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Keeping in mind the possibility of large 613, which will be soon explored
by reactor and accelerator experiments, I formulate a perturbation theory
of neutrino oscillation under the ansatz si; ~ Am3,/Am3, = ¢ ~ 0.03,
which is comparable to the Chooz limit. Under the framework, I derive
the perturbative formula of the v, appearance probability valid to the or-
der of €2 in which effects of arbitrary matter density profile is taken into
account. I use the formula to analyze problem of possible obstruction to
detecting lepton CP violation by effects of asymmetry in matter density
profile. Though the asymmetry could be large for neutrino trajectories
which traverse both continental and sea crust, its effect on obscuring CP
violation measurement is found to be quite small.

PACS numbers: 14.60.Pq, 14.60.Lm, 91.35.—x

1. Introduction

My presentation in Ustron’09 was done under the title “Long-Baseline
(LBL) Neutrinos; Looking Forward to the Future”. It included a review of
the ideas for exploration of the unknowns in the 1-3 sector of the MNS ma-
trix 1], CP violation due to the lepton analogue of the Kobayashi-Maskawa
phase [2] ¢ and the neutrino mass hierarchy. If I restrict myself into per-
spective in North—East Asia, they include an upgrade of J-PARC beam with
megaton-scale Hyper-Kamiokande (T2K II) as described in [3], a 100 kt scale
liquid Ar detector in Okinoshima [4], and the Tokai-to-Kamioka-Korea (for
short T2KK) setting [5,6]. The overview of the latter is given in [7]. In
particular, I emphasized the Kamioka-Korea identical two-detector setting
as a robust way of measuring the CP violating phase and determining the
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mass hierarchy. It combines the idea of low energy superbeam as the clean-
est way for detecting lepton CP violation [8] and the powerfulness of the
two-detector method [9]. But, since the contents of this part are described
in the previous reports [10,11] I confine myself into the last part of my
presentation in Ustron’09, the large-613 perturbation theory in this written
version.

2. Motivation and use

The motivation for formulating the large-613 perturbation theory is very
simple; 013 can be as large as the Chooz limit [12]. If it is the case sj3 ~ 0.17.
I emphasize that this possibility is to be tested very soon by the accelerator
[3,13] and the reactor 013 experiments [14| some of which will start in 2009.
Then, the € perturbation theory (in a terminology defined in [15]) formulated
under the ansatz s13 ~ ¢ = Am3,/Am2; ~ 0.03, which provides the simplest
way of deriving the widely used Cervera et al. formula [16] of the oscillation
probability, would not serve as the best approximation.

Then, what is the use of the large-013 perturbation theory? I confine in
this paper the robustness issue in uncovering lepton CP violation. As is well
recognized the matter effect produces a fake CP violation. The presence
of the matter effect is inevitable for settings which also have sensitivity to
the mass hierarchy. Early references of this topics include [17,18]. The
problem has been discussed in a number of authors which produced too
many references to quote here. However, there exists a point which does not
appear to be given full attention in the literature, the problem of possible
asymmetry in matter density profile in the earth. See, however, [19] for
discussion of this problem. It is known that asymmetric baseline produces
CP violating siné terms in P(v, — v,) [20], and cosd terms in T violating
observable APrp [21] which invalidates the neat property of T violation,
APr = 0 for vanishing ¢ [22]. Apparently, the effects of asymmetric matter
density profile is most prominent for large 613.

A crucial question would be: Is there any situation in which sizable
asymmetry in matter density profile shows up? The answer is indeed yes.
Suppose a baseline of the order of ~ 1000 km and a neutrino beam launched
at a place on a continent is received by a detector which is placed in an
island. If the travel distances of the beam in the continent and in the sea
are comparable, one can expect asymmetry in the density profile because
the matter density in the earth crust is believed to be smaller under the
sea. Contrary to the mantle density, the crust density is not severely re-
stricted by the earth mass, and it would not be easy to measure it directly
either. Therefore, it is important to investigate to what extent CP violation
discovery might be obscured by asymmetry in matter density profile.
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3. Large-6013 perturbation theory

The neutrino evolution equation can be written in flavor basis as i%ua =
H.pvs (o, 8 = e, 1, 7). In the standard three-flavor neutrino scheme, Hamil-
tonian is given by

) 0 0 0 1 0 0
H=-qU] 0 Am2, 0 Ul+a(z)| 0 0 0 NG
0 0 Amd 0 0 0

where Am?i = m?—m?, and a(x) = 2v2Gr N, (z)E is the coefficient which is
related to the index of refraction of neutrinos in medium of electron number
density Ne(x), where Gy is the Fermi constant and F is the neutrino energy.
U = UasUy3Uq5 is the MNS matrix [1] in the lepton sector.

It is straightforward to formulate the perturbative framework of neutrino
oscillations. We refer [15] for notations. We use the tilde-basis V= U231/ with
the tilde-Hamiltonian H = U23HU23, which is decomposed as H = Ho+H;.
Then, the S matrix can be written as

S(L) = Uyge 07 Q(2) U}, (2)

2(z) can be expanded with use of H; = etHoz [, e—iHow a5

T /

) /dle )/dx’H1 /dm”H () +0(), (3)

where the “space-ordered” form in (3) is essential because of the highly non-
trivial spatial dependence in Hj.

We use the method of Fourier decomposition to incorporate the effect
of matter density variation in the earth [23] with the dimensionless variable
T4 = ArZ%l' It can be expanded into a Fourier series as

[e.e]
o) =+ Yt o) e ()

n=1
where p, = 2Zn. It should be noticed that if 74(L — ) = ra(z), namely if
the baseline is symmetric, 2 = (rfz‘) . Therefore, the imaginary part of rfl‘

represents the effect of asymmetric matter density profile.

We assume large 613 comparable to the Chooz limit, s13 ~ /€, where
€ = Am%l/Amgl ~ (.03. Other small parameters are present depending
upon experimental setting, in combination with matter density, neutrino



3026 H. MINAKATA

energy, and baseline. As a model superbeam experiment we consider a base-
line with distance L = 1000 km and neutrino energy E = 2 GeV. Notic-

: a _ Am3, )71 ( E ) P ;
ing that AmZ = 0.084 (25x10—3e\/2 GV ) \ sg/om® )’ the setting

leads to a/Am3; = 0.17 =~ /e. (For T2K II setting, a/Am3, ~ e may
be more appropriate.) Then, we formulate the large-013 perturbation the-
ory by taking the following expansion parameters e = Am2;/Am%, and
s13 ~ a/Am3, ~ y/e. The unperturbed part of the tilde-basis Hamiltonian
is given by Hy = Adiag(0,0,1), while the perturbed part is

3 ra(z) 0 si3e7® €53y + 8% €c12512 0
Hl = A O 0 0 + €C12S512 66%2 0
s13¢® 0 0 0 0 —8%3
0 0 5%28136_7:5'
—Ae 0 0 _ C12512513€ %
L 8%2513626 0128128136“S 0
r 2 .2 1 2
. 5125132 50125212313 0
—Ae | Fci2512573 iy 20 , , (5)
L 0 0 —5712513

where A = Am2,/2E. The first, second, third, and the fourth terms in (5)

1 3 .
are of the order of €2, €', €2, and €2, respectively.

The S matrix can be computed with use of (2). Then, the appearance
oscillation probability P(v,, — v.) = |Se,|? is given to second order in € with
a simplified notation As; = Am3,L/4E by

2

Py, —ve) = 483,52, 5in? Az {1 + ré‘ +2 Z A2_73’12Re (r;?) }
n=1 31

+ 575(3 — 4A3; cos Azy)

2 ad nm A A > nm A
+ 4A3, nz::l 2% = (nn)? (mr)QIm (rs) {ro + nz::l 22— (2 (mT)2Im (r) }]
2 A A - A3
€819 + 7§ 1+r0+2ZA2 iy g Re( )

+4A§1 [620323%2053 + 5333%3 (r{;‘) } — 8Jerg A 31 o8 9

—48535%3A31 sin 2A31

A2
1+7"0 +QZA2?WRQ(T£)]

n=1

)|t~ QiMIm(r;?)]. (6)

n=1

+8.J,eA31 sin Az cos (§ + Aszq)

+8J7-€A§1 sin A31 sin (6+A31
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4. T, CP and CPT violation observable

It is interesting to compute the expression of T, CP and CPT violation
observable to know the difference in their dependence on § and the matter
density profile. The T, CP, and CPT conjugate probabilities can be obtained
by the appropriate replacements:

P(ve —v,) = P (l/u — Vg; —0, Té,Re (Tﬁ) ,—Im (7’,‘3)) ,

P(DM — ) =P (l/u — Vg3 —0, —7‘647 —Re ( A) —Im (r;?)) ,
P(v. —v,) = P(VM — Vg3 0, ro,—Re( ) Im( A)) .

n

With (6) it is it is easy to calculate them and the results read:

T violation : APpr = P(v, — ve) — P(ve — 1)
= —16Jr sin 56A31 sin2 A31

—16J; sin deAs; (sin? Agy — L Agy sin245) rg
—32.J, sin deAs; sin® Agy Z ﬁ

AZ
—32J, cos e A2, sin® Ag; 3
31 nZ::l nm [A% — (n)?]

Re (7“;?)

o
2 2 A2 2 AZ nm
+32$23313A31 Sin A317'0 ﬁ
n=1 31" (nﬂ-)

CP violation : APcp = P(vy, — ve) — P(Dy — 7e)
= —16J, sin 6eAs; sin? Agy
—|—168338%3 (sin2 A31 — lAgl sin 2A31) 7“6‘
A2
+3252.5%, sin? Asgy —_—
23513 Z AQ — ( )2

+16J, cos de A3y (Agl SlIl Az + 5 Lgin 2A31 — Agl) 1”64

> A2
+16J, cos deAgq sin 2A3; nzl Ni?)(ly

A%

n [Agl - (mT)Q]

Re( )

—32J; coséeA?ﬂ sin? Ay Z -
n=
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CPT violation : APcpt = P(v, — ve) — P(Ve — 1)

= 16533575 (sin? Az; — 2 Agysin2A3) s

. - A2
_’_323%38%3 Sln2 Ag]_ Z 4%1773(1”7[_)2}36 ('I"ﬁ)
n=1

+16J,.eA31 [Agl sin Asq sin ((5—|—A31) +sin Az cos ((5+A31) — Agq cos (5] 7'(‘?

00 A2
+32JT€A31 sin A31 COS (5 + Agl) 31 Re T’T’?

; A3y — (nm)? ( )
13252552, A2, sin? Az r! i " (TA) . 9)
n=1 Agl - (nﬂ-)z "

In (7), (8), and (9), first a few terms are of the order of €/2, and the rests
are of the order of €2. The effects of asymmetric profile are always contained
in the latter. As we noted earlier, the charming property of T violation
observable holds without asymmetry in the matter profile, Im(r;?) = 0.
That is, if § vanishes then APt = 0; The matter effect cannot produce a
fake T violation. The asymmetric baseline destroys the neat property.

We examine the effect of asymmetry in the matter density profile by

taking an explicit model of the profile:

p=po+op (0<x<L/2),
p=p—o0p (L/2<x<L), (10)

which leads to Im(r3!)/rdt = (2/7n)dp/po (odd n), and Re(ra) = 0. r{t =
agp/ Am§1 where ag is obtained by using the matter density pg in the defini-
tion of a. For concreteness we take pp = 2g/cm3 and dp = 0.8g/cm3. We
use the toy model of matter density profile to compute T, CP, and CPT
violating observable APp, APcp, and APcpr defined respectively in (7),
(8), and (9). We do this under the approximation of keeping only the low-
est mode Im(r{') (n = 1), which appears to give a good approximation.
I take sin?26;3 = 0.1 and § = 37/4 in this calculation, but it appears that
qualitative features are rather insensitive to 9.

The results of the calculation are presented in Fig. 1. One can see imme-
diately that, in spite of a rather large asymmetry in density profile (10) the
effect of the asymmetric baseline (shown by the red lines) is small. In fact,
it is negligibly small in CP violation observable. It appears that this feature
prevails for other choices of CP violating phase §. I have also checked that
the effect of the asymmetry becomes even smaller for shorter baseline and /or



Large-613 Perturbation Theory of Neutrino Oscillation 3029

smaller #13. I believe that this settles the issue of possible contamination
effects by the asymmetric baseline to detection of genuine CP violation effect;
A good news for medium baseline (~ 1000 km) experiments.
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Fig.1. T, CP, and CPT violating observable APr, APcp, and APgpr defined
in (7), (8), and (9), respectively, are plotted as a function of neutrino energy (in
GeV) in the upper-left, upper-right, and the lower panels, respectively. In each
panel the lines a (blue) and b (red) indicate, respectively, the value of AP and the
contribution to AP from Im(r{') terms. The lines ¢ (green) in the upper panels
indicate the contribution of vacuum effect only. The line ¢ (green) in the bottom
panel represents the contribution from average matter density.

Some remarks are in order:

e The size of the matter effect (difference between blue and green lines)
gives a dominant effect in APgp, overturning the negative sign of the
vacuum contribution in this particular case. But, it plays only a minor
role in APp. CPT-violation observable would be most powerful to
resolve the mass hierarchy [26] because it gives the largest AP.

e In CP (also T) violation observable, the energy dependence of the
average matter density term (blue minus (green + red)) are rather
similar to the vacuum term. Then, there could be severe confusion
between CP violation caused by phase and uncertainty in the average
density of matter. In particular, it gives rise to a serious confusion
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at 0 = 0 because of its cosd dependence. Careful spectrum analysis
would be required to resolve the confusion between the matter-CP and
phase-CP effects.

e For smaller s13 >~ ¢, which may be relevant for neutrino factory setting,
one can show by using the e perturbation theory [15] with small matter
density variation of 7‘;? ~ € that the terms sensitive to density variation
are at most of the order of €. It confirms qualitatively the conclusion
reached in [23].

I thank Shoichi Uchinami for his useful comments. This work was
supported in part by KAKENHI, Grant-in-Aid for Scientific Research, No
19340062, Japan Society for the Promotion of Science.
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