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A study of non-static spherically symmetric space-times according to
their proper affine vector fields is given by using holonomy and decom-
posability, the rank of the 6 x 6 Riemann matrix and direct integration
techniques. It is shown that when the above space-times admit proper
affine vector fields, they turn out to be static and spherically symmetric.
In the non-static cases affine vector fields are just Killing vector fields.

PACS numbers: 04.20.—q, 04.20.Jb
1. Introduction

In this paper we study the proper affine vector fields in non-static spher-
ically symmetric space-times by using holonomy and decomposability, the
rank of the 6 x 6 Rieman matrix and direct integration techniques. The
affine vector field which preserves the geodesic structure and affine param-
eter of a space-time carries significant information and rises interest in the
Einstein’s theory of general relativity. It is, therefore, important to study
this symmetry. Let (M,g) be a space-time with M a smooth connected
Hausdorff four dimensional manifold and g a smooth metric of Lorentz sig-
nature (—,+,+,+) on M. The curvature tensor associated with g, through
Levi—Civita connection I} is denoted in component form by R%,..4. The usual
covariant, partial and Lie derivatives are denoted by a semicolon, a comma
and the symbol L, respectively. Round and square brackets denote the usual
symmetrization and skew-symmetrization, respectively. The space-time M
will be assumed non-flat in the sense that the Riemann tensor does not
vanish over any non-empty open subset of M.
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A vector field X on M is called an affine vector field if it satisfies
Xa;bc = Rabchda (1)

where Rypeq = gafbecd = gaf(FbJ;C — Fb];d + Fcfeflfd — Fe];Fbec). If one decom-
poses X4 on M into its symmetric and skew-symmetric parts

Xa;b = %hab + Gab ; (hab(E Xa;b + Xb;a) - hbay Gab - _Gba> (2)
then equation (1) is equivalent to
(i) hape =0, (i1) Gape = RapeaX®,  (i11) Gape X =0. (3)

Now, we are interested in proving equation (3) using equation (1). To prove
(3(7)) consider hy, and take its covariant derivative as hgp.e = Xape + Xpiac
and using equation (1) we get hgp.e = (Rabed + Rbacd) X 4 now using the fact
Roped = —Rbacd = hap:e = 0. To prove (3(i7)) consider equation (2) and take
its covariant derivative. Using equation (1) we get

Rabchd = %hab;c + Gab;c . (4)

Comparing symmetric and skew-symmetric parts of the above equation (4)
we get hgpe =0 and Ggpe = RapeaX®. For proving (3(iii)) contract equa-
tion (4) with X°. Using the fact RupqX?X¢ = 0 and comparing the sym-
metric and skew-symmetric parts we get G, X = 0.

Now, we are interested in proving equation (1) using equation (3(7)).
Consider equation (2) and take its covariant derivative. Using hgp,. = 0 we
get Xgpe = Gape. From the Ricci identity (Xg.pe — Xgiop = Rabchd) we get

Gab;c - Gac;b = Rabchd ) (5)
similarly permuting indices a,b and ¢ in (5) gives
Gba;c - Gbc;a = Rbachd ) (6)

Gcb;a - Gca;b = RcbadXd . (7)

Adding equations (5), (6) and (7) and using the property of Riemann tensor
(Riabega = 0) gives Xope = RapeaX 4 Next we will prove equation (1) using
equation (3(i7)). Consider equation (2) and take its covariant derivative;
using Gup.e = RopeaX® and hap:e = 0 we get Xgpe = RapeaX®. Equation
(3(zit)) follows from equation (3(ii)) by contracting X¢ and using the fact
that Rap.qX%X¢ = 0. One can find the above proofs in [7].
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If hgp = 2¢gqp, ¢ € R then the vector field X is called homothetic (and
Killing if ¢ = 0). The vector field X is said to be proper affine if it is not
homothetic vector field and also X is said to be proper homothetic vector
field if it is not Killing vector field on M [2]|. Let us define the subspace Z,
of the tangent space T, M to M at p as those k € T),M satisfying

Rupeak® = 0. (8)

It is important to note that the time-like vector field ¢, =t 4, where

. ot 02°
@ gz T Qxo
satisfying ¢,t* = —1 is covariantly constant, that is ¢4, = 0, if and only if the

components of the Christoffel symbol I} are zero whenever any of a,b orc
takes the value zero. Now, we are interested in proving the above result. It
follows from the definition that ¢ty = 1 and t; = 0 whenever d takes the value
1, 2 or 3. Consider tp, = 0 = tqp — It = 0. Using the fact t,;, = 0, we
get I'Gt. = 0. Since we are following the Einstein’s summation convention
hence ¢ can take the values 0, 1, 2 or 3. First, consider ¢ taking the value
1, 2 or 3. The equation I't. = 0 is satisfied identically (here we are using
the fact t. = 0 whenever c takes the values 1, 2 or 3). Now consider ¢ equals
zero; then the above equation (I'%t. = 0) gives I'), = 0 (here we are using
the fact tp = 1). Now we are interested to prove the converse. Consider
I'% =0or —I'%t. =0 (since we have ¢ty = 1 and t. = 0 for ¢ = 1, 2 or 3)
which can be written as ¢, — I'Gt. = 0 (because t,, = 0) which implies
tap = 0.

2. Affine vector fields

Suppose that M is a simple connected space-time. Then the holonomy
group of M is a connected Lie subgroup of the identity component of the
Lorentz group and is thus characterized by its subalgebra in the Lorentz
algebra. These have been labeled into fifteen types R1—Rj5 [1]. It follows
from [2] that the only such space-times which could admit proper affine
vector fields are those which admit nowhere zero covariantly constant second
order symmetric tensor field hyp. This forces the holonomy type to be either
Rs, Rs3, R4, Re, R7, Rs, Rio, R11 or Riz [2]. A study of the affine vector
fields for the above holonomy type can be found in [2]. It follows from [3]
that the rank of the 6 x 6 Riemann matrix of the above space-times which
have holonomy type Ro, Rs3, R4, Rg, R7, Rsg, Rig, Ri11 or Ri3 is at most
three. Hence for studying affine vector fields we are interested in those cases
when the rank of the 6 x 6 Riemann matrix is less than, or equal to three.
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3. Main results

Consider a non-static spherically symmetric space-time in the usual co-
ordinate system (t,7,6,¢) (labeled by (2%, 2!, 22, 23)) with line element [4]

ds* = —e ) dt? + PO dr? 412 (d6” + sin® 0dg?) 9)

The above space-time admits three linearly independent Killing vector fields
which are

0

COS(b% _Sln¢00t98¢ sin(b% +cos¢cot9((%, 96 (10)
The non-zero independent components of the Riemann tensor are
1
ROIOI = Z eA(t,r) (A%(tv T) + 2Arr(t7 T)) - eB(tm) (Bt2 (t7 7") + 2Btt (t7 7")

— A(t,7)By(t, 1)) — eAEN A, (t, 1) B (t,7)| = ay,

T
Rogoz = §€A(t’w)_B(t’T)Ar(t,7‘) =,

Roso3 = geA(t’T)_B(t’T)Ar(t, r)sin® 6 = ag,

Ri212 = ; H(tT) =«

Ri313 = ; (t,7)sin? 0 = as,
Rogos = r2sin® o(1 — _B(”)) = wg,
Ro212 = gBt(t,T) = ay,

Ros13 = gBt(t,r) sin?6 = ag .

Writing the curvature tensor with components Rgpeq at p as a 6 x6 symmetric
matrix as [5]

0 0 0 O
Qa9 0 (0%4 0
0 as 0 asg
a; 0 a4 O
0 ag 0 (0%
0 0 0 0 o6

As mentioned in Section 2, the space-times which admit proper affine vector
fields have holonomy type Ro, R3, R4, Rg, R7, Rg, Rig, R11 or Ri3 and the
rank of the 6 x 6 Riemann matrix is at most three. Therefore, we are only
interested in those cases when the rank of the 6 x 6 Riemann matrix is less

(11)

Rabcd =

coococof
coococo
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than, or equal to three. In general, for any 6 X 6 symmetric matrix there
exist total forty one possibilities when the rank of the 6 x 6 symmetric matrix
is less or equal to three, that is, twenty possibilities for rank three, fifteen
possibilities for rank two and six possibilities for rank one. Suppose the rank
of the 6 x 6 Riemann matrix is one. Then there is only one non-zero row or
column in (11). If we set five rows or columns identically zero in (11) then
there exist six possibilities when the rank of the 6 x 6 Riemann matrix is one.
In these six possibilities five give the contradiction and only one will arise
which is given in case (G). For example, consider the case when the rank of
the 6 x6 Riemann matrix isone i.e. as =ag =4 =as =ag=a7=ag =0
and a3 # 0. The constraints as = a3 =g = a5 =ag=ar =ag =0 =
B(t,r) = 0 and A,(t,r) = 0. Subsituting back in (11) one has a; = 0
which gives contradiction (here we assume that oy # 0). So this case is not
possible. Now consider another case when the rank of the 6 x 6 Riemann
matrix is one i.e. @1 = ag = a4 = a5 = ag = ay = ag = 0 and as # 0.
The constraints a1 = ag = oy = a5 = ag = a7 = ag = 0 implay B(t,r) =0
and A,(t,r) = 0. Subsituting back in (11) one has ay = 0 which gives
contradiction (here we assume that oo # 0). Hence again this case is not
possible. By similar analysis we come to the conclusion that there are all
together five possibilities when the rank of the 6 x 6 Riemann matrix is three
or less which are:

(C) Rank =3, 01 =as =azg =ar =ag = 0,04 # 0,5 # 0 and ag # 0.

(D) Rank =3, 01 =y = a5 = a7 = ag = 0,as # 0,a3 # 0 and ag # 0.

(E) Rank =3, ay = a5 = ag = ay = ag = 0,01 # 0,9 # 0 and ag # 0.

(F) Rank =2, a1 =ay = a5 = ag = ay = ag = 0, a9 # 0 and ag # 0.

(G) Rank =1, 01 = = a3 = a4 = a5 = ar = ag = 0 and ag # 0.
We will consider each case in turn.

Case C

In this case a1 = as = a3 = a7 = ag = 0,4 # 0,5 # 0,04 # 0,
the rank of the 6 x 6 Riemann matrix is 3 and there exists a unique (up to
a multiple) number where zero time-like vector field t, =t , satisfies ¢, = 0.
From the Ricci identity R%..qt, = 0. From the above constraints we have
Ap(t,r) =0 and B(t,r) = 0= A(t,r) = a(t) and B(t,r) = S(r). The line
element can, after a rescaling of ¢, be written in the form

ds? = —dt? + P ar? + 7‘2(d92 + sin? 9d<252) : (12)

The above space-time is clearly 1 + 3 decomposable. Affine vector fields in
this case [2] are

o
X = (ert c5) 5 + X, (13)
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where ¢7,cs € R and X is a homothetic vector field in the induced geometry
on each of the three dimensional submanifolds of constant ¢t. The completion
of case C requires finding an homothetic vector fields in the induced geometry
of the submanifolds of constant ¢. The induced metric g,3 (where o, 8 =
1,2,3) with non-zero components is given by

g =" gpn =1 g =1"sin?0. (14)
A vector field X' is a homothetic vector field if it satisfies
Ly1gag = 2¢gag ceER. (15)

One can expand (15) and using (14) gets

gxt4+2xt) = 2, (16)
Xy +1r2X%; = 0, (17)
eﬁX1,3+r2sin2 X%, =0, (18)
1

X?3+sin?0X3, = 0, (20)

1
;X1+C0t9X2+X3’3 = c. (21)

Equation (16) gives

X' = et /egdr—ire_g/ll(@,(b), (22)

where A'(6, ¢) is a function of integration. Substituting the value of X! in
(17) and (18) gives
2 1 L s 2
X2 = 4j0,0) [ el 4%6.0).

AL,
X3 = M/T_ge%mm,@, (23)

sin? 0

where A%(0, ¢) and A3(0, $) are functions of integration. Considering equa-
tion (20) differentiating with respect to r one finds

AY(0, ¢) = sinOB(¢) + B%(8),
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where B!(¢) and B?(f) are functions of integration. Substituting back into
(22) and (23) gives

X! = ce_g/egdr—l—e_g(sinﬁBl((;S)+BQ(9)),
X2 = —(cos@Bl(Qﬁ)+B§(9))/T—126§dr+142(9,¢),

Bi(¢) [1
?159) /T—Qeidr+A3(9,¢). (24)

S1

X =

Now consider equation (19) and differentiate with respect to ¢ to get
e‘g 1 s
sin@Bé((b) <T + / ﬁezdr> +A3¢(9,¢) =0.

8 / 8
Differentiating with respect to r we get Bé((b)((e_f/r) +e2/r?) = 0 and
there exist two possible cases:

1) In this subcase we have B! (¢) = 0 and e‘g r ,+e§7‘2 # 0. Equation
¢
Bé(qﬁ) =0 = B(¢) = c1, where ¢; € R thus we have (from (24))

Xt = ce_g/egdr+e_§(clsin9+B2(9)),

X2 = —(¢ cos@+Bg(9))/%egdr+A2(0,¢),
X3 = A%0,9).

A straightforward calculation shows that a homothetic vector field exists if

and only if
1 s 8 8 8
—e 2 [ e2dr=1, <:> €2dT:7’62),
T

which upon differentiation with respect to r gives 3 = const. One then easily
see from equation (11) that the rank of 6 x 6 Riemann matrix is reduced to 1
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or zero, giving us a contradiction (since we are assuming that the rank of
6 x 6 Riemann matrix is 3). Thus no proper homothetic vector field exists
in the induced geometry. Therefore, it admits Killing vector fields which are

X! = o0,
X2 = (¢;sin¢ + cacos ),
X3 = cotf(cycosd — casing) + c3, (25)

where ¢1,c2,c3 € R. Thus, from (25) and (13) affine vector fields in this
case are

XY = (ert+cg), X2 = (cising+ cycosp),
X! =0, X3:C0t9(01008¢—6281n¢)+63. (26)

One can write the above equation after subtracting Killing vector fields as
X =(t,0,0,0). (27)

Clearly, in this case the above space-times (12) admit proper affine vector
fields.

(2) In this subcase we have ((e=%/2/r) +e8/2/r?) = 0= €7 = a?/(a® — 1),
where a € R — {0}. The line element can, after a rescaling of ¢, be written
in the form

a?

ds? = —di? + dr® 4+ r2(d#* + sin® 0dp?) . (28)

2 2

as —r

The above space-time is the well known Einstein static space-time. Affine
vector fields in this case are [6]

XO = (C7t+68),

2
Xt = <1 - %)(sin@(@ cos ¢ + cgsin @) + ¢1 cos ),
9 1 72 . ) .
X = = [{ 1==5 ) (cos O(ca cos ¢+c3sin @) —c1 sin 0) + (¢4 cos p+c5 sin ¢)
r a
3 1 2 : .
X° = — 1—— | (—casin ¢+c3 cos ¢) +cot O(—cy sin p+c5 cos ¢) +cg
rsin € a

(29)

where ¢y, ¢, ¢3, ¢4, ¢5,C6, ¢7,c8 € R. One can write the above equation (29)
after subtracting Killing vector fields as in (27). This completes the case (C).
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Case D

In this case a1 = a4 = a5 = a7 = ag = 0,as # 0,a3 # 0,a¢ # O,
the rank of the 6 x 6 Riemann matrix is 3 and there exists a unique (up to
a multiple) number with zero vector field r, = r 4 solution of equation (8)
and rqyp, # 0. From the above constraints we have A, (t,7) # 0, B, (t,r) = 0,
By(t,7) = 0 and A%(t,7)+2A,,(t,r) = 0. Equations B,.(t,r) = 0, By(t,r) =0
and A%(t,7) + 2A,.(t,7) = 0 implay B(t,r) = A(# 0,1) € R and A =
In(rUi(t) +Us(t))?, where Uy (t) and Us(t) are numbers where functions of
integration vanish. The subcase when Us(t) = 0 will be considered later.
The line element can be written in the form

ds? = — (rUi(t) + Ua(t)* dt? + eXdr? + r* (d6° + sin 0dg?) . (30)

Substituting the above information into the affine equations and after some
calculation one finds that affine vector fields in this case are

X% = o, X% = (¢18in ¢ + e cos B),
X' =o, X3 = cot O(ci cos ¢ — casind) + 3, (31)

where c¢1, ¢, c3 € R. Affine vector fields in this case are Killing vector fields.
Now consider the special case when Us(t) = 0. The line element can,
after a rescaling of ¢, be written in the form

ds® = —r*dt® + e dr® + 17 (d6* + sin® 0dg”) . (32)
Affine vector fields in this case are

X0 = ¢4, X2 = (¢18in ¢ + cacos ),
X' = e5r+cq, X3 = cot 0(c1 cos ¢ — casin d) + 3, (33)

where c1, ¢9, ¢3, ¢4, c5, cg € R. One can write the above equation (33) after
subtracting Killing vector fields as

X =(0,¢57m 4 ¢6,0,0) . (34)

Clearly, in this case the above space-times (32) admit proper affine vector
fields.

Case E

In this case a4 = a5 = ag = a7 = ag = 0,a1 # 0,9 # 0,3 # 0, the
rank of the 6 x 6 Riemann matrix is 3 and there exists no non-trivial solution
of equation (8). From the above constraints we get B(t,r) =0, A,(¢t,r) # 0
and A2(t,r) + 2A,..(t,7) # 0. The line element can be written in the form

ds? = —eAEdt? 4 dr? 4 72 (d6? + sin® 6d¢?) . (35)
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Substituting the above information into the affine equations and after some
calculation one finds that affine vector fields in this case are Killing vector
fields which are given in equation (31).
Case F

In this case we have a1 = ay = a5 =ag = ay = ag = 0,a9 # 0, a3 # 0,
the rank of the 6 x 6 Riemann matrix is 2 and there exists a unique (up to
a multiple) number with zero vector field r, = r 4 solution of equation (8)
and 74, # 0. From the above constraints we have A, (t,r) # 0, B(t,r) =0
and A%(t,7) + 2A,.(t,7) = 0. Equation A%(¢,7) + 2A4,.(t,r) = 0 implay
A =1In(rPy(t)+ Px(t))?, where P;(t) and P»(t) are numbers where functions
of integration vanish. The subcase when P5(t) = 0 will be consider later.
The line element can be written in the form

ds* = —(rPi(t) + Pa(t))?dt* + dr® + r* (d0* + sin® 0d¢®) . (36)

Substituting the above information into the affine equations and after some
lengthy calculation one finds that affine vector fields in this case are given
in equation (31).

Now consider the special case when P5(t) = 0. The line element can,
after a rescaling of ¢, be written in the form

ds? = —r2dt2 + dr? + 12 (d@2 + sin? 9d¢>2) . (37)

Using the above information into the affine equations one finds that affine
vector fields in this case are given in equation (33).

Case G

In this case we have a1 = o = a3 = a4 = a5 = ay = ag = 0,6 # 0
and the rank of the 6 x 6 Riemann matrix is 1. From the above constraints
we have A,(¢t,r) =0, B,(t,r) = 0 and B(t,r) = 0. Equations B,(t,r) =0
and B(t,r) = 0 = B(t,r) = n(# 0,1) € R. Here, there exist two linear
independent solutions t, =t , and r, = r, of equation (8). The vector field
t, is covariantly constant, whereas r, is not covariantly constant. The line
element can, after a rescaling of ¢, be written in the form

ds® = —dt* + e"dr® +r? (d6” + sin” 0d¢?) . (38)
Affine vector fields in this case are
X0 = it +oesr+cy, X2:(Clsin¢+CQCOS¢),
X1 = eyt + esr + ¢, X3 =cotf(cycos ¢ — casing) + ¢z, (39)

where ¢y, c2, c3, ¢4, C5, Cg, C7, C3, c9g € R. One can write the above equa-
tion (39) after subtracting Killing vector fields as

X = (ert + cgr + cg, cat + c57 + ¢6,0,0) . (40)

Clearly, in this case the above space-time (38) admits proper affine vector

fields.
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4. Summary

In this paper a study of non-static spherically symmetric space-times
according to their proper affine vector fields is given. A different approach is
adopted to study proper affine vector fields in the above space-times by using
holonomy and decomposability, the rank of the 6 x 6 Riemann matrix and
direct integration techniques. From the above we obtain the following results:

(i) The case when the rank of the 6 x 6 Riemann matrix is three and
there exists a unique number with zero independent time-like vector
field which is a solution of equation (8) and is covariantly constant.
This is the space-time (12) and (28) and it admits proper affine vector
fields (see case C).

(7i) The case when the rank of the 6 x 6 Riemann matrix is three or two
and there exists a unique number with zero independent vector field
which is a solution of equation (8) and is not covariantly constant.
This is the space-time (30) and (36) and it admits affine vector fields
which are Killing vector fields (for details see cases D and F).

(#i) The case when the rank of the 6 x 6 Riemann matrix is three or two
and there exists a number with zero independent vector field which
is the solution of equation (8) and is not covariantly constant. These
are the space-times (32) and (37) and they admit proper affine vector
fields (see equation (33)).

(iv) The case when the rank of the 6 x 6 Riemann matrix is one and there
exist two numbers with zero independent solution of equation (8) but
only one independent covariantly constant vector field. This is the
space-time (38) and it admits proper affine vector fields (see case G).

(v) The case when the rank of the 6 x 6 Riemann matrix is three and
there exist a number of non-trivial solution of equation (8). This is
the space-time (35) and it admits affine vector fields which are Killing
vector fields (for details see case E).
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