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By resorting to the nonlinearization approach, a Bargmann constraint
associated with a discrete 3 x 3 matrix eigenvalue problem is considered.
The lattice soliton hierarchy and the bi-Hamiltonian structures are ob-
tained. A new symplectic map of the Bargmann type is obtained by non-
linearization of the discrete eigenvalue problem and its adjoint one. With
the help of the generating function, we arrive at the involutive system of
conserved integrals of the symplectic map, which is further proved to be
completely integrable.

PACS numbers: 02.30.Ik

1. Introduction

In recent years, there have developed several systematic approaches to
carry out the principle, pointed by Flaschka, Ablowitz and others [1-3],
that the new finite-dimensional integrable systems can be constructed from
the infinite-dimensional ones. Omne of the approaches, nonlinearization of
eigenvalue problems on Lax pairs [4-9], has been proved to be a powerful
tool for a wide class of continuous soliton equations. The framework of the
discrete version of classical integrable systems was found to generate the
lattice soliton hierarchies, and then some associated integrable symplectic
maps [10-12| were obtained. Since then, the discrete version of classical
integrable systems have become the focus of common concern and become
the important field of soliton and integrable systems. While the 3 x 3 matrix
spectral problems were few considered before the work of Blaszak et al.
[13|, which using the R-matrix approach to construct the integrable lattice
systems and their bi-Hamiltonian structure. Meanwhile, several 3x 3 discrete
matrix spectral problems were studied in [14-16] by the nonlinearization
method.
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The nonlinearization technique [17-19] is proved to be a powerful tool
for obtaining new finite-dimensional integrable systems from various soliton
hierarchies under certain constraints between the potentials and the eigen-
functions. The technique is also effective in the discrete case [20]. In the
continuous case, the nonlinearization of the eigenvalue problem gives an in-
tegrable system, while in the discrete case it yields an integrable symplectic
map. The constraint in nonlinearization method is practically a kind of
symmetry constraint, depends on the eigenfunctions of Lax pairs [21,22].

In this paper, we use the nonlinearization approach to study a 3 x 3 ma-
trix spectral problem, and give a Bargmann constraint between the eigen-
function, the adjoint eigenfunction and potentials. A hierarchy of lattice
soliton equations associated with the discrete eigenvalue problem is con-
structed, as well as their Hamiltonian structures by making use of the trace
identity [23]| in Sec. 2. In Sec. 3, a new symplectic map of the Bargmann
type is obtained by the nonlinearization of the discrete 3 x 3 eigenvalue prob-
lem and its adjoint one. Finally in Sec. 4, we use the generating function
approach to calculate the involutivity of integrals, by which the symplectic
map of the Bargmann type is further proved to be completely integrable in
Liouville sense.

2. The lattice soliton hierarchy and the Hamiltonian structures

We first introduce the definition of shift operator and difference operators
needed in the sequel:

Bf(n) = f(n+1),  Af(n)=(B-1)f(n),  A"f(n)= (B~ 1) f(n).

For the sake of convenience, we usually write f(n) = f, f(n + k) = EFf,
n,k € Z. Consider the discrete 3 x 3 spectral problem [13]

Eyp(N) =Uyp(N), (1)
with
Yr(N) at+X b 1
v\ = | (N ], U= c 0 0 [,
P3(N) 0 1 0

where a, b, ¢ are three potentials and X is a constant spectral parameter. In
order to derive the hierarchy of lattice equations associated with Eq. (1), we
first solve the stationary discrete zero-curvature equation:

(EV)U-UV =0, V=WViy), (2)
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where each entry V;; = Vij(A, B, D) of the 3 x 3 matrix V is a Laurent
expansion of A:

Vii=D, Via=bA+ ¢ 'EB,

Viz=A, Vor=E"'cA,
Vao=FE?D — E(a +\)A— AbB, Vy3=2DB,

Vs1=E~'B, Vao=E ¢ 'E7lcA—E~1cHa+)\)B,

Vis = ED—(a+\)A—bB,

A= i Aj g\, B= iBHA—J ., D= iDHA—J :
=0 =0 i=0

The stationary discrete zero-curvature Eq. (2) is equivalent to the recur-
sive relation:

(cEb—bE ') Aj_1 + (cBe™'E — E') Bj_1 + aAD;j_y = —ADj,
(E —E Y ET e+ bAa) Aj1+ (Eilac*1 —ac'E+ bAb) Bj_4
=—bAAj+ (c'E-E"'¢!) B;

c(1=E*)aAj_y —cEAbBj_1+c(E* —1)Dj_q = c(E* - 1) 4;,
AD_1 =0,

—bAA_ 1+ (¢ 'E—vE ¢ ) By =0,

c(E*-1)A_; =0. (3)

We define {Fj} by the following relation:
ED; =bB;j — (1+E ") cF;. (4)

Using Egs. (3) and Eq. (4), we can obtain

KGj_lzJGj, Gj:(Aj7Bj7Fj)T7 (5)
where K, J are called Lenard’s operator pair:
cEb—-bE ¢ ~E~ 4 cEcTtE—a/*b a(E~2-1)c
K =|E-E- ¢ 'E-lc+bAha E lac!—ac'E b (E — 71) c ,
c(leQ)a (EfEfl)b C(Efl—EJrE*QfEQ)c

0 A*D — (E’2 — 1) c
J = —bA c'E—-E 1! 0 ,

C(EQ—I) 0 0
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and it is easy to see that K, J are skew-symmetry. From Eqgs. (3) and Eq. (5),
as well as Eq. (4), we have

G_1=(1,0,00", Go = (—a, E~ e, Eb)T )

Let () satisfy the spectral problem (1) and its auxiliary problem

a m
o) = Ve, (6)

yim — (V,<,m>>3x3, v — v, <A<m>,B<m>,D<m>) ,

]
A =N"A g T B =Nz, DM =Y "D g
=0 =0 =0

Then the compatibility condition between Eq. (1) and Eq. (6) yields the
discrete zero-curvature equation

0
U= (m) _ (m)
atU <EV ) U-uvi,
which is equivalent to

T
ati“ _ KG™ g, gm = ( Alm)pm). D<m>) o

where u = (a,b,¢)”. Eq. (7) implies the discrete soliton equation

%u:Xm, m>—1, (8)

here X; = JG; = KGj_1,j > 0. When m = 0, the evolution equation of
the hierarchy (8) is

5 (a) bl +1)e(n) = b{n)e(n — 1)
= o) | = [ blatn + 1) = an)] + gy len = 1) = eln=2)] | . (9
e e(m)la(n) — a(n +2)]

To establish the Hamiltonian structure of the discrete soliton hierar-
chy (8), we need to calculate the following quantities which satisfy

. oU . OU
tr <V%> = A, tr (V@) = B,

tr<f/%—(£> Yoo+, tr<f/g—(>{>:A, (10)

C

S
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where V = VU~!. By means of the trace identity [23], we have

(o)1= (B (1o o-on). o

where v is a constant to be fixed. Equating the coefficients of A=/~ on both
sides of Eq. (11), we obtain

6 6 O . 1
<%, 5’ &> Aj = (’Y —J) <Aj—17Bj—17 - [Dj—l - Aj - aAj—l]) s (12)

taking 7 = 0, we arrive at v = —1. From the third equation of Eqs. (3) and
Eq. (4), we have

D]’,1 — A] — aAjfl = CP}',l . (13)
Hence 5 s s 1
(o) =G M= =g, .

which shows that the discrete soliton hierarchy (8) possesses the bi-Hamilto-
nian structures

du 5§ & o\" 5§ 6 6\
ot m J(m’&/&) m <5a’5b’5c> m-1,  m20
3. A symplectic map of the Bargmann type

In order to get a symplectic map associated with spectral problem (1),
we need to consider its adjoint discrete 3 x 3 matrix spectral problem

Ee) = UM o), o) = '\, N) . (15)

For N mutual distinct eigenvalues Ai, Ao, -, Ay, the systems associated
with Eq. (1) and Eq. (15) can be written in the form

1.2 3 1.2 3 T
~1
E (pj.p5,03) = (pj,03.03) U (u, A) ™", (16)
where q;- = wi()\j),pé = ¢'()j),1 <i<3,1<j <N, are normalized eigen-

functions. It is readily verified that the functional gradient of the eigenvalue
Aj with respect to the potentials (a, b, c) is

5);/da - 2192
VA = dN; /b = —q;P; . (17)
0A;/dc cNjajp} + agjp} — qjp))
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Though a direct calculation, we can get the following equation about the
above gradient,

KVX;=X;JVA;. (18)
Now consider the Bargmann constraint
N
Go=)Y V. (19)
j=1
which gives
2,2
13 {a*.p%)
a=q,p ), b= ’ €= Q’ 20
a7 (¢ p?) 20)
here
2 = —((a+N)g" +bg® +¢*,p' = (a+ A)p?)

+(a (" p*) + (A¢",p*) — (¢",p")) ((a + A) ¢" + ba® + ¢, p* — bp®) |,

where (,-) is the standard inner-product in RN, ¢ = (¢, ,¢4)T, p' =
(pi, -, p)T, 1 <i <3, A=diag(\i, A2, -+, An). Substituting the expres-
sions (20) into Eqs. (16), we obtain a discrete Bargmann system

Eq' = (¢".p*) ¢" + Aq’ +<< ’i;q +q°,
Eq¢® = Qq',
E¢® = ¢,
Ep' = p°,
Ep* = Q7' [p' = (d",p%) p’ - W] ,
2 .2
Ep3 _ 2 <q ’p> 3. (21)

p
(a% p%)
Through tedious calculations we get
N 3 N 3 ' ‘
S5 (B A (B8) = 303" .
j=11i=1 Jj=11i=1
Therefore Eqgs. (21) determine a symplectic map H of the Bargmann type,

(BEq',Eq*, Eq*, Ep', Ep*, Ep*) = H (¢",¢%, ¢*,p*.p*,p°) . (22)
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4. The integrability of the symplectic map

In this section, we will investigate the involutive of conserved integrals
for the symplectic map H.

Using Eq. (5), Eq. (18) and the constraint (19), we take the following
restriction

XV, (23)

WE

Gj=

B
Il

1

which is a special solution of Eq. (5). Then expression (23) is equivalent to
Aj = - <A]q17p3> 9 B] = - <qu27p3> )
Fj = (MM p%) +a(M g, p’) — (Mg ph)) . (24)
By substitution the above expressions (24) into Eq. (13), we obtain

Dj=—(Ng'phy, j>o0. (25)

Consider a bilinear function Ql)\k on RY and its partial-fraction expression
and Laurent expression:

Q= (=g k) = i )\qipz = oA amg pt) - (26)
j=1 7 m>0
It is easy to verify that
Qz‘Aj <Ak> _ )\Qz‘Aj <Ak71> _ <Ak71qi,pj> ’ (27)

where Qf\j(/lk) = (A= A)~tAkg p7). By virtue of the above notations, and
substituting expressions (24) into the Laurent expressions of A, B, D, we get
A=1- %\37 B:_Qg\?’? D:_Qil' (28)

Now introduce a Lax matrix by

_ 0 S1 —1
V)\ = Q + 52 A 0 P (29)
0 O A
h — (O d s = P2 o _ 2,3
where Q (QA )3x3 and s (Z.p3) 52 (@, p°).

Let
Fo=det (T -Th) =" = A+ AV - 7Y, (30)
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where [ is a 3 X 3 unit matrix, ¢ is a parameter. Then from Eq. (30), we
can arrive at a set of integrals {Fy(rﬁ)}, 0 < i < 2, of the discrete Bargmann
system (22) (see Appendix). The Poisson bracket of two functions in the
symplectic space (RSN Z?:1 dp® A dqt) is defined as

N (af dg  Of g\ ~=(/0f dg af g
(rat=2.2 <8q§ opi  op' dg; 23 <<0—qi’3pi> - <0pi’3—qi>> ’

7=1 =1 =1

which is skew-symmetric, bilinear, satisfies Jacobi identity and Leibnitz rule:

{fga h} = f{ga h} +g{f’h}

We can prove the following assertions:
Theorem 1 The function F¢, is invariant along the To\-flow.

Proof Through tedious calculations, and with the aid of expressions (30)
and (A1)—(A4), as well as the identity

(1= 01 =270 = — (¥ - a}) .

we obtain {F¢,, Foat = 0,VA, ¢, 1, § € C, which implies the derivative of the
function F¢, along the 7 )-flow is zero.

Theorem 2 The integrals {F,S,f)},O < i< 2,m >0, are in involution in
pairs, that is, {Fg),FI(])} =0,0<1i,57 <2, for any m,l > 0.

Theorem 3 The symplectic map of the Bargmann type defined by Eq. (22)
1s completely integrable in the Liouville sense.

The project supported by the National Natural Science Foundation of
China under grant no. 10471132 and the Special Foundation for the State
Key Basic Research Program “Nonlinear Science”.

Appendix A

For the sake of convenience, we denote Q;; as the cofactor of element

ij, and Q* as the adjoint of matrix Q. From (26), we know that Q;; =
> m>0 A2Q45.m and detQ = Ym0 A"™73|Q|n. Regard the generat-

)

ing function .7-")(\2 = deﬂ~/>\ as a Hamiltonian in the symplectic space (R6N ,
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25’:1 dp® A dgq'). Denote the variable of F >(\2)—ﬂow by 7. Through a direct

calculation gives the canonical equation of the F >(\2)—ﬂowz

2
i (9% afg/ap,g i}
an | % 062 Jop: | = WA A) % |
i 8]-"/(\ )/6p2 Qe
2
LY (Y
Pk ~0F? jog} i
where
1 0O 0 O 1
W =——+[ 0 w 0 |+
A= p 0 ws 0 A= p
NEAQT AR (A1 +AQZ+51Q334+0Q32) 3245102 — \QY?
X |~ As2+2Q3 +52Q3%) AQ+Q3! 52Q%° — 52— Q3 :
52Q32—A\Q3! 51Q3 AQY —51Q3 — 52Q3% — 5189
with
1
wr = 75— (AQ3' + As2 + 5203 + Q12)
(6%, p%)
2 .2
q,Dp
i = L (08 + a2+ Q).

+ ()\Q}\2 + As1 4+ 51032 + Q3 + Qa1) .

Denote the variable of F.\-flow by 7., where Fe)\ = det(¢] — 17}\), Tisa3x3
unit matrix, ¢ is a parameter. It is easy to see that F.) can be written as

Fo=¢-FlE+ 7V -7, (A.2)

A = QU+ QR +QP + 2,
AV = 2200 +QP+QP+A) —sis- 5103 502 + QT+ Y Qur,

1<i<3
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+AQ33 + AQ22 — 51Q12 — 52Q21 + det Q.

Substituting the identity (26) into expressions (A3), we arrive at

FO =+ A RO, FY =4 A ED,

m>0 m>0

FP = AR,

where

EFY

m

FY

m>0

= (A"¢",p") + (A™¢?, p®) + (A", p*)

11 2 9 3 3 <q2,p2> 2 1
2(Aq",p") + (Aq®,p°) + (Ag°, p*) + @ (¢°,p")

—{¢*,p*){d".p*) + (¢, p") ,

A (5103 + 52037 + s152) — 52Q%° — 5152Q%° — Q3

(A.3)

(A.4)

m+l 1 1 m+l 2 2 m+1 3 3 <q2,p2> m.2 1
2(A™ gt ph )+ (AT g pP)+ (A p°)+ (A™q%,p")

(¢%,p%)

(. P) (A" p?) + (AP p" )+ D Qiignr, M > 2,

1<i<3

<qz7pz> <q2,p1> _ <q2,p3> <q1,p2> ’

1 1
(Aq',p") + 7
<q25p2> 2 1 2 3 9 3 3 9
(¢*,p?) (4¢°p") = (@*,p") (A", p") = (¢*,p (q D7)

)«
+ (%, p%) (%, 07) + (¢"p") (a*,p%) —
(g o) (P 5%) — (gh %) (P o) + (A2 1’
(¢ p >< 2 2,p1>—<q2,p3></12 L2

(
(
) -
(A¢?,p*) —
)
) —

(¢%,p?)

+(¢* %) (A’ p°) + (", p") </1q1 “) (@ p")
+(4q" ") (@ p%) — (" p°) (Ad”, ") + (" p") (A, p°)

— (44", %) (¢*,p") +(4d" ") (¢*,0”) — (4d°,p") (¢! ,P3>

—(.p") (@, ") +(a* . p*) (¢ 0°) (@, p*) —(d" . ) (¢*, 9

2 .2
+<q N

(¢%,p%)

(¢, p") (¢, p*) + (A%, p") ,
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2 2

= <Am+1 1 p1> i <<q b >> <Amq2,p1> _ <q2,p3> <Amq1,p2>
—(@?p*) (A" p*) +{?, p*) (A1 p* )+ Qs3.m—1+Q22,m—1
—Qu3,m—2 + << >> Qi2,m—2 — {(¢*, %) Qa1,m—2 + |Qlm—z, m >3.

In this way, we obtain the integrals {F } 0 < i < 2, of the discrete

Bargmann system (22).
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