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Fluctuations of electric and magnetic fields in the collisionless plasma
are found as a solution of the initial value linearized problem. The plasma
initial state is on average stationary and homogeneous. When the state
is stable, the initial fluctuations decay exponentially and in the long time
limit a stationary spectrum of fluctuations is established. For the equi-
librium plasma it reproduces the spectrum obtained from the fluctuation-
dissipation relation. Fluctuations in the unstable two-stream system are
also discussed.

PACS numbers: 52.25.Gj

1. Introduction

Spectrum of electromagnetic fluctuations is an important plasma charac-
teristics studied in various contexts. In terrestrial experiments the spectrum,
which is observable through scattering measurements, signals, for example,
an onset of plasma instability or turbulence. Electromagnetic fluctuations in
primordial cosmological plasma are analyzed to explain an origin of magnetic
fields in the Universe.

The fluctuations can be theoretically described using several methods
reviewed in the classical monographs [1,2|. Modern field-theory techniques
developed for relativistic plasmas are worked out in [3,4]. Physically most
appealing seems to us the method proposed by Rostoker [5] and Klimon-
tovich and Silin [6] which is clearly exposed in the handbook [7]. The
method, which is applicable to both equilibrium and nonequilibrium plas-
mas, provides the spectrum of fluctuations as a solution of the initial value
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(linearized) problem. The initial plasma state is assumed to be on average
stationary and homogeneous. When the state is stable, the initial fluctua-
tions are explicitly shown to exponentially decay and in the long time limit
one finds a stationary spectrum of fluctuations. In this way one obtains
for the equilibrium plasma the spectrum which is alternatively provided by
the fluctuation-dissipation relation. When the initial state is unstable, the
memory of initial fluctuations is not lost, as the unstable modes, which are
present in the initial fluctuation spectrum, exponentially grow.

The fluctuations of the distribution function, electric charge or longitudi-
nal electric field can be found rather easily, see [5-7]. Analytic computation
of the magnetic field fluctuations appear to be quite lengthy and tedious
while the computation of fluctuation spectrum of the electric field, which
is not constrained to be purely longitudinal, is a real challenge even in the
collionless plasma, as one has to take into account and sort out numerous
terms. Up to our knowledge such calculations have not been published. In
this article we study the fluctuation spectrum of electric and magnetic fields
in detail. In the case of equilibrium, we reproduce the spectrum usually
provided by the fluctuation-dissipation relation. Fluctuations in unstable
systems are also discussed and, as an example, we compute the fluctuation
spectrum of longitudinal field in the two-stream system.

The method under consideration, although physically appealing, is cer-
tainly not the most effective to analyze equilibrium plasmas. And our actual
goal is to set a stage for nonequilibrium calculations similar to those of the
two-stream system. Our particular interests is focused on the quark-gluon
plasma — a highly relativistic system governed by non-Abelian dynamics
which, in spite of important differences, manifests profound similarities to
electromagnetic plasmas discussed at length in [8]. The quark-gluon plasma
produced in relativistic heavy-ion collisions is presumably unstable to chro-
momagnetic modes, see the review [9]. The instability growth is associated
with generation of chromomagnetic fields which in turn strongly influence
transport properties of the plasma [10]. The fluctuation spectrum of chro-
momagnetic fields is an important issue to be settled.

Our paper is organized as follows. In Sec. 2 we present the theoretical
framework to be used in our further considerations. The linearized kinetic
equation are solved together with Maxwell equations by means of the one-
sided Fourier transformation in Sec. 3. The electric and magnetic fields are
expressed through the initial values of the fields and electron distribution
function. Sec. 4 deals with the initial fluctuations. Those of the distribution
function are identified with the fluctuations in a classical system of nonin-
teracting particles. The initial fluctuations of fields are expressed through
the particle fluctuations using the Maxwell equations. The well-known fluc-
tuation spectrum of longitudinal electric field is obtained in Sec. 5 while the
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fluctuation spectra of magnetic and electric fields are derived in Secs. 6 and 7,
respectively. It then becomes clear why the analysis of longitudinal electric
field is much easier than that of the general case. In Sec. 8 we extend our
calculations to nonequilibrium anisotropic plasma, discussing fluctuations
of longitudinal electric field in the unstable two-stream system. Our results
are summarized and concluded in Sec. 9. Throughout the article we use the
CGS natural units with ¢ = kg = 1.

2. Preliminaries

We consider a classical plasma where ions are assumed to be a passive
background which merely compensate the charge of electrons. However, the
ions can be easily included in the considerations. The time scale of fluctu-
ations of interest is much shorter than that of inter-particle collisions, and
consequently the starting point of our analysis is the collisionless transport
equation of electrons

0
( <§ +v- V> —e(E(t,r)+v x B(t,r)) - Vp>f(t,r,p) =0, (1)
where f(t,r,p) is the distribution function; E(¢,r) and B(t,r) denote the
electric and magnetic fields in the plasma.

The transport equation (1) is supplemented by the Maxwell equations

V-E(t,r) = 4mp(t,r), V-B(t,r)=0,
B(t E(t
VXE(t,’I") = _M’ VXB(t,’I"):Zlﬂ'j(t,T‘)—I—M, (2)
ot ot
with the electric charge density and current given as
dS
pltor) = = [ (7 0) + i @
. d3p
i) = e [ v srp). @)
The distribution function is assumed to be of the form
ft,r,p) = f(p) +6f(t,7,p), (5)

with
fo(p) >> 5f(t,r,p) 9 |fo0(p)| >> |vp5f(t7r)p)| ) (6)
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and

3 3
/ (;lﬂz))s f2(p) — nions = 0, / (;lﬂl)’g v Ot 7. p) = 0. )

The transport equation linearized in 6 f is

<2 +uv- V> Sf(t,r,p) — e(E(t,r) +v x B(t,r))-V,f’(p) =0. (8)

ot
and
3
p(t,r) = —e/(gT];géf(t,r,p), 9)
3
Jtr) = —e / (;ZT];?,véf(t,r,p)- (10)

3. Initial value problem

We are going to solve the linearized transport equation (8) and Maxwell
equations (2) with the initial conditions

5f(t:0,7",p) = 5f0(r,p),
E(t=0,r) = Ey(r), B(t=0,7) = By(r). (11)

We apply to the equations the one-sided Fourier transformation defined as

flw, k) = / dt / Bre @R £t ) (12)
0
The inverse transformation is
oco+io d d3k
_ aw —i(wt—k-r) k 1
ren = [ 55| G F k), (13
—oo+1io

where the real parameter o > 0 is chosen is such a way that the integral
over w is taken along a straight line in the complex w-plane, parallel to the
real axis, above all singularities of f(w, k).

We note that

/dt/d?’re"(“t_k'r)w = —iwf(w, k) — f(t=0,k). (14)
0
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The linearized transport (8) and Maxwell (2) equations, which are trans-
formed by means of the one-sided Fourier transformation, read

—i(w—k-)df(w, k, p)—e(E(w, k)+v x B(w, k))-V,f*(p)=0fo(k,p), (15)

ik - E(w, k) = 4mp(w, k),
ik - B(w,k) = 0,
ik x E(w,k) = iwB(w, k) + By(k),
ik x B(w, k) = 4nj(w, k) —iwE(w, k) — Eo(k) . (16)

One finds the solution of the transport equation as

1

5f (w, k,p)= (e(B(w, k)+vx B(w,k))-V, [ (p)+3fo(k,p) ) - (17)

w—k-v

3.1. FElectric field

Substituting the solution (17) into the Fourier transformed current (10)
and using the third Maxwell equation (16) to express the magnetic field
through the electric one, the current gets the form

j(ka) =

i () s )

o = (G Bo) %o

d3p v
SR s S — TN 1
ie [ e =g k) (15)
Since the dielectric tensor £ (w, k) in the collisionless limit equals [1]
y o Ame? d3p v
ij k) = 59
£ w k) * w /(27T)3w—v'k—|—i0+
k-v\ v kP
1-—— ) &% + b o 19
(-5 EE ) ehew). o)
the current can be written as
-7 k) = —— i k) — i E] k 2
Flok) = k) = ) B k) + 2 R

d3p v

X (%vao(k))jVifo(p)—ie/ ) ok v5fo(k p). (20)
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Combing the third and fourth Maxwell equations (16), one finds

[(* = k)67 + Kk ] B (w,k) = —dmiw j'(w, k) + iwEj(k)
—i(k x Bo(k))". (21)

Substituting the current (20) into Eq. (21), one obtains

(k267 + k' + w6 (w, k)] B (w, k)

' 43 i o
— / G oo R X Bok) Vi p)

3 Ui . .
—drew / (%3 ——— fo(k.p) + iwEj(k)—i(k x Bo(k))". (22)

Denoting the matrix in left-hand-side of Eq. (22) as
Y (w, k) = —k*6Y + k' + WV (w, k), (23)
the electric field given by Eq. (22) can be written down as

, d? Y (w, k)v?
E'(w, k) = —47re/ (27:;3 ( w)—ij-k)

x [ie(v x Bo(k) - V,/°(p) + wifolk, )]

+iw(E7Y (w, k) B (k) —i(Z71)7 (w, k) (k x Bo(k))’, (24)

which is the main result of this section.

When the plasma stationary state described by f9(p) is isotropic, the
dielectric tensor can be expressed through its longitudinal and transverse
components

ii k'k o KUK
e'(w, k) = er(w, k) 2 +er(w, k) (5] T2 ) ) (25)

where er,(w, k) and e7(w, k) are well known [7] to be equal to

4re? d*p 1 o1°(p)
eLlw. k) = 1+ k2 / 2r)¥w—k-v+i0t  dp (20)
2me? d*p 1
er(w, k) = 1+ w /(2W)3w—k-v+i0+
af'(p) k-v, 9f%p)
" [v L (27)
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The matrix X% (w, k), which then equals

g ik ki
£ (0, k) = wer (w, k) S + (er(w k) — k%) (57 = =5 ) (28)

can be inverted as

1 kikI 1 ( s kikj>

Y (w, k) = +
()% w k) wler(w, k) k*  wlep(w, k) — k? k?

(29)

When the momentum distribution f°(p) is isotropic, V,f°(p) ~ p, and
consequently (v x By(k)) - V,f(p) = 0. Therefore, the first term in the
right-hand-side of Eq. (24) vanishes and the electric field is found as

, 1 kikI 1 o Kk
i _ _ ij _
E'(w, k) 4 ew <w25L(W7 k) K + ey k) = 2 ((5 2 ))

d3p vl
x /Wm5f0(k>m

1 k'K 1 kR ;
. 52]_ E] k
Hw(w?@(w,k) k2 +w25T(w,k:)—k2< = )> o(k)

i(k x Bo(k))’
B wler(w, k) — K
If the field is purely longitudinal,
k E
2

E(w,k) = (k- Blw.k) 5. Bo(k) = (k- Bo(k)) -

Eq. (30) gives

B 4me dp kv ik - Eo(k)
k-Blwk) = wep(w, k) / 2P w—k-v Ofo(k,p) + wer (w, k) (31)

Taking into account that

Eq. (31) can be rewritten as

k-E(w k)=

4re d®p dfo(k,p)
[ (32

Cep(w k)] @B w—k-ov
Eq. (32) can be obtained directly by substituting the solution of transport

equation (17) (with B = 0) into the first Maxwell equation. Then, the initial
electric field does not show up.
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3.2. Magnetic field

Using again the third Maxwell equation (16) to express the magnetic
field through the electric one, Eq. (24) immediately provides

. 1 ... .
Bi(w,k) = = *EI(2 Yk (w, k)
w

3 'Ul
( — 471'2'62/ (;ZWZ))S m('v x By(k)) - foo(p)

3 'Ul
~dmew | (;lTp;gméfo(k,p)—i—iné(k)—z’(kxBo(k))l)
+LBi(k). (33)

When the plasma stationary state is isotropic and (X~1)¥ (w, k) is given by
Eq. (29), one finds

€k

k(SR (W, k) = . 34
) k) = (39
The first term in the right-hand side of Eq. (33) vanishes, because
(v x Bo(k)) -V, f%(p) = 0, and thus
dme dp kxwv
Blw, k)= — 5folke,
. k) w2ep(w, k) — k> / 27r)3 w—k-v folk. p)
ik x Eq(k ; k
ik x Ey(k) iwer(w, k) Bok). (35)

wlep(w, k) — k?  wep(w, k) — k2

4. Initial fluctuations

The correlation functions of electric or magnetic fields, (E*(ty, 1)
FEi(tg,m9)), (B'(t1,71) B (t2,72)) ((---) denotes averaging over statistical en-
semble), are determined by the fields E(t,r), B(t,r) found in the previous
section and the initial correlations (8 fo(r1, 1) fo(r2, Po)), (E§(r1)E}(r2)),

(B (r1) B (ra)), (6o(r1,0) E(ra)), (6o(r1,p) B (r2)) and (Ey (r1) B (ra))
which are discussed in this section.

We identify the initial correlation function (0 fo(r1,p1)d fo(r1,p1)) with
the correlation function (§f(t1,71,p1)0f (t2, T2, D)) frec taken at t1 =to =0
of the system of free classical particles (obeying Boltzmann statistics) in
a stationary homogeneous state described by the distribution function f°(p).
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As well known [7],
(6f(t1, 71, P1)0f (t2, 72, P2))iree = (27)°6P) (py — 1)
x 83 (ro—r1—v1(ta—11)) f°(p1) - (36)

Then,

(0fo(ri,p1)ofo(ri,p1)) = (0f(t1 =0,71,p1)0f(t2 = 0,72, DP2))free
= (277)35(3) (Pz—P1)5(3) (7“2—7“1)f0(191) , (37)

and
(0.fo(k1,p1)d fo(ka, o)) = (21)36®) (py—py ) (27)%0®) (Ko +-k1) fO(py) . (38)

The correlation function k:%(é fo(kl,pl)Eé(kg» can be also expressed
through (0 fo(k1,p1)0 fo(k2,ps)). Using the first Maxwell equation, one finds

k(8 folky, py) E(ka2)) = —Ami(dfo(ky, py)po(ks))
3
= 4mie / éTp; (6 folker. p1)5 fo (k. )
= 4mie(21)%60) (kg + k1) fO(py). (39)
And finally,
Kk (k1) B} (k2)) = —1672(po(Fe1)po(k2))

d? d?
= —167‘(262/ (2:)13 (2:)23 (0fo(k1, 1) fo(k2,P2))

d3p
(2m)?

When the electric field is not purely longitudinal, the computation of
the initial correlations (Ef(r1)E}(r2)), (6fo(r1,p1)E}(r2)) is more compli-
cated, as the electric field Ey(r) is not fully determined by 0 fo(7,p) but
§f(t,r,p) enters here. To compute (Ej(r1)E}(r2)), (0fo(r1,p1)E)(r2)) as
well as (B{(r1)B](r2)), (6fo(r1,p1)B}(r2)), and (E{(r1)B}(r2)), we use
the Maxwell equations transformed using the Fourier transformation not
the one-sided Fourier transformation. Actually, the Fourier transformed
Maxwell equations are very similar to the one-sided Fourier transformed
Maxwell equations (16). The initial electric and magnetic fields are simply
absent in the former ones. However, it should be clearly stated that the

). (40)

= —1672e%(27m)360) (kg + k1) /
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one-sided Fourier transformation is not mixed up with the Fourier transfor-
mation. The latter is used to compute only the initial fluctuations which
are independent of w.

Combing the third and the fourth Maxwell equation, one gets the equa-
tion as Eq. (22) but the terms with E((k) and By(k) are absent. Inverting
the matrix in the right-hand side of the equation, we get the electric field
expressed through the current

; 1 kR 1 o KU
E'(w, k) = —4miw NI (5]— 2

)|Fem. @

The magnetic field is given as

4 )

B(w,k) = T

The correlation function <E6(k1)E6(k2)> is derived as

(BB R2)) = [ SAS2 B oy, k) B, K2)

dw1 dUJQ |:i k‘ik‘]f i w1 (5zk _ k‘ik‘]f):|

= —(47)? [ =2 ==
(4m) 2 21 (w1 k7 wi-— Kk} k3

jpl gl
L

X <jk(w17 kl)j] (w27 k2)>

dw1 dUJQ d3p1 d3p2 ko1
= —(4me)? | =222 7 T
(4e) / o 27 (2m)3 (2m)3 12

1 KLk , Kikk
% [_ 121 i 2W1 _ <5zk_ 121)]
w1 kl wl — kl kl

J 1.l ] Jpl
R g (-]

x (6 f (w1, k1,P1)0 f (w2, k2, P2)) - (43)

As previously, we identify (0 f (w1, k1,p;)0f (w2, k2, ps)) with
(0f (w1, k1,p1) 0f (w2, k2, P2))free Which equals
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(0f (Wi, k1,p1)0f (w2, k2, Py))ree = (2)36P) (py — py) 278 (w1 + w2)
x (2m)360) (k1 + ko)

wi—woy ki—k
><27T5< 12 2_ M 2v1)f0(p1).

2
(44)
Then, after performing trivial integrations, <E6(k1)E6(k2)> equals
(k1) B (k) = —(4me)?(2m)*0) (k1 + ko)
Pp o, (k1 -0)v = k) (k2 - v)v) k)
< S O G

Computing ki k2 (Eé(kl)Eg(k2)>, one reproduces the result (40). Analo-
gously to the correlation function (Ej}(k1)E)(k2)), one finds

(kl . Ug)Ué —k‘i

(E§(k1)d fo(k2, py)) = dmie (2m)36) (ky + ka) £°(py) (k1 v2)2— k2 (46)
Starting with Eq. (42), we obtain
(Bi(k1) Bl (ka)) = —(4me)?(2m)36®) (ky + ko) eFled™ kg
dp vl
O G e
and
(B (k)3 fo (k. pa) = dric (206 (ks + k) F(pa) — L0 (4g)

(kl . 1)2)2 — k% ’
Finally, one computes
(Ej(k1) By (ka)) = —(4me)*(2m)%6@) (k1 + k2)

dp (k1 - v)v" — k)M k!
[ s ) G o




952 S. MROWCZYNSKI

5. Fluctuations of longitudinal electric field in isotropic plasma

We first consider a special case of purely longitudinal electric field in the
isotropic plasma when the electric field is given by Eq. (31). Then,

R . 1
K k(B k) E’ k =
kg (B (wr, k1) B (w2, k2)) wiwaer, (wi, k1) er (w2, k2)
dp1 dps k1-vy ko - v
1672 2/ 5fo(k §fo(k
X [ e (27T)3 (27r)3 w1 — k101 Wy — Ky - vy < fo( 1>P1) fo( 27p2)>

. a3 ki-v j j
_ dmie / B oo M0k P EY (k)

) d3p ky v i) i P .
e T T K () ok )~ K (1) ) ) 50)

Substituting the formulas of initial fluctuations (38, 39, 40) into Eq. (50),
one finds
(27)36®) (ko + k1)
wiwzer (w1, k1) en (w2, k2)
d? ki - ko - ki - ko -
% / p 10 20 n 1 n 2°0
(271')3 wl—kl-v WQ—kQ"v wl—kl-v WQ—kQ-U

Kk (B (w1, k1) EY (wo, ko)) = 16m2€?

+1|f(p). (51)

It appears that

ki-v ko v ki-v ko v w1 w9
+ + +1= ,
wl—kl-v (,eJQ—kQ'U wl—kl-v WQ—kQ-U wl—kl-v (,eJQ—kQ'U

and consequently Eq. (51) simplifies to

(27)360) (ky + k1)
er (w1, k1) e, (w2, k2)

d*p f°(p)
X/(ZTF)?’ (wl—kl-v)(w2—k2-v) ' (52)

KLk (B (w1, k1) EY (wa, ko)) = 1672%€2

This equation could be easily obtained directly from Eq. (32) where the
initial electric field is already eliminated.

Taking into account that the electric fields are parallel to their wave
vectors, and consequently kik] (E'(w, k1) B (w, —k1)) = k3 (E*(wy, k1) x
E'(ws9, —kq)), one finally finds
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(2m)366) (kg + ky)
kier (w1, k1) er(wa, —k1)

d*p f(p)
% / (27’1’)3 (wl— kl . ’l))((,eJQ + kl . ’U) ’ (53)

(E' (w1, k1) E' (w2, ko)) = —1672%€?

Let us now compute (E*(t1,71)E"(ta,72)) given by

oco+io co+io

| | 3 3

(E'(t1,71)E" (t2,72)) = / dwy / dUJ2/ d k:1 d k:2
—oo+io —00+w

x e mkrmitesta ke ) B () k) B (w3, o)) - (54)

Zeros of e, (w;, ki) and of the denominators (w; — k; - v +40") with ¢ = 1,2
contribute to the integrals over wy and we. However, once the plasma system
under consideration is stable with respect to longitudinal modes, all zeros of
er, lie in the lower half-plane of complex w. Consequently, the contributions
associated with these zeros exponentially decay in time and they vanish in
the long time limit of both ¢; and ¢s.

We are further interested in the long time limit of (E%(ty,r1)E%(t2,72))
and then, the only non-vanishing contribution corresponds to the poles at
w1 = k1 -v and wy = ko - v. This contribution reads

. , 3 3
(E'(t1, 1) E' (t2,72)) 00 = 16%262/(d]; /(d])) ¢~k (vt —t2)—(r1-72))

f°(p)
ke (k-v,k)ep(—k -v, —k)

(55)

Keeping in mind that er,(—w, —k) = €] (w, k) for real w and k, it can be
rewritten as

Et ' dw &3k e—i(wlti—t2)—k-(r1—r2))
‘ t ) EZ t ) oo 32 3 2 / _—
< ( 1 Irl) ( i Ir2)> ‘ 27 (2”)3 ‘ZQ‘EL(("HN)P

3
x / (;ZT];?,é(w—k'v)fo(p)- (56)

As seen, (E'(t1,71)E'(t2,72))00 given by Eq. (56) depends on t1,ty and
r1, 79 only through (¢ — t3) and (1 — r2) and it can be written as

dw d®k
27 (2m)3

(Ei(h,Tl)Ei(h,Tz))oo:/ _Z(W(tl_tz)_k.(rl_m))<EiEi>wk7 (57)
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where the fluctuation spectrum (E'E?) y is

i 32m3e? d®p
BB = oo ] T B RO (o

In the case of equilibrium plasma, the formula (58) provides the result
which can be obtained directly by means of the fluctuation-dissipation the-
orem. Let us derive the result. Due to the identity

1
—— =P—Find(z), (59)
x
the imaginary part of er,(w, k), which is given by Eq. (26), equals

4 2.2 dS o 0
Imsﬂw,k)z—%/ﬁé(w—k-v)k- fa;p). (60)

In equilibrium fO(p) ~ e PF» and 0f%(p)/dp = —pvf°(p). Therefore,
Im ey, equals

722 3
Imep(w, k) = 1 /d—pé(w—k-v) (k-v) f'(p)

Tk | (2n)3
42w d®p
-2 / oy @~ k) 1), (61)

Using the expression (61), the formula (58) is rewritten as

TImep(w, k)

E'E" g = 8r—————2
< >0Jk: ﬂ-w |5L(W,k)|2 )

(62)
which agrees with Eq. (51.25) from [7] which is obtained there in essentially
the same way.

6. Fluctuations of magnetic field in isotropic plasma

As seen in Eq. (35), the magnetic field in isotropic plasma is given by
three terms. Therefore, nine terms enter the correlation function (B%(wy, k1)
B (ws, k2)). Substituting into these terms the initial fluctuations derived in
Sec. 4, one finds after an elementary but lengthy and tedious analysis the
following expression:
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(4me)?(2m)36G) (ky + kg)etkledmn ke
(Wler(wr, k1) —k?)) (wleT (wo, ko) —k2))

(B'(w1, k1) B (wy, ka)) =

dp vl
o8 R A e e v
X [(wl(kl . U) — k%) + wlsT(wl, kl)(wl — k- ’U):|
X [(m(kz - v) — k2) + woer(wa, ko) (ws — ks - v)} : (63)

We now compute (B*(t1,r1)B’(ta,72)) given by

oco+io oco+io

) X d d a3k d3k
(Bi(t1,71) B (2, 73)) = / den / dn / 5 [
—oo+1i0 —oo-‘,—za
x etk bt ke ) (B ) B (g, ky)) (64)

Zeros of (wler(ws, ki) — k?) and of w; — k; - v +40%) with i = 1,2 con-
tribute to the integrals over wi and ws. However, once the plasma system
under consideration is stable with respect to transverse modes, all zeros of
(wler(wi, ki) — k?) lie in the lower half-plane of complex w. Consequently,
the contributions associated with these zeros exponentially decay in time
and they vanish in the long time limit of both ¢; and t».

We further consider the long time limit of (B*(t1,71)B’(t2,72)) and then,
the only non-vanishing contribution corresponds to the poles at w; = k1 - v
and w9 = k9 - v. This contribution reads

_/ Pk ke dp
(27)3 (2m)* (27)

e—i(wltl—kl r1twaty—ka-1r2)

(B'(t1,71) B (t2,72)) 5./°(p)

(4me)?(2m)360) (Ky + ko) el kR D
(wier(wi, k1) — k3)) (wler (wo, ko) — k3))

vlo™

(k1 -v)? = k) ((k2 - v)? — k)

% (wi(k1 - v) = k) (w2 (ks - v) —k3) (65)

wi=k1-v, wa=ka-v
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and it can be easily expressed as

. . dw d3k
B'(t Bt o = | ——=
(B'(t1,71) B’ (t2,72)) / o7 (27)3
x e~iwiti—t)—ke(m=—r2)) pipiy . (66)
where the fluctuation spectrum is

3271'362 Eiklejmnkkkm

<BiBj>°Jk - (w2er(w, k) — k) (w2er(—w, —k) — k?)
3
x / (gﬂl;g FO(p) 8w — k- v) vlo™ . (67)

When both w and k are real e7(—w, —k) = ¢ (w, k). Therefore, the fluctu-
ation spectrum can be rewritten as

327T362€ikl€jmnkkkm

B'Bl),y =
ek = o) — kT
d3
X / (2;))3 O>p) d(w — k- v)vlo™. (68)
One observes that the matrix function
g d3p o
M"Y (w, k) = / on)? f2(p)d(w — k- v) v'o’ (69)
which enters the correlation function (68), can be decomposed as
ii k'K o KR
MY (w,k) = Mi(w, k) = + Mr(w.k) (67 = S5 ) . (70)

because the plasma is assumed to be isotropic. Comparing Eq. (70) to
Eq. (69), one finds

Miwk) = | g 1) S — k) (71)

3 )2
Mo k) = 3 [ a2 o) ot -k o2 - BT )

Using the decomposition (70), the correlation function (68) can be written
down as
(BB, = 32132 (61 k2 — /-ci/-cj)M (. k) (73)
ok e k) K2
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For equilibrium plasma the correlation function (B'B’) . can be ex-
pressed in the form of fluctuation-dissipation relation. One first observes
that due to the identity (59), the imaginary part of er(w, k), which is given
by Eq. (27), is

2.2 3
Imerp(w, k) = —%Te/(gTI))?)é(w—k-v)
0f°(p) _k-v, 0f°p)
X [v- a1 k- ap (74)

With the equilibrium distribution function, Im et equals

7T262 3
mep(w, k) = ﬁ / (gT’;g S(w— k- v) (k2% — (k-v)?) fO(p). (75)

Consequently, the function My (72) can be expressed through Imer (75) as

Tw
MT(W7 k) = m IIHET(UJ, k) ) (76)
and finally,
y T . T k
(BB = L (51K — ki) mer(w, k) (77)
w

2,92 °
ler(w, k) — 5|

Eq. (77) coincides with the formula (11.2.2.7) from [1] obtained there directly
from the fluctuation-dissipation theorem.

7. Fluctuations of electric field in isotropic plasma

The analysis of electric field fluctuations is much more complicated than
that of the magnetic field. First of all, there are five terms which enter the
formula of electric field given by Eq. (30), and consequently, the correlation
function (E*(w1,k1)E? (w2, k2)) includes 25 terms. The magnetic field is
purely transverse and some terms automatically drop out but the electric
fields have longitudinal and transverse components. Using the formulas of
initial fluctuations, which are derived in Sec. 4, and patiently analyzing term
by term, one obtains after an elementary but very lengthy calculation the
correlation function of the form:
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(E' (w1, k1) E7 (wg, ka)) = 16m2e%(2m)30) (ky + k2) / (;lif))g f2(p)

K K wiw?
XY 2 k) w2 %) B2 (o — o 2 1.
wier(wi, k1) wier(wa, k2) ki(wy — k1 - v) k3(we — ko - v)

B ik Kk )
wier (w1, k1) wier(we, ka) — k3

" wilwa(wa (k2 - v) — k3) — k3(w2 — k2 - v)]
k2 (wy — k1 - v) k3 (wy — ko - v) (kg - v)2 — k3)

vik? — ki (ky - v) k)
wier(wi, ki) — k3 wier(wa, ko)

wilwi(wi (k1 - v) — kF) — K3 (w1 — k1 - v))]
Ki(w1 — k1 - v) ((k1-v)? — kT) k(w2 — k2 - v)

ki(ky-v) —v'k? K(ky - v) — vk}
wier(wi, k1) — k? w3er(wa, ka) — k3

% wl(wl(kl ) ) k2(w1 — kl . U)

K3(w1 — k1 - v)((k1 - v)? — k7)

ko - v) — k2) — k2(ws — k

y w2(w§( 2 v) — k3) — k3(w2 2 v) (78)

k3 (wa — k2 - v)((k2 - v)? — k3)

We now compute (E(t1,71)E’(t2,72)) given by
co+1i0 d co+i0 d d?’]{; d3k;
(E*(t1,71)E (t2, 7)) = / % / CL)2/ : / 2
T
—oo+1i0 —oo+1i0

% e—i(wltl—kl-7’1+wzt2—k2~'r‘2)(Ei(wh kl)Ej(WQ, k2)> . (79)

Zeros of (wler(w;, ki) — k?), wler(wi, ki) and of (w; — k; - v + i0%) with
, = 1,2 contribute to the integrals over w; and wo. However, once the
plasma system under consideration is stable, all zeros of (w2er(w;, k;) — k?)
and w?er, (w;, k;) lie in the lower half-plane of complex w. Consequently, the
contributions associated with these zeros exponentially decay in time and
they vanish in the long time limit of both #; and ¢5.
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We further consider the long time limit of (E%(t1,71)E(t2,72)) and then,
the only non-vanishing contribution corresponds to the poles at w; = k1 - v
and wy = k9 - v. This contribution reads

Bhy Py
(27)? (2m)?

(B (t1,71)E (tg,72)) 00 = —16m2€> / (27)36) (k1 + k)

d3p i k to—k wiwsz
fo(p) e—l(wltl— 1-r1twata—ka-12)
/ (2m)3 kik3

wiki K (k1 - v) — vk
wier(wi, k1) wler(wi, ki) — k3

wak) N vk — k(K - v)
wieL (w2, k2)  wler(wa, ko) — K3

wi=k1-v, wa=kov
The correlation function (80) can be rewritten as
dw d3k

27 (2 )3e_i(“(“‘t”"“'(’“‘”’)<EiEj>wk, (81)
T T

<Ei(t17T1)Ej(t2,r2)>OO:/

where the fluctuation spectrum is

i g 2 2 d*p 0 w?
(E'E) J. = 167%€ e P (p)2mé(w — k- ’U)E
K K ) k v k? — K (k- v)
w” + w
w?er,(w, k) w2er,(—w, k?) wer(w, k) wer(—w, k) — k?
v'k? — k'(k - v) kI Ei(k-v) —v'k® K (k-v)— v k?
w2er(w, k)—k? wer(-w, k) wler(w, k) — k? wer(—w, k)—k* [’
(82)

One easily proves that the second and third contribution to the fluctuation

spectrum (82) vanish due to the plasma isotropy. Taking into account that

for real w and k, the dielectric function obeys e5(—w, —k) = €¥(w, k) with
s = L, T, the fluctuation spectrum (82) can be written as

L d3p w?

E'E" = 16 262/ Op) 2md(w — k- v)—

< >wk U (27_[_)3 f (p) ™ ( )k4

X{ W2k +(/.gi(k-v)—v"k2)(kj(k‘”)_“ij)}.(SB)

WL (w, B wer(w, k)— k2]
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Due to the plasma isotropy, the expression, which enters the transverse
contribution, can be further rewritten as

Pp ; g -
/(gﬂ)sf (p)27d(w — k- v)(K' (k- v) —v'k") (K (k- v) — v k7)

. i ].J 3
= 50K [ s @tk o) o). ()

In the equilibrium plasma, the imaginary parts of er,(w, k) and e7(w, k)
are given by the formulas (61, 75) and the fluctuation spectrum (83) can be
expressed as

(B'E)up = 8nTW’

k‘ik‘j Im EL(W, k)
K |w?eL(w, k)2

(85)

(g Ky _Imentenk) T
k* /|w?ep(w, k)—k*|?
which for the longitudinal fields reproduces the formula (62). The result (85)
agrees with Eq. (11.2.2.6) from [1] derived using the fluctuation-dissipation
relation.

8. Fluctuations of longitudinal electric field
in the two-stream system

Nonequlibrium calculations are usually much more difficult than the
equilibrium ones. The first problem is to invert the matrix X% (w, k) defined
by Eq. (23). In the case of longitudinal electric field, which is discussed here,
it is solved trivially. We start with Eq. (22) projecting it on k and assuming
that E and Ej are purely longitudinal. Then, the matrix (23) is replaced
by the scalar function.

Further, we neglect the first term in the r.h.s. of Eq. (22). This term
vanishes in isotropic systems; it is of order e? higher than the second term;
it is also expected to be small in nonrelativistic regime due to the smallness
of particle velocity. So, there are good reasons to neglect it. Eliminating
E\ by means of the first Maxwell equation we obtain Eq. (32) which was
previously derived for the case of isotropic plasma. In the following we
consider fluctuations of longitudinal electric fields in the nonrelativistic two-
stream system.

The distribution function of the two-stream system is chosen to be

1) = @) (p - @) + 0 (p + q)] | (86)
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where n is the electron density in a single stream. To compute ef,(w, k)
we first perform integration by parts in Eq. (26) and then, substituting
the distribution function (86) into the resulting formula, we obtain in the
nonrelativistic approximation

(@ = () — 22?4 (k- w))
k)= e

; (87)

where w is the stream velocity (nonrelativistically w = g/m with m being
the electron mass) and u? = 4mwe?n/m. There are four roots +w. (k) of the
dispersion equation e1,(w, k) = 0 which read

Wi (k) =2+ (k- u)? £ pu/u2 + 4(k -u)?. (88)

As seen, 0 < w, (k) € R for any k but w_(k) is imaginary for (k-u)? < 2u?
when it represents the well-known two-stream electrostatic instability. For
(k- u)? > 242, the mode is stable, 0 < w_(k) € R.

The correlation function (E(wy,k1)E! (w2, k2)) as given by Eq. (53)
equals

(27)36®) (k1 + k)
k2
1

(B (w1, k1) E' (w2, ko)) = —167%€*n

X (w1+k1 -u)(w2+k2-u)+(w1 — k1 "U,)(WQ—ICQ'U)

— (k1 - u)?

N(w1 —wi (k1)) (w1 + wi (k1))
— (k- u)?

(w2 — w—(k2)) (w2 +w— (k2))(w2 —wy (ko)) (w2 +wy(k2))

o — o (k) (@1 + w_ (kl

X

(89)

One observes that the poles of the correlation function (E(wy, k1) E*(wa, k2))
at wy = k1v and wy = kov, which give the stationary contribution to the
equilibrium fluctuation spectrum, have disappeared in Eq. (89) as the inverse
dielectric functions vanish at these points.

The correlation function (E*(t1,r1)E"(t2,72)) is given by Eq. (54) with
(B (w1, k1) E'(we, k) defined by Eq. (89). Performing the trivial integra-
tion over ko and taking into account that wi(—k) = wi(k), one finds:
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co+io oco+io

(B'(t1,71)E'(t2,m2)) = 32n%e*n / ﬂ / ﬂ

21 21
—oo+1i0 —oo+1io

wiws — (k - u)?]

/‘ d3k e—i(u}ltl +w2t2—k('r1 —1"2))
(

2m)3 k?
) (k- w?
) < ) (on — o () (an & ooz (8))
(k- w)?
x(wa—w_w))(wzw )P ) e 75 R

There are 16 contributions to the integrals over w; and wo in Eq. (90) related
to the poles at fw,. Summing up the contributions, we get after lengthy
calculation

‘ ) Bk eik(m—rg) 1
7 7 _ 2 2
<E (tl,T‘l)E (tz,’l‘2)> = 167%e TL/ (271')3 1{72 (w2 %)2

w2 — (k- u)?)?
JERIR
x[(wi—(k-u

(

)2) cos (wy (t + t2)) + (w2 + (k - w)2) cos (wa (t — tg))]

wi — (k- u)?)(w? — (k-u)’) [

Wiw—

(wyw_ — (k-w)?) cos(wyt; +w_ty)

+ (wyw_ + (k- u)?) cos(wyt; — w_to)
+ (wyw_ — (k- w)?) cos(w_t] + wyty)

+ (wpw_ + (k- w)?) cos(w_t] —wyty)| + 5

X [(w%—(k cw)?) cos (w_(t1 +t2)) + (W2 + (k - u)?) cos (w_(tl—tg))] } .
(91)

Let us now consider the domain of wave vectors (k - u)? < 2u? when

w_(k) is imaginary and it represents the unstable electrostatic mode.
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We write down w_ (k) as iy, with 0 < 7% € R,

=\ /T A ) — 2 — (k- w)?. (92)

We are interested in the contributions to the correlation function coming
from the unstable modes. The contributions, which are the fastest growing
functions of (t1 + t2) and (¢; — t2), correspond to the last term in Eq. (91).
The contributions provide

<Ei(tl7 Tl)Ei(t% T2)>unstable = 477262”

/ B3k etk(r1—72) (vi+ (k- u)2)2
(2m)% K2 p2 (2 + A(k - w)?) e

X [(’y,%—k(k: -w)?) cosh (7 (t14+12))+ (72 — (k - u)?) cosh (v (¢ —tg))} ,
(93)

where we have taken into account that w? — w? = 2u+/p? + 4(k - u)?. As
seen, the correlation function (93) is invariant with respect to space trans-
lations — it depends on the difference (71 — r2) only. The initial plasma
state is on average homogeneous and it remains like this in course of the
system’s temporal evolution. The time dependence of the correlation func-
tion (93) is very different from the space dependence. The electric fields
exponentially grow and so does the correlation function both in (¢; +t2) and
(t1 —t2). The fluctuation spectrum also evolves in time as the growth rate of
unstable modes is wave-vector dependent. After sufficiently long times the
fluctuation spectrum is dominated by the fastest growing modes. It should
be remembered, however, that our results hold for times which are not too
long. Otherwise, the perturbation, which exponentially grows, violates the
condition (6) justifying the linearization procedure.

9. Summary and conclusion

The calculations presented here show how to obtain a spectrum of elec-
tromagnetic fluctuations in equilibrium or nonequilibrium plasmas as a so-
lution of an initial value problem. We first linearize the transport equation
around the state which is on average stationary and homogenous. The lin-
earized transport equation is solved together with the Maxwell equations by
means of the one-sided Fourier transformation. The time dependent fluc-
tuation spectrum is expressed through the fluctuations in the initial state.
Electromagnetic initial fluctuations are determined by the initial fluctuations
of the distribution function. The later are identified with the fluctuations
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in a classical system of noninteracting particles. We compute fluctuation
spectrum of longitudinal electric fields in isotropic plasma, and then there
are considered fluctuations of magnetic and electric fields. Our equilibrium
results coincide with those obtained by means of the fluctuation-dissipation
theorem. However, the method adopted here clearly shows how the system
looses its memory and how the stationary equilibrium spectrum of fluctu-
ations emerges. As an example of unstable systems, the fluctuations of
longitudinal electric field in the two-stream system are considered. The
fluctuation spectrum appears to be qualitatively different than that of the
equilibrium plasma.

The scheme of calculation, which is worked our here in detail, can be
applied to a variety of plasma nonequilibrium states. Our actual objective
is, however, to generalize the scheme to study fluctuations in the quark-gluon
plasma mentioned in the Introduction. Such a generalization is not quite
trivial. The problem is that chromodynamic fields are, in contrast to their
electromagnetic counterparts, gauge dependent, but physically meaningful
correlation functions have to be gauge independent. A treatment of color
charges needs to be different as well.
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