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CLUSTERING SCALE OF DARK MATTER∗
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We obtain mass distribution for flattened galaxies M94 and M101
whose rotation curves fail sphericity test in thin disk approximation by
applying Iterative Spectral Method. The results obtained suggest smaller
amount of dark matter (if any) than predicted by classical approach to
modelling of rotation curves customarily assuming massive spherical halo.
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1. Introduction

According to the Λ-CDM cosmological model, 22% of total energy con-
tent in the Universe is in the form of non-baryonic dark matter. If this is
so, then the question arises how is the alleged exotic matter distributed and
what is its clustering scale? Is this scale comparable with the characteristic
size of galaxies, of a cluster of galaxies or maybe even greater?

Various clustering scales translate to different physical parameters of
dark matter, such as mass density or temperature. At the galactic scale the
expected density should be many orders of magnitudes higher than at the
scale of clusters of galaxies. Knowing the scale is indispensable to estimate
properly both our chances to discover dark matter in labs and the risk of
wasting money for such experiments.
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2. Standard approach to modelling of rotation curves

of spiral galaxies

In the most widely used approach to modelling of mass distribution in
spiral galaxies, the starting point is the splitting of luminosity profile of
a galaxy into two subcomponents — a central bulge and a galactic disk with
their corresponding constant mass-to-luminosity ratios that are determined
by finding the best fit to observations. This allows for obtaining mass distri-
bution of luminous matter, and hence, the corresponding rotational velocity
one would expect for such mass distribution. Such obtained rotational veloc-
ity falls off with radial distance much faster than the observed rotation curve
which is usually flat for large radii, therefore the third component — a mas-
sive spherical halo composed of non-baryonic dark matter — is introduced
to account for the observed rotation curve. The effect of such procedure
applied to a spiral galaxy M94 is shown in figure 1 prepared according to
Kent’s results [1]. This fit is still unsatisfactory at larger radii even though

Fig. 1. The result of reconstruction of rotation curve of galaxy M94 in the frame-

work of standard rotation curve modelling that assumes a massive spherical halo of

dark matter. The dash-dotted line represents the contribution to galaxy rotation

from the central bulge, the dotted line — from the disk component and the dashed

line — from the massive dark halo component. The figure was prepared according

to Kent’s original results published in [1].

dark halo was introduced. But this should not surprise as rotation curve
of the galaxy cannot be explained under spherical symmetry with massive
spherical halo as this would require a function r v2(r) to be non-decreasing
for larger radii (we shall come to this issue later on).
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The weakest point of this generally accepted method of finding matter
distribution in spiral galaxies is the arbitrary assumption that mass den-
sity in the central bulge and in the galactic disk must be proportional to
luminosities of these components and that the corresponding mass to lumi-
nosity ratios which are proportionality factors between luminosity and mass
density, are in average constant throughout a galaxy, even though the op-
posite is observed: different galaxy regions are dominated by different star
populations. Moreover, the obtained mass distributions are strongly model-
dependent, showing that galaxy dynamics is still not well understood. The
best illustration of this is the fact that a galaxy that is dark-matter domi-
nated in one model can be described without dark matter by another model.
In this paper we report on two such examples.

Every galaxy model provides some correspondence between mass distri-
bution and rotation curve and serves only as a tool for obtaining an approx-
imation of galactic gravitational potential. We see no direct connection of
the problem of stability of the assumed matter configuration in a particu-
lar model, with efficiency of the model in approximating real gravitational
potential. The vast majority of people engaged with rotation curve mod-
elling believe that spiral galaxies more resemble balls, the other group prefer
thinking about spiral galaxies as they are observed — flattened disk-like
structures. On the one hand, the first group is happier as spherical sym-
metry stabilises systems and puts aside many awkward problems, but the
group is also constantly starved for more and more new exotic physics, on the
other. The other, tiny group, however, seems to perform better in relating
mass distributions to rotation curves without new physics. But which limit,
spherical or flat, better approximates the correspondence between mass dis-
tribution and rotation of a real spiral galaxy?

3. The disk model

We apply the infinitesimally thin disk model known from standard text-
books on galaxy dynamics [2] for approximate description of gravitational
field of matter in spiral galaxies. We assume that the matter is grouped
mainly in the neighbourhood of galactic plane z = 0. Although the disk
model has been known for decades, the method of determining mass dis-
tribution we have developed [3] in the framework of this model is quite
novel and overcomes difficulties arising in handling observational data in
this model.

In the disk model approximation, gravitational potential outside the
galactic plane is determined by solving the Laplace equation ∆Φ = 0. It
is assumed that solutions must be cylindrically symmetric and reflection
symmetric with regard to the galactic plane. Having found a solution that
vanish at infinity sufficiently fast, mass distribution in the disk plane can be
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found from a Gauss law and reads

σ(ρ) =
1

2πG
∂zΦ

∣

∣

∣

∣

z=0

. (3.1)

The problem of finding gravitational potential in this case is simple and
quite analogous to finding electric potential in the presence of electric charge
distributed in the plane z = 0. In particular, internal solution of a boundary
problem with Φ = const. on the side wall of a cylinder of radius R is a
superposition Φ = −

∑

n CnJ0(λnρ)e−|z|λn for ρ ≤ R and z 6= 0, were λn’s
are consecutive zeros of equation J1(λn R) = 0. Assume that Cn’s are such
that

v2(ρ) = ρ
∑

n

λnCnJ1(λnρ) (3.2)

which follows from the requirement that the condition of circular orbits
v2

ρ
= ∂ρΦ at z = 0 be satisfied for ρ < R. The coefficients can be found by

the inverse transform as described in [3] or even by the least square method
as higher frequency terms can be in practice usually neglected. One expects
that such determined Φ should well approximate galactic gravitational po-
tential close to z = 0 and for sufficiently small ρ, such that the influence
of the simplifying boundary condition Φ = const. on the side wall ρ = R
could be neglected (for our method this boundary condition is irrelevant,
however). Then also surface density (3.1) should well approximate column
density in galactic disk, at least sufficiently close to ρ = 0. Therefore, we
assume calculation of (3.1) as our starting point and the first coarse esti-
mation of mass distribution. For larger ρ’s and outside R, where rotation
curve is not known from observational reasons, the problem of finding ro-
tation curve globally and consistently with mass distribution of hydrogen
can be solved by iterations. For several galaxies that were considered dark
matter dominated this can be done with the amount of invisible matter that
is acceptable as ordinary non-shining matter. By consistent we mean that
the integral

v2(ρ)

4Gρ
= P





ρ
∫

0

σ(χ)
χE

(

χ
ρ

)

ρ2 − χ2
dχ −

∞
∫

ρ

σ(χ)





χ2E
(

ρ
χ

)

ρ(χ2 − ρ2)
−

K
(

ρ
χ

)

ρ



 dχ





(3.3)
(understood in the principal value sense, hence the ‘P’ symbol) that relates
rotation velocity to mass distribution in the z = 0 plane in disk model,
should be globally invertible and, in addition, that σ(ρ) should agree with
the observed amount of hydrogen for ρ > R and v(ρ) should agree with the
observed part of rotation curve. In the above integral E and K are elliptic
functions.
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3.1. The iterative spectral method

To apply the method we have to know the distribution of visible matter
beyond the last point ρ = R of the observed rotation curve (R is called
here ‘the cutoff radius’). The matter provides the lower bound for surface
mass density for ρ > R. In practice we make use of the measurements
of neutral hydrogen (HI) which often stretch beyond cutoff radius and if
required we may multiply its amount by the factor 4/3 to include helium.
The application of our method is demonstrated for the example galaxy M94.
Rotation curve of this galaxy was taken from Y. Sofue’s web page [4].

The initial step in our method is to find the approximate density dis-
tribution as described in the previous paragraph. The result is shown in
figure 2(a) as the curve marked with σ0. Neutral hydrogen distribution that
was taken from [5] was marked in that picture with ‘σH’. In the first step we
assume that global surface density σ1 equals to σ0 everywhere up to the first
point where σ0 becomes less than HI’s density. Beyond that point we assume
that σ1 equals to the observed column density of HI, we assume also σ1 = 0
for greater radii where nothing can be detected. In this way we obtain the
first approximation of column mass distribution in the whole space. Then
by substituting σ1 into the exact formula (3.3) we obtain the corresponding
rotation curve and denote it by v1. As is seen in figure 2(b) this curve does
not overlap ideally with the observed rotation curve yet, thus more matter
has to be added. Surface density of missing matter is proportional to the
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Fig. 2. (a) Consecutive iteration steps for column mass density in galaxy M94, only

a fragment is shown; (b) Rotation curve reconstruction — consecutive iteration

steps. The v4 line is the global rotation curve obtained from the global mass

distribution found in the 4-th iteration step and agrees perfectly with the observed

part of rotation curve of galaxy M94.
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difference of squares of v1 and v0, where v0 is the observed rotation curve.
This difference is substituted to equation (3.2) in place of v2(ρ) from which
the corresponding spectral coefficients can be found and next the density of
missing matter is calculated from equation (3.1). Such obtained correction
is then added to σ1 and the result is assumed as the second approximation of
global surface density up to the point where it becomes less then the density
of hydrogen, beyond that point we assume it is equal to the column density
of hydrogen. In this way we obtain the global surface density in the second
iteration step and denote it by σ2. Then again, we find from equation (3.3)
the corresponding rotation curve and similarly as in the previous step we
look for the next correction to global density. We repeat the procedure again
and again until satisfactory agreement with the observed rotation curve is
obtained. For the particular galaxy we obtain such agreement in the 4th

iteration step, which can be seen in figure 2(b). In this way, as the result
of the application of the Iterative Spectral Method in the framework of disk
model, we have found the density distribution which accounts for the mea-
sured rotation curve perfectly and also agrees with the observed amount of
matter in distant regions of the galaxy.

3.2. Results

For a given luminosity profile, we may check how large is the corre-
sponding mass-to-luminosity ratio and how its dependence on radius looks
like. Luminosity profiles of galaxy M94 obtained in three different filters
were adopted from [6] and are presented in figure 3(a) (after rescaling to
currently accepted distances), and shown together with the distribution of
total surface mass density and hydrogen column density. As is seen in fig-
ure 3(b), the mass-to-luminosity ratio is low for this galaxy and is the lowest
in the I-band. In this band the maximum is attained at 2.5. We thus infer
that the region in the neighbourhood of the maximum should be populated
mainly by stars with masses of about 0.8 of the solar mass. What is also
important, the mass-to-luminosity ratio decreases towards the galactic edge,
in contrary to what the currently accepted approach to modelling of rotation
curves arbitrarily assumes. The mass-to-luminosity ratio we have obtained,
varies also with radius and is always low, as one would expect for a spiral
galaxy. It thus follows that the assumption of a massive, spherical halo is
not necessary for galaxy M94 — by applying the disk model, we obtained
mass distribution which perfectly accounts for its rotation curve without
the massive dark halo, thus there is no apparent reason for introducing dark
halo of non-baryonic matter to the galaxy.

There is also another very important and simple test that excludes the
presence of a massive and spherical halo in galaxy M94 that would dominate
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Fig. 3. (a) Global surface mass density (σ4), neutral hydrogen surface density (σH),

and luminosity profiles in three bands B, V and I (B — triangles, V — squares,

I — circles) for galaxy M94. (b) Mass-to-light ratio as a function of galactic

radius for three different filters. (c) Rotation curve of the M94. Open circles —

observational data points (from [4]). Solid line — rotation curve reconstructed

based on global surface density obtained using iteration method. (d) Negative

sphericity test for galaxy M94.

gravitationally at large radii. This argument is based on the analysis of rota-
tion curve of the galaxy. If we assume for contradiction that the gravitating
mass in the galaxy has spherically symmetric distribution, then its rotation
curve (under the assumption of circular orbits) must satisfy the condition
that Keplerian mass function ρ v2(ρ)/G is non-decreasing

d

dρ

(

ρv2(ρ)
)

≥ 0 . (3.4)
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This condition is apparently broken at larger distances from the centre in
galaxy M94 as is seen in figure 3(d).

The next example is the M101 galaxy. Its rotation curve was taken
from Sofue web page [4]. In order to find mass distribution in the galaxy
we proceed analogously to the way presented in the previous example. The
distribution of neutral hydrogen in the galaxy [7] was multiplied by 4/3 so as
to take helium into account. Luminosity profile of the galaxy was measured
in a K-filter [8]. The sphericity test in figure 4(d) shows that rotation curve
excludes the massive spherical dark halo also for this galaxy. Therefore the
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Fig. 4. (a) Surface mass density including neutral and molecular hydrogen in the

M101 galaxy, shown together with K-band surface luminosity profile (triangles).

(b) Mass-to-light ratios for the M101 galaxy: solid line for total mass, dashed line

for the neutral hydrogen and helium subtracted from total mass, dotted line for the

neutral and molecular hydrogen and helium subtracted. (c) Rotation curve of the

M101. Open circles — observational data points (from [4]), solid line – curve recon-

structed based on surface density obtained using iteration method. (d) Negative

sphericity test for galaxy M101 .
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disk model can be applied. It is interesting that the mass-to-luminosity
ratio profile increases with radius close to the galactic edge, figure 4(b),
which might suggest the existence of a flattened dark halo. However, after
subtraction of hydrogen and helium from the total mass profile the effect
disappears simply because hydrogen and helium are invisible in the K-band.
For this galaxy we took into account also molecular hydrogen [9] of which
presence reduces the mass-to-light ratio even more, figure 4. To sum up, in
galaxy M101 dark matter is not only unnecessary but its introduction would
even cause problems.

From the above examples we see that global disk model performs much
better than models with spherical halo of dark matter. But most impor-
tantly, it follows that the way of thinking about spiral galaxies should be
revised as different models lead to quite different predictions for the same
galaxies.

3.3. Summary

As was demonstrated in the previous section, the Global Disc Model
applied together with Iterative Spectral Method gives reasonable density
distributions accounting perfectly for observations. For the two example
galaxies, M94 and M101, the mass-to-luminosity ratios are low. Moreover,
rotation curves of these galaxies exclude the possibility of existence of dark
and massive spherically symmetric components predicted by the standard
approach to modelling of rotation curves. Are these galaxies exceptional?
This cannot be answered unless we better understand dynamics of spiral
galaxies and revise the currently accepted approach to modelling of mass
distribution in spiral galaxies. If these galaxies are not exceptions then they
would provide a tool for estimation of the lower bound for clustering scale of
dark matter. Then the scale may turn out much greater than it is currently
thought, maybe as large as the size of clusters of galaxies.
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