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The paper describes some aspects of the early evolution stage of cosmological models
based on Yilmaz® theory of gravitation extended by Tupper. A possibility of another inter-
pretation of Tupper’s extension is also mentioned. Inspection of the obtained equations
shows that at radiation era singular solutions cannot exist (this result is completely inde-
pendent of the cosmical constant and of space-curvature). It seems to be connected with
breaking of the energetic condition of the theorems concerning the singularity in cosmology.

The scalar theory of gravitation presented by Yilmaz (1958) is locally Lorentz in-
variant and therefore the theory was investigated mainly in non-cosmological approxi-
mation of the field of a point mass. It predicts the same values as the Schwarzschild solution
for the three classical tests of general relativity. Recently Tupper (1971) presented an
extension of the Yilmaz theory to the material case and discussed some cosmological
models resulting from his research. The purpose of this note is a discussion of the Tupper
extension of the Yilmaz theory — especially in the aspect of a singularity in cosmological
solutions.

In Yilmaz’ theory there appears a scalar field ¢, defining the geometry of empty
space. We can choose a reference system in which the line element is given by (relativistic
units are used):

ds* = &2 @dt* — P [dr* +r2dQ"]. m

There is a general drawback of Yilmaz’ theory, namely the lack of covariance in the form
of metric (1). Therefore Tupper proposed another sense of Yilmaz' idea. He assumed

that ¢ has only some effect on the geometry of space-time and then the metric tensor is not
necessarily the function of ¢ only.
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In the material case (matter is represented by perfect fluid with density p and pressure p)
the condition imposed by Tupper is:

Vip' = 4n(e—3p). @
The field equations in this case are given by:
Gl+Ag{—8nC{ = —8aT, 3)

with the condition:
V(T/-C) =0, ©)

where: G} — Einstein tensor, 77 — energy-tensor of perfect fluid, ¢/ = ‘é’“(?—%‘Pj —
n

—&8lp,¢°), A — cosmical constant.

Thus Tupper formally extended the idea of Yilmaz to the material case, but it
seems that the above result can be interpreted simply as a variant of Einstein’s theory of
gravitation with energy-tensor T = 7¢—C{. From this point of view ¢ is a “potential” of
a specific field modifying the geometry of space-time of perfect fluid.

If we put

. 4R <

vy =0, A—ln4—+k—rz, (5)

where R = R(t) is the conventional radius of the Universe, and k — constant space-cur-
vature, then metric (1) becomes the usual Robertson-Walker line element. Equations (3)

and (4) are:

)

B

=0,
or
de | 3 AR o ( 3p) = 0,
ar R dr PTe e=°p =
d*p 3 ¢ dR
L = T dne-3p),
dr* ot dt me=3p)
3 [/dR\? ap\*
CHEY k] +[ZF) —4 = 8a,
Rz[(dt) * (di) e
LR ER 4 (BY ] 4 (%) s =8 6
R? dr? dt ot - op ©)

As it can be seen, the field ¢ is a function of ¢ only, like the other parameters R, o
Tupper discussed solutions of equations (6) in case of dust (incoherent) matter with
the equation of state p = 0. This is connected with a later stage of evolution of the Uni-
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verse with great dilution of cosmic matter. In early stages of evolution cosmological
models are obviously singular at the point R = 0 and ¢ = 0. In order to explain this
question in the theory discussed we accept the equation of state p = }¢ (radiation Uni-
verse).

Equations (6) become:

id 4 dR
o0, )
o dt R dt
d*¢ 3 do dR
a9 2 apaR_y "
t* R dt dt (i)
3[_d*R [dR\? do\?
—|R—~ +{— ] +k|—-|— ] =24 =0. ifi 7
el (@) +]-(3) w o
Integrating (7) (i) we have:
= % 8
0= i Qo — constant, )
and with (7) (i) one can obtain:
d C
—d% =35 C — constant. ®
Then, after some transformations the equation (7) (ii{) can be brought to the form:
dR\* 4 ¢ c?
—) =~-R?*~k+4 — — —, C*—constant. 10
(dt) 3 R* R nean (10)

The last equation leads to the conclusion that for R — 0 the right-hand side is negative
and real solution for R(z) do not exist.

Hence: if equation (10) has a real and continuous solution R(¢#) with the initial
value R(#o) > 0, then this solution cannot possess the singular point R = 0.

Thus, this theory in ultrarelativistic limit with scalar ¢(¢) can produce cosmological
models with no initial singularity. This conclusion is independent of the values k and A
and its source is the field ¢.

From the relations (8) and (9) it is found that:

=~ Ro. (1)
This equation describes the modification of ¢ in the presence of matter.

We can compare the above results with the known theorems concerning singularity
in general relativity presented recently by Hawking, Penrose (1970), Geroch (1967). As it
was already pointed the field equations (3) are formally identical with the Einstein equations
of general relativity with the right-hand side [ — 8= (¥ —C{)]. Then one can use the energy-



156

condition (the most essentially physical assumption of all theorems discussed) in the
form (A = 0):

dx' dx’ o
T, —~Ci) — — = YT} - C).
( ij lj) dS dS %( i i) (12)
In the co-moving system we have:
1 [do\?
+3p=—(—).
e p/Zn(dt) 13)
If we accept for the equation of state p = }p, the inequality (13) leads to the following:
CZ
RZ=(@m™'— > 0. (14)
Qo

Thus we see a paradoxical fact: one of the conditions of singularity (R = 0) is that R > 0
always! Note that in Friedmann cosmology (C = 0) the inequality (14) is simply the
identity R%2 > 0.

Hence, we can conclude that condition (14) is not valid in general and thus the theorems
concerning the existence of a singularity with energy-condition (12) are not referred
to the cosmological models discussed.
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