1 j1,52,73=0

x (S s (s s (2.17)
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where €;,4,..4, is completely anti-symmetric tensor and &;,4,..;, = 1 for
i1 <19 < ... <1. So for even k we have a formula for conformal charges

N 2 k/2
T (i20-1) qizn)
2 >11 =1 j17j27~~~,jk/2=0 n=1

4 >103 =1

in > in—l =1
For odd k’s we have

=2 3 e (S5 )

11,92,13=1

N 2
=2 Z Z Eirinis€i1jajs <S§il)5§;2)s§;3)> 7

13>12>41=1 j1,j2,j3=0

N N 2
g5 = —2 Z Z Z Eiriiiais (Séi1)5£i2)55i3)> (S§i4)S§zs)) ,

13,i2,91=1i5>14=1 j4=0

=
w
I

13,42,81=1 15>14=1i7>i6=1 ja,j5=0

x (SEsiE) (sisi) (2.19)

Js “Js
and the general expression for an odd number of the conformal spins is

A 2(_1)(k+1)/2 N N 2
dr = W Z Z Z Eitin...ig
2 i3,92,11=1 45 > i, =1 J1.J25d(k—3)/2=0
17 >1 =1

g > lp—1 = 1

N
x (s6 st sy ) T (s siene) (2.20)
n=1

In the above formulae we have two basic blocks (Séil)SgiQ)SgS)) and

(S](-il)S](-?)) whose products are summed with antisymmetric tensor €;,4,. 4, -
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2.5. Two-dimensional Lorentz spin and the scaling dimension

The Hamiltonian (2.3) is a function of two-particle Casimir operators
[27], and therefore, it commutes with the operators of the total spin S, =
Dok S and S, = >k g&k), acting on the quantum space of the system
Vy = V6L @ Vs2:52) @ @ VENSN) | This implies that the eigenstates
can be classified according to the irreducible representations of the SL(2, C)
group, V"M parameterized by spins (h, k) [27].

The Hamiltonian depends on differences of particle coordinates so the
eigenfunctions can be written as

%7(51, 52, . ,5]\7) = /dQZoeiEO'ﬁW(gl — 50, 7?2 — 50, . ,5]\7 — Zo) . (2.21)

The eigenstates ¥(Z1, 23, ...,2n) belonging to V() are labelled by the
centre-of-mass coordinate z; and can be chosen to have the following the
SL(2,C) transformation properties

v({z, - 2/}) = (czo+ d) (2o + )P

N
X (H(czk+d)28k(m+3)28k>W({zk—zo}), (2.22)

k=1

with zg and Zy transforming in the same way as zj and Z, (2.6). As a con-
sequence, they diagonalize the Casimir operators:

(8% —h(h — 1) (%1, %,...,28) =0, (2.23)

corresponding to the total spin of the system

N 2 N
§2= 30 PSS =~ =Y silse - 1). (2.24)
i27i1:1 j=0 k=1

The complex parameters (sy,3)) and (h, h) parameterize the irreducible
representations of the SL(2, C) group. For the principal series representation
they satisfy the conditions

Sk — Sk = Ny, » Sk + (Ek)* =1, (2.25)
and have the following form

1 1-—
= 7_'—2”816 + iVSk , Ek = nsk

Sk + v, , (2.26)
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with v, being real and ng, being integer or half-integer. The spins (h, h)
are given by similar expressions with ng, and v,, replaced by nj and v,
respectively

. 1+ny
2

The parameter ng, has the meaning of the two-dimensional Lorentz spin of
the particle, whereas vy, defines its scaling dimension. To see this one can
perform a 27-rotation of the particle on the plane, and find from eigenstates
transformations (2.22) that the wave-function acquires a phase. Indeed

1—nh

h + iy, h= + iy, . (2.27)

2 — 2p€2™ and Z, —Zpe 2 gives W(zp, k) — (—1)2 kW (21, Zk) . (2.28)

For half-integer n, it changes the sign and the corresponding representation
is spinorial. Similarly, to define scaling dimension, s +35 = 1 + 2iv,, one
performs the transformation

z— Az and Z— A\Z giving W(z,Zk) — AT (2,7) . (2.29)

Because the scalar product for the wave-functions is invariant under SL(2, C)
transformations, (2.6), the parameter vy, is real.

We notice that the holomorphic and anti-holomorphic spin generators as
well as Casimir operators (2.5) are conjugated to each other with respect to
the scalar product (2.11):

T — _
[Sék)] - _Sik) ) [Tkl =1-1T. (2.30)
Moreover, because of the transformation law (2.30), h*=1—h!. This implies
that H ]TV = Hy and, as a consequence, the Hamiltonian is hermitian on the

space of the functions endowed with the SL(2, C) scalar product, H;rv =Hn.

2.6. Conformal charges Gy, as a differential operators

We noticed in the previous section that the conformal charge operators
gr are given by invariant sum of linear combinations of the products of £ spin
operators. They can be rewritten as k-th order differential operators acting
on (anti)holomorphic coordinates (z,Z).

Two particle spin square can be written as

2
i1) i 1
PRI 5 (Fi202) 0z, Dt (2210 (5105, 5040, )+ 5152. (2.31)
j1=0

! Here * denotes complex conjugation.
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For homogeneous spins s = s1 = s = ... = sy, what is also the QCD case,
we have

N 2 ) )
b2y (osps

i2>i1=1 \ j1=0

N
- Z ((z12¢1)2(1_5)821.2 9z, (2iir)** + 25(s — 1)) )
i2>11=1

N
=2 Y sSSP

11,82,i3=1

-3
=1 E (Zi1i2 Zigi3 zisi182i3 821'2 azil + 825 (Zigis — Zigiy )821'2 8Zi1
13>19>11=1
+ Szi2i3(zi3i1 - Zi1i2)82i3 821'2 + $Zigiy (zisil - Zi1i2)azi3 8Zi2

— 28222'12'2821.3 — 28222'2@'3821.1 — 2S2Zi3ilazi2) s (2.32)

where z;; = z; — z;. Similar relations hold for the anti-holomorphic sector.
In that way one can also construct operators for the higher conformal
charges. They have a particularly simple form for the SL(2,C) spins s =0

q — .k . . . . . .
Gy =1 E Zjrja - - - z]k_h]kz],m]lazj1 ...02].167182].1c , (2.33)
1<j1 <jo<..<ju<N
as well as for s =1
7l pumy .k . . . . . .
Ik =1 Z 82]’1 "'azjk,lazjk Zj1j2 * +* Fik—1,0kFdk:d1 (2.34)
1<j1<j2<...<jr<N

The eigenvalues of the lowest conformal charge ¢ can be parameterized by
a conformal weight h (2.27) and complex spin s (2.26) as follows

g2=—h(h—1)+ Ns(s—1). (2.35)

2.7. Other symmetries
The states (2.21) have additional symmetries [27]:

> = > def S .
qu,ﬁ(zl’z%---»zN) = Wq,q(ZQ,Zg,...,zl)
= ei@]\r(‘lﬁ)@qﬁ(z—i’ 2. .. 75N) ’
iz > = def -+, o .
My (217227...,21\7) =y (ZN,ZN_l,...,Zl)

= +UE(Z, 5,..., 2N), (2.36)
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so called cyclic and mirror permutation where the conformal charges are
denoted by ¢ = (92,93,...,qn) and § = (G5,G3,.-.,3,). The generators
P and M, respectively, commute with the Hamiltonian H but they do not
commute with each other. They satisfy relations

PV=M?=1, P=p'=pP"! M=M, PM=MP '=MP¥L
(2.37)
The phase 0y (q) which is connected with eigenvalues of P is called quasi-
momentum. It takes the following values

k
On(¢,) = 27, for k=0,1,...,N—1. (2.38)

The eigenstates of the conformal charges ¢ diagonalize H and P.

The transfer matrices (2.16) are invariant under the cyclic permutations
Pf¢x(u)P = tx(u) whereas they transform under the mirror transforma-
tion as

My (u) M = (—1)Niy(—u). (2.39)

Substituting (2.16) into (2.39) one derives a transformation law of the con-
formal charges g

PGP =Gy,  MgM=(-1)%G, (2.40)

and similarly for the anti-holomorphic charges. Since the Hamiltonian (2.3)
is invariant under the mirror permutation, it has to satisfy

H(Grs @) = MH(Gr, G)M = H(M G M, MG, M)
= H((—1)"*G, (—1)"q) - (2.41)

This implies that the eigenstates of the Hamiltonian (2.3) corresponding to
two different sets of the quantum number {qx,g,} and {(—1)¥q, (—1)*g,}
have the same energy

En(ak, @) = En((=1)"qr, (=1)"gy) - (2.42)
Similarly one can derive relation for quasimomentum
On (ak, @) = —On((—=1) g, (=1)*7;) - (2.43)

The cyclic and mirror permutation symmetries come from the Bose sym-
metry and they appear after performing the multi-colour limit [23|. Physical
states should possess both symmetries.
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3. Baxter QQ-operator
3.1. Definition of the Bazxter QQ-operator

The Schrodinger equation (2.10) may be solved applying the powerful
method of the Baxter Q-operator [26]. It depends on two complex spec-
tral parameters u, @ and in the following will be denoted as Q(u,@). This
operator has to satisfy the following relations

e Commutativity

e ()t relations
[in (), Q(u@)] = [in (@), Qu, )| =0, (3:2)

e Baxter equations

in(w)Q(u, @) = (u +1i8)VQ(u +i,7) + (u — is)VQ(u — i,7), (3.3)

in(@Qu, 1) = (T +i5)NQu, T+ i) + (@ — i5) N Qu,w— i), (3.4)

where y(u) and N( ) are the auxiliary transfer matrices (2.16). According
to (3.2) the Baxter Q(u,w)-operator and the auxiliary transfer matrices as
well as the Hamiltonian (2.2) share the common set of the eigenfunctions

Q(U7U)qu,q(21) 22) s 7ZN) = Qq@(uv ﬂ)wq@(gla 227 s 72]\/) : (35)

The eigenvalues of the Q-operator satisfy the same Baxter equation (3.3) and
(3.4) with the auxiliary transfer matrices replaced by their corresponding
eigenvalues.

In the paper [27] the Q-operator was constructed as an N-fold integral
operator

Q(u,u)¥ (%1, 2, ..., 2N / d*un / d*ws . . / d*wy
XQu7g(51,52,.. ZN|U)1,U)2,..., (wl,wg,...,wN), (36)

where the integrations are performed over two-dimensional ;-planes. The
integral kernel in (3.6) takes two different forms:

QD (21w) = a(2 — 25,5+ iu, 5 — @) NV

1—2s

ﬂ 2% — 2k1]

. _ 3.7
]1—s—zu [wk . Zk+1]l—s+zu ( )

wt [Wr — 2
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and

N
QL ED) =]

i |

[wy, — Wg1] i
s+iu [

s—iu ’ (38)
2k — W] 2k — Wi 1]

which appear to be equivalent [27]. In Egs. (3.7) and (3.8) function af...)
factorizes as

I'l—a)

ala, B,...) =a(a)a(f)... and a(a)= T

(3.9)

and @ is an anti-holomorphic partner of « satisfying o — & € Z. Moreover,
the two-dimensional propagators are defined as

[ — wie] ™ = (21 — wi) ™" (2 — We) " . (3.10)

In order for the Baxter Q-operators to be well defined, (3.7) and (3.8),
should be single-valued functions. In this way we can find that the spectral
parameters u and u have to satisfy the condition

i(u—1u)=mn, (3.11)

with n being an integer.
The Baxter Q-operator has a well defined pole structure. For Q(*) (u, @)
we have an infinite set of poles of the order not higher than N situated at

{ um = i(s —m) T = i(s =)} ;
{ = —ils = m) U = —i(5 =m) } . (3.12)

with m,m = 1,2,.... The behaviour of Q,g(u,7) = Qg%)(u,ﬂ) i.e. an
eigenvalue of Q(+)(u,ﬂ), in the vicinity of the pole at m = 77 = 1 can be
parameterized as

_ (1 iEf (g7
qu(uf—ke,uf—i-e):Ri(q,q) E—N—F%—F... . (3.13)

The functions R*(¢,q) fix an overall normalization of the Baxter operator,
while the residue functions E¥(q,q) define the energy of the system (see
Egs. (3.21) and (3.24) below). It has also specified asymptotic behaviour.
For |[ImA| < 1/2 and Re\ — oo

Qq a()\—in/Q, /\—i—m/2) ~ 6i@h(q,§))\h+E—N(s—§) +e—i@h(q,ﬁ))\1—h+1—E—N(s—§) 7
(3.14)
where ), is a phase that should not be confused with quasimomentum
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3.2. Observables

The Hamiltonian (2.2) may be written in terms of the Baxter Q-operator
[27]:

where the additive normalization constant is given as
en = 2N Re[¢)(2s) + (2 — 25) — 2¢(1)] . (3.16)

Applying to (3.15) the eigenstate ¥, we obtain the energy

EN(q,(j):eSN—Hdiuln [Qqﬁ(u—i—z’s,u—i-ﬁ) (Qq,q(u—is,u—ig))*] . (3.17)

or equivalently
_ d ON . . _
En(q,9) = —Im% In (™" Qqq(u+i(1—s),u+i(1—23))
< Quugluti-satii-9)]| e
u=0
where Qg g(u, ) = Q((;%) (u,7) is eigenvalue of the Q) (u, @) operator, while
+q = (g2, g3, ..., (£)Vaw) (3.19)

are the conformal charges.
It is also possible to rewrite the quasimomentum operator in terms of

@-i- (u7ﬂ):

Q. (is, i5)
Qi (—is, —i5)
Moreover, using the mirror permutation (2.40) one finds the following parity
relations for the residue functions R*(q,q) defined in (3.13):

Oy = —ilnP =iln (3.20)

R*(¢,9)/R* (=g, —7) = ¥V (@D, (3.21)
and for the eigenvalues of the Baxter operator:

Qua(—u, =) = V@DQ_, o(u,7), (3.22)
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where —q = (q2, —q3,...,(—1)"¢,) and similarly for . Examining the be-
haviour of (3.22) around the pole at « = uF and @ = T and making use of
Eq. (3.13) one gets

R*(q,q) = (-1)Ne""@DRTF(—q,—7),
Ei(Q?G) = _E:F(_qv _q) (323)

To obtain the expression for the energy Fn(q,q), we apply (3.17) and
replace the function Qgg(u (1 — s),u = i(1 — 3)) by its pole expansion
(3.13). Then, applying the second relation in (3.23), one finds

En(q,9)=E"(—¢,—9)+(E™(¢,9))" = Re [E*(—¢,—))+E"(¢,7)] , (3.24)

where the last relation follows from hermiticity of the Hamiltonian (2.3).
We conclude from Egs. (3.24) and (3.13), that in order to find the energy
En(q,q), one has to calculate the residue of Qqg(u, @) at the (N — 1)-th
order pole at u =i(s — 1) and w =i(5 — 1).

3.8. Construction of the eigenfunction

The Hamiltonian eigenstate Wz, ;1(2) is a common eigenstate of the
total set of the integrals of motion, p and {q,g} as well as the Baxter
Q-operator. Thanks to the method of the Separation of Variables (SoV)
developed by Sklyanin [27,30] we can write the eigenstate using separated
coordinates & = (¥1,...,ZN_1) as

Wﬁ’{qu}(g) = /dN_lfu(fl""7£N—1)Uﬁ,fl,...,f}v—l(gl)'"ng)
X (Pgq (1, .., TN-1))" (3.25)

where Uy 3 is the kernel of the unitary operator while

(s + i) (5 — iTy,) >N
)

N-1
b (1. .. v ) = fn(@D)/2
Poa(@y,- . En-1))" = e kgl T(1—s+izg) (1 -5 — izy

X Qq@(mk,fk) . (326)
The functions Qg z(zk,Z;) are eigenstates of the Baxter Q-operator. In
contrast to the z; = (z;,%;)-coordinates, the allowed values of separated
coordinates are
mn n
xk:Vk——k, TkZVk-i-—k, (327)

2 2
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with ny integer and v, real. Integration over the space of separated variables
implies summation over integer nj and integration over continuous vy

N-1 —N2 —
/dN_liE: kl:Il ( Z / dyk> , (@) = w1 H | Tk — y

Njp=—00 7 k=1
>k
(3.28)
where |7, — | = (1 — v5)% + (np — n;)2 /4.
The integral kernel Uz z can be written as
Upa(Z1s-- - 2N) :cN(gz)(ﬁ2)<N—1>/2/d%Ne%MNUi(zl,...,gN;wN),
(3.29)

where 29 - Wy = pwy + DpWy,

- - o s,1-5 5,5 . - o
Ui(zl, ..., ZN; wN) = [/1( )1 (xl)/l(l (12)) . Ag,(f)Nfl):| (217 cee 7ZN|wN) )

(3.30)
for even IV, and
. - - 5,8 1-s,1—5 1-s,1—5 > S o
Ui(zl) <3 &N UIN) = [Agv_)ly(fl)/l‘(]\f_z(fﬁ) s gV(fN_l))] (251, s ,ZN|U/N) )
(3.31)

for odd N. Here the convolution involves the product of (N — 1) functions
AN_j (z,) With alternating spins (s,3) and (1—s,1—3). They are defined as

A G Nt ) = 21 — o] T
1

N—
X < H [ =yl ™" 2k — yk+1]_z+iu> [en —yn] 7™, (3.32)

where the convolution [Ax_, (z,)AN—k+1,#,_,)] contains (N —k) two-dimen-
sional integrals. The coefficient ¢y (%) is given for N > 3

[(N-1)/2]
en(@) = [ (als+iwo, 5 — iTop) V"
k=1
[N/2-1]
x H (a(s + izap 11,5 — Taps1))" (3.33)
k=1

while the products go over integer numbers lower than upper limit. For
N =2 we have co(71) = 1.
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4. Quantization conditions in the QQ-Baxter method

In Ref. [17] the authors describe a construction of the solution to the
Baxter equations, (3.3) and (3.4), which satisfies additionally the conditions
(3.12) and (3.14). This can be done by means of the following integral
representation for Qg g(u, @)

_ d*z P -
Qq7§(u7u) = Ez z Q(Z,Z) ) (41)
where we integrate over the two-dimensional z-plane with Z = 2* and Q(z, %)
depends on {¢,G}. The advantages of this ansatz are:

e the functional Baxter equation on Q,5(u,%) is transformed into the
N-th order differential equation for the function Q(z,z)

N
2 (20:)N 2 4270 (20,) V2 1= 2(20,) ") iF g (20.) V| Q(2,7) =0.
k=2

(4.2)

A similar equation holds in the anti-holomorphic sector with s and gy
replaced by s = 1 — s* and g, = gj;, respectively.

e the condition (3.11) is automatically satisfied since the z-integral in
the r.h.s. of (4.1) is well-defined only for i(u — @) = n.

e the remaining two conditions for the analytical properties and asymp-
totic behaviour of Qq4(u, ), Egs. (3.12) and (3.14), become equivalent
to the requirement for Q(z,Z = z*) to be a single-valued function on
the complex z-plane.

The differential equation (4.2) is of Fuchsian type. It possesses three
regular singular points located at z =0, 2 = 1 and z = co. Moreover, it has
N linearly independent solutions, @,(z). The anti-holomorphic equation
has also N independent solutions, Q,(%).

Now, we construct the general expression for the function Q(z, %) as

N

Q(Z,E) = Z Qa(z) Cab @b(z)v (4'3)

a,b=1

where Cy;, is an arbitrary mixing matrix. The functions Q,(z) and Q,(%)
have a nontrivial monodromy? around three singular points, z, 7 = 0, 1

2 The monodromy matrix around z = 0 is defined as Q,(lo)(zezm') = MnkQ](CO)(z) and
similarly for the other singular points.
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and oo. In order to be well-defined on the whole plane, functions Q(z,z = z*)
should be single-valued and their monodromy should cancel in the r.h.s.
of (4.3). This condition allows us to determine the values of the mixing
coefficients, Cp, and also to calculate the quantized values of the conformal
charges q.

The differential equation (4.2) is also symmetric under the transforma-
tion z — 1/z and g, — (—1)*q,. This property is related to Eq. (3.22) and
leads to ‘

Qq,ﬁ (272) = eZGN(q,ﬁ)Q_%_q (1/Z, 1/2) ) (44)
where +¢ = (g2, %43, ..., (£)Vqn) denotes the integrals of motion corre-
sponding to the function Q(z,z). The above formula allows us to define the
solution Q(z,%) around z = oo from the solution at z = 0. Thus, applying
(4.4) we are able to find Q(z,z) and analytically continue it to the whole
z-plane.

4.1. Solution around z =0
z

We find a solution Q(z) ~ z* by the series method. The indicial equation
for the solution of Eq. (4.2) around z = 0 reads as follows

(a—1+s)N =0, (4.5)

and the solution, a = 1 — s is N-fold degenerate. This leads to terms
~ LogF(z) with & < N — 1. We define the fundamental set of linearly
independent solutions to (4.2) around z = 0 as

QV(z) = 2 u(z),

m—1
QW(2) = 27 |ur(2)Log™ ' (2)+ D chqunn(2)Log™ 71 (2) |, (4.6)
k=1

with 2 < m < N and where for the later convenience

v (m=1)

ml T m—k— 1) (4.7)

C

The functions u,,(z) are defined inside the region |z| < 1 and have a form
um(z) =1+ Z 2 ul™(q). (4.8)
n=1

Inserting (4.6) and (4.8) into (4.2), one derives recurrence relations for

ugm (¢). However, in order to save space, we do not show here their ex-
plicit form.
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In the anti-holomorphic sector the fundamental set of solutions can be
obtained from (4.6) by substituting s and ¢, by 3 = 1 — s* and g, = ¢j,
respectively. Sewing the two sectors we obtain the general solution for
Q(z,%z) around z = 0 as

N
Q=2 =" 3 W) oY ). (4.9)

The above solution (4.9) should be single-valued on the z-plane. Thus, im-

posing single-valuedness condition on (4.9) we find a structure of the mixing

0)

matrix Cfnm which forn +m < N +1

N—n—m-+1 (_2)k’

0) — a e
Cnm - (n — 1)'(771 — 1)! kZ_O k! Ak+n+m—1, (4'10)
with o,a1,...,any_1 being arbitrary complex parameters and oy = 1. Be-

low the main anti-diagonal, that is for n +m > N + 1, C’,g% vanish.

The mixing matrix Cr(r?)m depends on N arbitrary complex parameters
o and ay. However, two parity relations, Eqgs. (3.21) and (4.4), fix 0 =
exp(iln(q,q)), with Ox(q,q) being the quasimomentum, and lead to the
quantization of the quasimomentum. Later, we will use (4.4) to calculate
the eigenvalues of On(q,q) (see Eq. (4.25)).

The leading asymptotic behaviour of Q(z,%) for z — 0 can be obtained
by substituting (4.10) and (4.6) into (4.9). It has a form

s ioniem [Log" 1(z2) | LogV (2%
(» F) — ,1—851-5,i0N(q,9) & &
Qq4(2,%) z %7 %e [ (N 1) (N —2)] aN—1+ ...
LogleZ) o, al] (1+0(=2). (4.11)

Making use of the integral identity

d?z .
/ z zuz ZUIHTL(ZZ)ZT)’L sgm S
|z

(=1)"n!
m— s —iu)"tl

= ﬁ(sm_s_iu,m_g_iﬁ |:( + @) ((m — S — ZU)O) s (412)

with m and ™ positive integer, we can calculate the contribution of the
small—z region to the eigenvalue of the Baxter equation (4.1). The function
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Qq,5(u, @) has poles of the order NV in the points u = i(s—m) and @ = i(5—m)
what agrees with (3.12). For m = m = 1 one finds from (4.11)

mww(qﬁ)
— (ie)N

x [14ican_1+...+ (i) Pag+(ie)V tar+0O (V)],  (4.13)

where u}” and ] are defined in (3.12). One can see that the integration in
(4.1) over the region of large z with (4.4) and (4.11) gives the second set of
poles for Q,5(u, ) located at uw = —i(s —m) and w = —i(5 —m).
Comparing (4.13) with (3.13) one obtains
— ™ i — —
RY(q,q) = =z, EY(q,9) = an-1(e,7).- (4.14)
Now, we may derive expression for the energy

En(q,9) = Re[an-1(—¢,—q) + an-1(q;7)] - (4.15)

The arbitrary complex parameters «,,, defined in (4.10), will be fixed by the
quantization conditions below.

In this section we have obtained following Ref. [17] the expression for
the energy spectrum Fn(q,q), as a function of the matrix elements of the
mixing matrix (4.10) in the fundamental basis (4.6). Moreover, we have
defined the solution to the Baxter equation @Q(u,%) and reproduced the
analytical properties of the eigenvalues of the Baxter operator, Eq. (3.12).

4.2. Solution around z =1

Looking for a solution of (4.2) around z = 1 in a form Q(z) ~ (z —1)®

we obtain the following indicial equation
N-3
(b+14+h—Ns)b+2-h—Ns) [[(b—k) =0, (4.16)
k=0
where h is the total SL(2,C) spin defined in (2.35). Although the solutions
b =k with £k = 0,...,N — 3 differ from each other by an integer, for
h # (1 + np)/2, no logarithmic terms appear. The Log(z)-terms are only
needed for Imh = 0 where the additional degeneration occurs.

Thus, we define the fundamental set of solutions to Eq. (4.2) around
z = 1. For Imh # 0 it has the form

M(z) = 2151 = )Ny (2),
M(z) = 21751 = 2)Noth20(2)

QW (z) =251 — 2)™ o (2), (4.17)
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with m = 3,..., N. The functions v;(z) (i = 1,2) and v,,(2) given by the
power series

vi(z)=14+) (1=2)"0)(@).  wvn(z2)=1+ Y (1=2)"0"(q), (4.18)
n=1 n=N-m+1

which converge inside the region |1 — z| < 1 and where the expansion coeffi-
cients v,(f ) and v,(lm) satisfy the N-term recurrence relations? with respect to
the index n. For h = (14 ny)/2 € 2Z + 1, one Log(z)-terms appear so for

nhEO:

Q(l)(z) _ zl—S(l _ Z)Ns—(nh+3)/2

X [(1 —2)""Log(1l — z)va(z) + v1(2)] , (4.19)

where the function vy(z) is the same as before, v1(2) = Y 3o, 7x2" and
the coefficients v, satisfy recurrence relations with the boundary condition
iy, = 1. For h € Z we have two additional terms: Log(z) and Log?(2).

Similar calculations have to be performed in the anti-holomorphic sector
with s and h replaced by 5= 1 —s* and h = 1 — h*, respectively. A general
solution for Q(z,%) for Im(h) # 0 with respect to the single-valuedness can
be constructed as

Qz.2) "= 3,00 QM @) + 8P 20V )

N
+ Y Q) 3 QW (2). (4.20)
m,m=3

Here the parameters (5 and ~mm build the ¢ matrix where Q(z,z) =
grll) cV oW

+ . The (-coefficients depend, in general, on the total spin h (and
h = 1—h*). They are chosen in (4.20) in such a way that the symmetry of the
eigenvalues of the Baxter operator under h — 1— h becomes manifest. Thus,
the mixing matrix C'") defined in (4.20) depends on 2 + (N — 2)2 complex
parameters By, B1_n and v, which are some functions of the integrals of
motion (g,§), so, they can be fixed by the quantization conditions.

For h = (14ny,)/2 the first two terms in the r.h.s. of (4.20) look differently

in virtue of (4.19):

3 The factor 2'~* was included in the r.h.s. of (4.17) and (4.19) to simplify the form
of the recurrence relations.
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Q(2,%) = 5[ (=)@ 3 + A 201 @)
h=(1+np)/2
+80 QY@ + ... (4.21)

where ellipses denote the remaining terms?.

Substituting (4.20) and (4.21) into (4.1) and performing integration over
the region of |1 — z| < 1, one can find the asymptotic behaviour of Q(u,u)
at large u.

Let us consider the duality relation (4.4). Using the function Q(z,z) we
evaluate (4.20) in the limit |z| — 1. In this way, we obtain set of relations for
the functions 3;(q,q) and v,;,m(q, 7). The derivation is based on the following

property
V(1/2—q) Zsabcz (4.22)

with Im(1/z) > 0 and where the dependence on the integrals of motion
was explicitly indicated. Here taking limit z — 1 in (4.17) and (4.18) and
substituting them to (4.22) we are able to evaluate the S-matrix

Sy = 6—iw(Ns—h—1)7
Soy = 6—i7r(Ns+h—2)7
_a(k—2s5s—1),,
St = (22 D, (1.23)

with (2)m = I'(z+m)/['(x), 3 <k < N and 0 < m < N — k. Similar
relations hold in the anti-holomorphic sector,

< imr(Ns—h—1
S = el )

< _  _in(Ns+h—2
Sgy = & ),

Stsm = (-pp s EE e

The S-matrix does not depend on z because the @)-functions on the both
sides of relation (4.22) satisfy the same differential equation (4.2).
Now, substituting (4.20) and (4.22) into (4.4), we find

ﬁh(%@ = ei@]\r(qﬁ)(_1)Nn5+nhﬁh(_q’ _Q)a

— (4.24)

N
’me(%a) = ei9N(q,§) Z Snm’}/nﬁ(—q, —G) gm (4.25)

n,n>3

* Equation (4.21) describes solutions only for h = (1 + ny)/2 where n;, € 2Z.
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In this way, similarly to the energy, Eq. (4.15), which was calculated from
the mixing matrix at z = 0, the eigenvalues of the quasimomentum, 6 x(q,q),
can be calculated from the mixing matrix at z = 1, from the first relation in
(4.25). In the special case when gog11 = Qo1 = 0 (k= 1,2...), this means
Brn(q,q) = Br(—q, —7q), the quasimomentum is equal to

N (@a) — (_1)Nnstnn (4.26)

4.8. Transition matrices

In the previous sections we constructed the solutions Q(z,%) to (4.2)
in the vicinity of z = 0 and z = 1. Now, we glue these solutions inside
the region |1 — z| < 1, |z| < 1 and, then analytically continue the resulting
expression for (z,Z%) into the whole complex z-plane by making use of the
duality relation (4.4).

Firstly, we define the transition matrices £2(¢q) and 2(q):

N
2@ QP ), V@ =Y Zum@Q (2). (427)

m=1 m=1

Mz

QW (2

which are uniquely fixed [17]. The resulting expressions for the matrices
2(q) and £2(g) take the form of infinite series in ¢ and g, respectively. Sub-
stituting (4.27) into (4.9) and matching the result into (4.20), we find the
following relation

cM(g,9) = [2(a)]" CV(¢,7) 2@). (4.28)

The above matrix equation allows us to determine the matrices C'(© and
CM and provides the quantization conditions for the integrals of motion, ¢y
and g, with £ = 3, ..., N. Therefore, we can evaluate the eigenvalues of the
Baxter Q-operator, Eq. (4.1). Formula (4.28) contains N? equations with:

e (N — 1) a-parameters inside the matrix C'(?),

e 2+ (N —2)? parameters B1,2 and 7y inside the matrix cW),

e (N —2) integrals of motion g3, ..., gn where G, = q; .
Thus, we obtain (2N — 3) nontrivial consistency conditions.

The solutions to the quantization conditions (4.28) will be presented in
detail in next sections.
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5. Properties of the N-Reggeon states

In this section we characterize the spectra of the conformal charges ob-
tained by numerical calculations [17,34]. Here, parametrization of the spec-
tra is presented and the spectrum symmetries are shown. Moreover, descen-
dent states are described.

5.1. Trajectories

Solving quantization conditions (4.28) we obtain continuous trajectories
in the space of conformal charges. They are built of points, (qa2(vp),. -,
gn(vp)) which satisfy (4.28) and depend on a continuous real parameter vy,
entering g2, (2.35) and (2.27). In order to label the trajectories we introduce
the set of the integers

€= {l1,la,....lyn_2)}, (5.1)

which parameterize one specified point on each trajectory for given h. Spe-
cific examples in the following sections will further clarify this point.

Next we calculate the observables along these trajectories, namely the
energy (4.15) and the quasimomentum (4.25). The quasimomentum is con-
stant (2.38) for all points situated on a given trajectory. The minimum of
the energy, which means the maximal intercept, for almost all trajectories is
located at vy = 0. It turns out that the energy behaves around vy = 0 like

EN(Vh§ gground) — E;\;{round + O'NVh2 + O(VhQ) ) (52)
Thus, the ground state along its trajectory is gapless and the leading contri-

bution to the scattering amplitude around v;, may be rewritten as a series
in the strong coupling constant:

o0 N s Ole]%rround/4
Alsi 1) ~ —is ) (i)Y g Can@ép (). (53)
N=2

where @ = asN./m and &x n(t) are the impact factors corresponding to
the overlap between the wave-functions of scattered particle with the wave-
function of N-Reggeons, whereas o measures the dispersion of the energy
on the trajectory around v, = 0.

On the other hand, the energy along the trajectories grows with v} and
for |vp| — oo and finally, we have En(vy;£) ~ Invp2. These parts of the
trajectory give the lowest contribution to the scattering amplitude.
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5.2. Symmetries

The spectrum of quantized charges qo, ..., qy is degenerate. This degen-
eration is caused by two symmetries:
k
a < (=1)"qr, (5.4)

which comes from invariance of the Hamiltonian under mirror permutations
of particles, (2.36), and

which is connected with the symmetry under interchange of the z- and
Z-sectors. Therefore, the four points, {qx}, {(—=1)*q}, {gx*} and {(—=1)¥qx*}
with £k =2,..., N, are related and all of them satisfy the quantization con-
ditions (4.28) and have the same energy.

5.3. Descendent states

Let us first discuss the spectrum along the trajectories with the highest
conformal charge gy equal zero for arbitrary vy, € R. It turns out [17,35-37]
that the wave-functions of these states are built of (N — 1)-particle states.
Moreover, their energies [38] are also equal to the energy of the ancestor
(N — 1)-particle states:

EN((]% q3,---y4dN = 0) = EN—I(QQv qs, ... 7QN—1) . (56)

Thus, we call them the descendent states of the (N — 1)-particle states.

Generally, for odd N, the descendent state W](VqN =0 With the minimal
energy En(qgny = 0) = 0 has for go = 0, i.e. for h = 0,1, the remaining
integrals of motion q3 = ... = qy = 0 as well. For h = 1 + iy, i.e. g3 # 0,
the odd conformal charges gog+1 = 0 with £k = 1,..., (/N — 1)/2 while the
even ones ¢o 7 0 and depend on vp,.

On the other hand, for even N, the eigenstate with the minimal energy
W](\?N =0 is the descendent state of the (N —1)-particle state which has min-
imal energy with gn_1 # 0. Thus, B0 (gy = 0) = B8 (gy—1 # 0) > 0.

Studying more exactly this problem one can obtain [17, 35| a relation
between the quasimomentum 6 of the descendent state and the ancestor
one 6x_1, which takes the following form

elon = —eifn-1 = (—1)N+1. (5.7)
gn=0
Additionally, one can define a linear operator A [17,35] that maps the

subspace V]S,qivl_l) of the (N —1)-particle ancestor eigenstates with the quasi-
momentum 6y_1 = 7N into the N-particle descendent states with gy = 0

and Oy = (N + 1) as
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A L A (5.8)

It turns out that this operator is nilpotent for the eigenstates which form

trajectories [35], i.e. A?¥ = 0. Thus, the descendent-state trajectory can

not be ancestor one for (N + 1)-particle states. However, it is possible to

built a single state [17] with go = ¢3 = ... = qn = 0, i.e. for only one point

vy, = 0, that has Ey = 0 and the eigenvalue of Baxter QQ-operator defined as
u—1

QK (wm) ~ —5—, (5.9)

where a normalization factor was omitted.
Additional examples of the descendent states will be described later in
the next sections.

6. Quantum numbers of the N = 4 states

In this section we present the spectrum for four Reggeons calculated
by making use of -Baxter method. To this end we resum solutions (4.8)
and (4.18) numerically, and using them we solve the quantization conditions
(4.28). Earlier, some results for N = 4 were only presented in [17] and some
numerical results in Ref. [18|. Here we show much more data and we present
more detailed analysis of this spectrum. i.e. resemblant and winding spectra
of g3, q4 and corrections to the WKB approximation for N = 4.

For four Reggeons the spectrum of the conformal charges is much more
complicated than in the three-Reggeon case [20]|. Indeed, we have here the
space of three conformal charges (g2, q3,q4). Thus, apart from the lattice

structure in qi/ * we have also respective lattice structures in ¢s-space. Here
we consider the case for ny, = 0 so that h = % + ivy,. This spectrum includes
the ground states. For clarity we split these spectra into several parts. We
perform this separation by considering spectra with different quasimomenta
04(q,q) as well as a different quantum number /3, which will be defined in
the solution (6.2), (6.3) of two quantization conditions (4.28) for N = 4 from
Ref. [15].

From the first quantization condition of WKB approximation [15] one
can get the WKB approximation of the charge g4 as

e B TL
N [\/5€1+\/§€2}, (6.1)

and the quasimomentum is equal to

0, = _ge - g(zg +403—¢) (mod 2r), (6.2)
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where £1, {5 and f3 are even for even £ and odd for odd £. Thus, we have two
kinds of lattices: with 64 = 0,7 and with 4 = +7/2. They are presented in
Fig. 1. In these pictures gray lines show the WKB lattice (6.1) with vertices
at f1,0s € Z. To find the leading approximation for the charge g3, we apply
the second relation of WKB approximation [15] gives

q3
1/2
Q4/

Im—o = (0 — by — £) = U3, (6.3)

Notice that the system (6.1) and (6.3) is underdetermined and it does not
fix the charge g3 completely [15].

R I aEar mt 3 M AR aF
AR S BN FogpR
os[ +H H T 05-H-++ + + ++-H-
i wel + +
Sy S (FF sl
o+t + + + | "o
g E o+
— L Ht ] =
05+ " 05-H-++ ++-H_
b X $ % e
i, : T e e ¥ o+ o+ F s
-1 LO.S I 0 1/4I 0.5. 1 -1 -0.5 I 0 1/4 0.5 1
Relq,""] Relq,""]

Fig. 1. The spectrum of the integrals of motion g4 for N = 4 and the total spin
h = 1/2. The left and right panels correspond to the eigenstates with different
quasimomenta et = 1 and =i, respectively.

It turns out that after choosing one value of 04, the lattice in qi/ 4—Space
is still spuriously degenerated® and this degeneration also corresponds to
different lattices in qi,l,/ % The parameter ¢3 which is defined in (6.3) will be
used to distinguish these different lattices.

6.1. Descendent states for N =4

One can notice that for N = 4 and nj, = 0 we have the descendent
states. They appear in sector with the quasimomentum 64 = m, which
agrees with (5.7). The wave-functions of the descendent states are built of
three-particle eigenstates with 83 = 0. Additionally, the spectrum of g3 for

5 Degeneration in the leading order of the WKB approximation.
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these three-Reggeon states and the descendent state for NV = 4 is the same
and it is depicted in Fig. 2 on the left panel. Moreover, the energy of these
descendent state and the corresponding three-Reggeon states are also the
same (5.6).

* % ¥ ¥ 1.5 % * * * * *
1.5
* * * * * * * *
1
1% * * * * * * * * *
*
05 X * o 05 * * * *
g * * * * %w * * * *
"So * * 'So * ok
g * * * * = * * * *
=X} . ’j‘os
* * : * * il * *
—1t% * * * * * * * * *
-1
% * * * * *
_15 i i
* x X * —15|% * * * * *
-15 -1 -05 0 1/3.5 1 15 -15 -1 -05 0 1/40'5 1 15
Re[g;""] Relqy" "]

Fig.2. The spectra of the conformal charges for N = 4 and comparison to the
WKB expansion. On the left panel, the spectrum of g3 with ¢4 = 0 corresponding
to the descendent states with 64 = w. On the right panel, the spectrum of g4 for
h=1/2 and ¢35 = 0 with 84 = 0. The WKB lattices are denoted by the gray lines.

6.2. Lattice structure for g3 =0

Let us consider the spectrum with g4 # 0 and g3 = 0, see the right panel
of Fig. 2. In this case the quasimomentum 04 = 0 and the lattice structure
include vertices that correspond to the ground state.

Similarly to the N = 3 case [20] we have in the qi/ % space a lattice with
a square-like structure described by (6.1). In this case even numbers ¢1 and
ly satisfy £1 4+ €9 € 47Z. Thus, we have the WKB formula

[q};NKB(fh&)]lM = ANn=4 <2€—\}§ + Z%) : (6.4)
where the vertices are placed outside a disk around the origin of the radius
1 -1

|43 da _ I%(3/4)
R / Vi—at| 27

A =0.423606... .  (6.5)

As before, the leading-order WKB formula (6.4) is valid only for |qi/ >
il
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The energy is lower for points which are nearer to the origin. Similarly
to the NV = 3 case, the spectrum is also built of trajectories which extend in

the (v, ¢3,q4)-space. Namely, each point on the qi/ * Jattice belongs to one
specific trajectory parameterized by the set of integers {1, (s, ...}.

The ground state for N = 4 is situated on a trajectory with (¢1,¢2) =
(4,0). We find that for this trajectory g3 = Imgy = 0, whereas R[g4] and Ey
vary with vy, as we show in Fig. 3. An accumulation of the energy levels in
the vicinity of v, = 0 is described by Eq. (5.2) with the dispersion parameter
04 = 5.272.

057 0.6
o]
—051 0.5+
<
S S
S ~J 0.4
| S
-2
s 0.3
-3
-4 -2 0 2 4 -4 2 0 2 4
Vh Vh

Fig.3. The dependence of the energy, —F4/4, and the quantum number, q4/q2,
with go = 1/4+v2, on the total spin h = 1/2+iv), along the ground state trajectory
for N = 4.

On the qi/ 4—plame the ground state is represented by four points with
the coordinates (¢1,¢2) = (£4,0) and (0,£4). Due to a residual symmetry

qi/ t o exp(ikm/ 2)qi/ 4 they describe a single eigenstate with

g =0, ¢ =0.153589...,  EF = _2696640... . (6.6)

with h = 1/2. It has the quasimomentum 64 = 0 and, in contrast to the
N = 3 case, it is unique.

TABLE 1

Comparison of the exact spectrum of qi/ * at gs = 0 and h = 1/2 with the approx-
imate WKB expression 6.4. The last column shows the exact energy Fjy.

(01/2,62/2) | (g (@VEB)* By /4
(2,0) 0.626 0.599 0.6742

) 0.520 +0.5207 0.599 + 0.5997 —1.3783

) 0.847+0.2687 0.899+0.299¢: —1.7919

) 1.158 1.198 —2.8356

)

)

0.860 4-0.860¢ 0.899 +0.8997 —3.1410
1.159+40.574¢ 1.19840.599¢ —3.3487
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The comparison of (6.4) with the exact results for ¢4 at h = 1/2 is shown
in Fig. 2 and Table I. One can see that the WKB formula (6.4) describes
the spectrum with a good accuracy.

6.3. Resemblant lattices with 3 =0

In the previous section we introduced the parameter £3 which helps us to
distinguish different lattices. This parameter takes even values for 04 = 0,7

and odd ones for 84 = £7/2. Let us take 3 = 0. It turns out that in this
/2

case the spectrum lattice in the qé -space is similar to the corresponding

/ 4—space, i.e. considering only the leading order of the WKB

approximation the q?lj/ % Jattice in comparison to the qi/ * lattice is rescaled
by some real number. An example of such a lattice for 4 = 0 is shown

in Fig. 4. One can notice that the non-leading corrections to the WKB
/4

lattice in the qi

approximation cause the bending of the lattice structure in Fig. 4: for qi

/

1/2 1/4 .
concave whereas for g3~ convex. Moreover, we can see the q4/ -lattice as

well as q?lj/ %_one have a similar structure to the lattice with q3 = 0 presented
in Fig. 2. These lattices also do not have the vertices inside the disk at the
origin q3 = q4 = 0.

[ SIRAES o * * * TR
15 O e o O N W O o
: * * * * * * . = .= & e
] k * * * * * A " * * * * * >
* * o * * R ARE A
05K x * % X g5k KK R
— —9 i i
§m * * * * gw * *
S0 * * A TS0 Kk **
* *

'_5‘05 o ! é05 WL L AR,
™ * * *x * * Yk * * * * *
o * i AL * * . * % * * * %

. * x * * * A ¥k« * * kK
* *
A5 * * * * * * 15 lai R ; L AL
* * * * * * *
I *. . +*. * R N3 [ . . R .
-15 -1 -05 01/40.5 1 15 -15 -1 -05 0 1/3.5 1 15
Relq;" "] Relq,""]

Fig.4. The spectra of the conformal charges for N = 4 with 84, = 0, {3 = 0
and /4 = 1. On the left panel the spectrum of qi/ 4, while on the right panel the

spectrum of qé/ 2,

Substituting

1/2

a3 = r3e'®  and qi/4

= r4e'%*, (6.7)

into (6.3) we obtain a condition for the leading order of the WKB approxi-
mation:
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2
fy = (—3> sin (2(ds — 64)) (6.8)

Thus, for ¢35 = 0 and for a scale A = r3/ry > 0 we have ¢3 = ¢4. This means
that the vertices on the qé/ ? Jattice have the same angular coordinates as

those from the qi/ * lattice. Looking at the numerical results in Fig. 4 we
notice that the missing quantization condition for ¢3 = 0 in the leading
WKB order should have a form similar to

=2, (6.9)

where Ay, = 73/7r4 € R is a constant scale for a given lattice £4.

It turns out that for a specified quasimomentum we have an infinite
number of such lattices. They differ from each other by a given scale Ay,.
For example for 84 = 0 we have another lattice, shown in Fig. 5. Its scale
Ao differs from the scale A1 of the lattice from Fig. 4. The resemblant qi/ 4
lattices for 84 = 0 are described by (6.1) with the integer parameters ¢; and

{9 satisfying £1 + {9 € 47.

* * * * * * * - * * x * * 1
* *
15 * * e + + * o HHH* * 1 1 I FT
* * * * *x o * * ok
1 ¥ * * * *
N e 4 * * *
1 * *
051% * * * o * *
X * * y * *
-~ ™M — <f
S 0 * * * 0% * * |
g * * g * *
o5 =
* * * * g * * *
* * * *
-1 L * il * * * il
* * * * * * 1 T * *
1 * * * * * * -2y ¥ *
-15 ¥ * * i
* * * * * * * LAREES * s * ENEEE
-15 -1 -05 0 1/40.5 1 15 -2 -1 0 12 1 2
Relqs"’] Relq,""]

Fig.5. The spectra of the conformal charges for N = 4 with 4, = 0, {3 = 0
and ¢4 = 2. On the left panel the spectrum of qi/ 4, while on the right panel the

spectrum of qé/z.

The similar lattices also exist in the sector with the quasimomentum
0, = w. Some of them are presented in Figs. 6 and 7. For 4 = 7 the resem-
blant qi/ * lattices are also described by (6.1) but the integer parameters ¢4
and £y satisfy £1 + £y € 47 + 2.
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* * * * * * T * || * | A *
1.5 % * * * * * * e * * * * * *
* * * * * * * * * * * *
1
* * * * * * * 05 * * * * * * *
050 * o * *x % . * T T[>
< *ox k] T x| x *x | %
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= * * * x| 8 * * *
05 =
* * * * os * * * *
Ly * * Fl e Lk * * U Ik ok * * * *
* * * * * * * * * * * *
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-15 -1 -05 01/40.5 115 -1 -0.5 0 12 0.5 1
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Fig.6. The spectra of the conformal charges for N = 4 with 4, = w, {3 = 0

and /4 = 1. On the left panel the spectrum of qi/ 4, while on the right panel the

spectrum of qé/ .
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* * * * * * 150 & * 7 * * *
’
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Fig.7. The spectra of the conformal charges for N = 4 with 04, = 7, {3 = 0
and 4 = 2. On the left panel the spectrum of qi/ 4, while on the right panel the

spectrum of qé/ 2,

6.4. Winding lattices with £5 # 0

In the case with £3 # 0 we have much more complicated situation than
for /3 = 0. According to (6.8) the angles ¢3 and ¢4 defined in (6.7) are no
more equal. Moreover, they start to depend on the scale A = r3/ry.
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An example of such a lattice, with /3 = 1 and 6, = —7/2 we show

in Fig. 8. For this case, the qi“-lattice is defined by (6.1) with ¢; and ¢,
odd integer numbers satisfying ¢1 4+ ¢ € 47. In Fig. 8, in order to present
the correspondence between the qé/ . and qi/ 4—lattice, we depict only some
vertices of the lattice which extends in the whole plane of the conformal
charges except the place nearby the origin g4 = g3 = 0. As we can see the

qé/ % lattice is still a square-like one but it winds around the origin qé/ Z=0.
Looking at Fig. 8, let us start from ¢35 = 0 and ¢4 = —7/4 where ¢3 and ¢4
are defined in (6.7). Thus, the difference ¢3 — ¢4 = 7/4 so that our scale at

the beginning is A = /2. In this region the vertices of the qé/ ? Jattice are
in the nearest place to the origin. When we go clockwise around the origin
of the lattices by decreasing ¢4, we notice that ¢3 also decreases but much
slower. Thus, according to (6.8) the difference ¢3 — ¢4 changes. Moreover,

due to (6.8), the scale A\ also continuously rises. Therefore, the qé/ ?_lattice

winds in a different way than the qi/ * lattice. After one revolution the

/

4 lattices are at similar places as those with ¢4 decreased

/4

vertices of the qi

by 27. This provides additional spurious degeneration in qi However,

/2

after revolution by the angle 27, the vertices in q;, -space have completely
different conformal charges g3. The spurious degeneration in the qé/ ?_lattice

does not appear.

8 15
e
10
4
5
— 2 —
< <
— o — <
=0 =0
£ g
— 2 —
: -5
4l
6 -10
6 -4 -2 0 2 4 & 8 -10 -5 0 5 0 15
1/4 1/2
Relay/" Relg,”
Fig.8. The winding spectrum of the conformal charges for N = 4 and h = 1/2

/4

with 6, = —7/2 and ¢35 = 1. On the left panel the spectrum of qi , while on the

right panel the spectrum of qé/ 2,
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We have to add that we obtain the second symmetric structure when
we go in the opposite direction, i.e. anti-clockwise. Moreover, the winding

lattice, like all other lattices, extends to infinity on the q?l,/ % and qi/ 4—plame
and does not have vertices in vicinity of the origin, g3 = q4 = 0. However,
the radii of these empty spaces grow with ¢3 4.

Additionally, due to symmetry of the spectrum (5.5) we have a twin
lattice with ¢ — ¢j. Furthermore, the second symmetry (5.4) produces

another lattice rotated in the qé/ 2—spa(:e by an angle 7/2. Notice that this
symmetry (5.4) exchanges quasimomentum 64 < 27 — #4(mod 27). Thus,
the spectrum for 04 = 7/2 is congruent with the spectrum of 4 = —m /2 but
it is rotated in the q:,l,/2—space by /2.

As we said before for 6, + 7/2 we have winding spectra with odd /3.
Similarly, for even ¢3 # 0 we have winding spectra with 64 = 0,7, thus,
the lattice with the lowest non-zero ¢3 corresponds to |¢3] = 2. We present
some points of this spectrum in Fig. 9, for which ¢, ¢5 in (6.1) are even and
0y + 0y € AZ + 2. In this case we start with ¢3 = 7/4 and ¢4 = 0 which
implies the beginning scale A= /2. The spectra wind as in the previous case.

6 4 2 0 2 4 6 8 =T 0 5
1/4 1/2

Relql/] Relq;'”]

Fig.9. The winding spectrum of the conformal charges for N = 4 with h = 1/2,

04 = 0 and ¢35 = 2. On the left panel the spectrum of qi/4 while on the right panel

the spectrum of qé/ %,

Similarly, for 84 = 7 we have also spectrum with the lowest |(3] = 2. It
is defined by (6.1) with ¢1, ¢ even and ¢; + {9 € 4Z. In this case the angles
¢3 = 0 and ¢4 = —m/4 so we also have the beginning scale A\ = /2, as
depicted in Fig. 10. In order to describe the winding spectra better we may
introduce an integer parameter £4 which helps us to number the overlapping
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winding planes of the spectra and name spuriously-degenerated vertices in
the qi/ 4—plane.

To sum up, even for a given quasimomentum we have many lattices
which overlap, so that vertices of the lattices, especially in qé/ 2—space7 make
an impression of being randomly distributed. However, as we have shown
above, those spectra may be distinguished and finally described by (6.1) and
(6.3). Still, there is a lack of one nontrivial WKB condition which would
uniquely explain the structure of the resemblant and winding lattices.

6
4
— 2
L
o
g
— 2
-4
6 -10
-6 l4 ’ lz 0 2‘ ’ ‘4 6 '8 -10 -5 0 5 1’0 “15
1/4 1/2
Relg}" Rela;”’]
Fig. 10. The winding spectrum of the conformal charges for N = 4 with h = 1/2,

/

04 = m and £3 = 2. On the left panel the spectrum of qi * while on the right panel

the spectrum of qé/z.

6.5. Corrections to WKB

Let us consider the spectrum of the conformal charge q4 for N = 4 with
g3 = 0and h = (1 4+ ny)/2. It turns out that for nj # 0 it has similar square-
like lattice structure like that with ny, = 0, see Fig. 2 on the right panel.
Similarly to the case with three reggeized gluons [20] we have evaluated the
conformal charges g4 with even nj; with high precision. We have done it
separately for g4 with Im[gs] = 0 and Re[gs] = 0. Next, we have fitted

coefficient expansion of the WKB series, a,(:) and a,(;), respectively.

In [15] the series formula for qi/ % Jooks as follows

14 7T3/2

————0(n) 1+L+§:a <L>k (6.10)
T EICYAY om)® & " \em)P) |1
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where
S 0ol
kZ_l V2 V2
and ¢1,02, n = {ny,...,ny} are integer.

TABLE II
The fitted coeflicient to the series formula of qi/4 (6.10) with ny, =0,2,4,6 and 8.

np coef. k=2 k=3 k=4 k=5
0 af/) 29910566246 —24.021689 91591  645.5
ay) | —4.9910566246  28.021689 —148.830  1656.7
a{” +a{” | —2.0000000000  4.000000 —57.239  2302.2
2 af ) | ~1.3991056625  4.674008  —4.516  —95.7
ay) | —0.6008943375  —0.674008  20.388  —200.8
al” + 4l | —2.0000000000  4.000000  15.872  —296.5
4 al” —1.351212083  3.462323 —11.322  43.164
ay) | —0.648787017  0.537677  —0.096  0.611
al” +a | —2.000000000  4.000000 —11.418  43.775
6 af” —0.8882504145  1.883461 —5.4248  18.081
ay) | —1.1117495855 2116539  —4.8117  12.091
al” +a{” | —2.0000000000  4.000000 —10.2365  30.172
8 of ) | —0.6326570719  1.197694 —2.94579  8.3372
ay) | —1.3673420281 2802305 —5.96129 121238
al” + 4l | —2.0000000000  4.000000 —8.90708 20.4610

Here for N = 4, similarly to the N = 3 case in Ref. [20], we have
a different expansion parameter b/ |Q(n)|? and in this case the parameter

p=2 <q2* - Z) , (6.12)

™

is decreased by 5/4. The expansion coefficients of the series (6.10) are shown
in Table II. Similarly to [15] the coefficients ap = 1 and a; = 1. The
remaining coefficients depend on n;. Moreover, the coefficients a; with
/4 and for imaginary qi/ * but one may notice

that for £ = 1,2 the sum a,(:) + a,(j) € 7 and does not depend on ny. Thus,
/4

k > 1 are different for real qi

to describe the quantized values of qi more generally one has to use both
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sets of the coefficients, a,(:) and a](;)
independent parameters, i.e. ¢5/|Q(n)[? and 1/|Q(n)

Using the series (6.10) with (6.12) and coefficients from Table II gives
good approximation of the conformal charges ¢4 with g3 = 0. However, in
order to have a better precision one has to introduce an additional expansion
parameter.

, or perform the expansion with two small
2.

7. Summary and conclusions

In this paper we discussed four Reggeon states which appear is scattering
amplitude of strongly interacting particles in high energy Regge limit of
QCD (2.1), i.e. in Generalized Leading Logarithm Approximation (GLLA)
[9, 10, 39]. Due to the colour factor description of N-Reggeon system is
a complicated task especially for N > 3. To this end multi-colour limit
is performed. In this limit the Reggeon Hamiltonian separates into two
one-dimensional equations and as a result the multi-Reggeon system get
completely solvable. However, in order to solve it one has to use advanced
integrable-model methods.

In the multi-colour limit the equation for the N-Reggeon wave-function
takes a form of Schrodinger equation (2.10) for the non-compact XXX Heisen-
berg magnet model of SL(2, C) spins s [33,40,41|. Its Hamiltonian describes
the nearest neighbour interaction of the Reggeons [42,43] propagating in the
two-dimensional transverse-coordinates space (2.6). The system has a hid-
den cyclic and mirror permutation symmetry (2.36). It also possesses the
set of the (IV — 1) of integrals of motion, which are eigenvalues of conformal
charges [27], g and Gy, (2.33), (2.34). Therefore, the operators of confor-
mal charges commute with each other and with the Hamiltonian and they
possess a common set of the eigenstates.

To solve the Reggeon problem for more than three particles one uses the
more sophisticated technique, i.e. the Baxter Q-operator method [27]. Tt
relies on the existence of the operator Q(u, w) depending on the pair of com-
plex spectral parameters v and w. The Baxter Q-operator has to commute
with itself (3.1) and with the conformal charges (3.2). It also has to sat-
isfy the Baxter equations (3.3), (3.4). Furthermore, the Q-operator has well
defined analytical properties, i.e. known pole structure (3.12) and asymp-
totic behaviour at infinity (3.14). The above conditions fix the Q-operator
uniquely and allow to quantize the integrals gx. In turns out [27] that the
Reggeon Hamiltonian can be rewritten in terms of Baxter Q-operator (3.15).
Therefore, combining together the solutions of the Baxter equations and the
conditions for g with the Schrodinger equation, we can calculate the energy
spectrum (3.24). Moreover, we are able to determine the quasimomentum
of the eigenstates (3.20), i.e. the observable which defines the properties of
the state with respect to the cyclic permutation symmetry (2.36).
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In order to obtain the exact values of g we have used the method [15,17]
which consists in rewriting the Baxter equations and the other conditions for
Q-operator eigenvalues as the N-order differential equation (4.2). Solving
this equation one obtains the conditions for quantized g (4.28) and the
formulae for the energy (4.15) and the quasimomentum (4.25).

In the case with N = 4 particles we have constructed the spectrum for
ny, = 0 depicting complicated interplay between the conformal charges: g3
and g4. Such a complete analysis has been performed here for the first time.
Earlier, for N = 4 full spectrum of g4 was shown in Ref. [17] (however, the
corresponding g3 spectrum was not discussed) and some values of g4 were

found in Ref. [19]. The spectrum of qi/ * has a structure of square-like lattice
(6.4), Fig. 1. In this case the spectrum of g3 is more complicated. It turns
out that it has a few possible forms. Firstly, there are simple states with

q3 = 0, Fig. 2. Moreover, we have found the q?l)/ % lattices whose distribu-

tion of vertices is similar to the distribution of vertices of qi/ * Jattice. We
have called this structures as resemblant lattices, Figs. 4-7. Secondly we

have demonstrated the existence of q?l)/ ?_Jattices that may be called winding
lattices. They wind around the origin and in course of this winding the
distance between vertices increases and also the lattice goes away from the
origin, Figs. 8-10. The WKB approximation does not describe these struc-
tures (6.3) exactly because one quantization condition is missing. Finally,
we have also considered the descendent states with g4 = 0, Fig. 2. They

have quasimomentum 64 = 7 and the structure of their q?l)/ 3 lattices is the

same as for q?l)/g—lattices in the three-Reggeon case with 64 = 0 [20,21]. For
the N = 4 Reggeon states with g3 = 0 we have calculated corrections to the
WKB approximation (6.10), Table II. Similarly to the N = 3 case 20| they
come from the fact of using only one expansion parameter 7 for two different
conformal charges, ¢4 and g2. One has to notice that these corrections are
subleading in comparison to the WKB limit [15].

The @-Baxter method is complicated. However, it allows us to solve
the reggeized gluon state problem for more than N = 3 particles. The
above calculations are of interest not only for perturbative QCD but also
to statistical physics as the SL(2,C) non-compact XXX Heisenberg spin
magnet model [33,40,41].

In order to find the full scattering amplitude one has to calculate the
impact factors, i.e. overlaps between the Reggeon wave function and the
wave functions of the scattered particles. These impact factors strongly
depend on the scattered system and they are hard to calculate due to a large
number of integrations. Thus, this work can be a first step in computing of
contribution of the four-Reggeon state to the hadron scattering amplitude.
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