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We calculate the two- and three-loop massive operator matrix element
(OME) contributing to the heavy flavor Wilson coefficients of transversity.
We obtain the complete result for the two-loop OME and compute the
first thirteen Mellin moments at three-loop order. As a by-product of the
calculation, the moments N = 1 to 13 of the complete two-loop and the
TF -part of the three-loop transversity anomalous dimension are obtained.

PACS numbers: 12.38.Bx

1. Framework

The transversity distribution belongs to the three twist-2 parton distri-
bution functions (PDFs), together with those for unpolarized and polarized
deep-inelastic scattering. It is a flavor non-singlet, chiral-odd distribution
and can be measured in semi-inclusive deep-inelastic scattering (SIDIS) and
via the polarized Drell–Yan process (for a review see Ref. [1]). Different ex-
periments perform transversity measurements at the moment, cf. Refs [2].
Recently, a first phenomenological parameterization has been given for the
transversity up- and down-quark distributions in Ref. [3], the moments of
which are in qualitative agreement with first lattice calculations [4].

The scattering cross-section for semi-inclusive deeply inelastic charged
lepton–nucleon scattering lN → l′h+X is given by
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after the P h⊥-integration has been performed, [1]. We consider, for defi-
niteness, only scattering cross-sections free of k⊥-effects to refer to twist-2
quantities. x and y denote the Bjorken variables, z the fragmentation vari-
able, q2 = −Q2 the space-like 4-momentum transfer, αem the fine structure
constant, ea the quark charge, and s the c.m.s. energy squared. S⊥ and Sh⊥
are the transverse spin vectors of the incoming nucleon N and the measured
hadron h. Fa

(
z,Q2

)
, ∆TFa

(
z,Q2

)
and Da

(
z,Q2

)
, ∆TDa

(
z,Q2

)
denote

the unpolarized and transversity structure- and fragmentation functions, re-
spectively. The angles φS,Sh

are measured in the plane transverse to the
γ∗N axis between the x-axis and the respective vector. In process (1) the
spin of the transversely polarized hadron h has to be measured.

The transversity distribution may also be measured in the transversely
polarized Drell–Yan processes. In Mellin space the scattering cross-section
is given by [5]

d∆Tσ
DY

dφ
=
α2

em

9s
cos (2φ)∆TH

(
N,M2

)
∆TC

DY
q

(
N,M2

)
, (2)

where N denotes the Mellin variable and φ is the azimuthal angle of one
of the final state leptons l± relative to the axis defined by the transverse
polarizations.
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is a combination of transversity parton distributions for the incoming light
(anti-)quarks, and ∆TC

DY
q

(
N,M2

)
denotes the Wilson coefficient of the

Drell–Yan process, with M2 the invariant mass of the produced lepton pair.
Like in the case of unpolarized and polarized deep-inelastic processes

transversity receives heavy flavor corrections in higher orders in QCD. These
are given by the corresponding heavy flavor Wilson coefficients. As for other
non-singlet quantities [6, 7], these corrections start at O

(
a2

s

)
, with as =

αs/ (4π). In SIDIS one can tag QQ̄-production in the same way as in the
deep-inelastic process, [8]. A measurement is possible in high luminosity
experiments. In the Drell–Yan process, on the other hand, heavy flavor
contributions emerge inclusively since there the final-state l+l−-pairs are
measured in the first place. The calculation of the heavy quark Wilson
coefficients for Q2 � m2 proceeds in the same way as in unpolarized and
polarized deep-inelastic scattering [6, 7, 9, 10].

The complete Wilson coefficients for transversity can be decomposed into
a light- and a heavy quark contribution
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As shown in [6], the heavy quark Wilson coefficient for hard processes factor-
izes into the light quark Wilson coefficients and the massive operator matrix
element ATR

qq,Q at large enough scales Q2 � m2. We apply this to the heavy
flavor Wilson coefficient for transversity1
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The aim of this article is to present a computation of the renormalized
two- and three-loop heavy-flavor operator matrix elements contributing to
transversity. Details of the calculation are given in Ref. [11]. The operator
matrix element 〈q

∣∣ONS,TR
∣∣q〉 is given by a two-point Green’s function con-

taining a closed loop of a heavy quark Q and external massless quarks q.
The local operator is given by [12]
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F,a;µµ1...µn

= inS

[
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2
ψ

]
− trace terms . (5)

Here, σµν = (i/2) [γµγν − γνγµ], S denotes symmetrization of the Lorentz
indices and Dµ is the covariant derivative. The Green’s function in D = 4+ε
dimensions obeys the following vector decomposition
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contracting the OME with a source term JN = ∆µ1 . . . ∆µN , with ∆2 = 0
and p the parton momentum. It determines the un-renormalized massive
OME

ˆ̂
ATR,NS
qq,Q

(
m̂2

µ2
, ε,N

)
=

−i δij

4Nc (∆ · p)N+1 (D − 2)

{
Tr
[
/∆/pp
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1 We use the notation f̂(Nf ) = f(Nf + 1)− f(Nf ).
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A total of 129 diagrams contribute, which were generated using QGRAF [13].
These were projected onto ˆ̂

ATR,NS
qq,Q , cf. [9], using codes written in FORM [14].

After tensor reduction, the loop integrals are of the tadpole-type, since the
single external quark is on-shell and massless. The integrals were then eval-
uated using MATAD [15]. The renormalization of the OMEs is described in
Ref. [9].

After mass- and charge renormalization one obtains the massive OMEs
in the on-mass-shell scheme, cf. [9],

∆TA
(2),NS,MS
qq,Q =

β0,Qγ
(0),TR
qq

4
ln2
“m2

µ2

”
+
γ̂

(1),TR
qq

2
ln
“m2

µ2

”
+ a

(2),TR
qq,Q − β0,Qγ

(0),TR
qq

4
ζ2 ,

(8)

∆TA
(3),NS,MS
qq,Q = −γ

(0),TR
qq β0,Q

6

“
β0 + 2β0,Q

”
ln3
“m2

µ2

”
+

1

4

(
2γ(1),TR

qq β0,Q

−2γ̂(1),TR
qq

“
β0 + β0,Q

”
+ β1,Qγ

(0),TR
qq

)
ln2
“m2

µ2

”
+

1

2

(
γ̂(2),TR

qq

−
“
4a

(2),TR
qq,Q − ζ2β0,Qγ

(0),TR
qq

”
(β0 + β0,Q) + γ(0),TR

qq β
(1)
1,Q

)
ln
“m2

µ2

”
+4a

(2),TR
qq,Q (β0 + β0,Q)− γ(0)

qq β
(2)
1,Q − γ

(0),TR
qq β0β0,Qζ3

6
− γ

(1),TR
qq β0,Qζ2

4

+2δm
(1)
1 β0,Qγ

(0),TR
qq + δm

(0)
1 γ̂(1),TR

qq + 2δm
(−1)
1 a

(2),TR
qq,Q + a

(3),TR
qq,Q (9)

at 2- and 3-loops. Here, ζk denotes the Riemann ζ-function and γ(l),TR
qq are

the transversity anomalous dimensions for l = 0, 1, 2 in LO [16], NLO [5,17],
and NNLO [18]. For the other quantities we refer to [9]. The new terms
being calculated are a(2),TR

qq,Q (N), a(2),TR
qq,Q (N) and a

(3),TR
qq,Q (N), and for the

higher values of N , γ̂(2),TR
qq (N).

2. Results

2.1. Massive operator matrix elements

At O(a2
s ) the massive operator matrix elements for transversity

∆TA
(2),NS,MS
qq,Q are obtained for general values ofN , cf. Eq. (8). The un-renor-

malized OME is computed to O(ε) to also extract the function a(2),TR
qq,Q (N).

The new terms at 2-loops are a(2),TR
qq,Q and ā(2),TR

qq,Q , cf. Eqs (8), (9):
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with Sk ≡ Sk(N) denoting the single harmonic sums.
At O(a3

s ) the moments N = 1 to 13 were computed for the massive
OME, as e.g.
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where
B4 = −4ζ2 ln2 (2) + 2

3 ln4 (2)− 13
2 ζ4 + 16Li4
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2

)
.

Like for the massive OMEs in case of unpolarized deep-inelastic scattering
the structure of ∆TA

(3),NS,MS
qq,Q (N) is widely known for general values of N ,

except for the finite part a(3),NS,TR
qq,Q and the 3-loop anomalous dimension

γ̂
(2),TR
qq (N). One notices the cancellation of all ζ2 terms in ∆TA

(3),NS,MS
qq,Q (N)

after renormalization.

2.2. Anomalous dimensions

The transversity anomalous dimension is given by

γTR
qq (N, as) =

∞∑
i=1

aisγ
(i),TR
qq (N) . (13)
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From Eq. (9) one may determine the complete 2-loop anomalous dimension
[5, 17] and the TF -part of the 3-loop anomalous dimension [18]. We agree
with the results given in [5, 17] and confirm the TF -contributions for the
moments N = 1 to 8 given in Ref. [18]. Furthermore, we newly obtain
γ̂

(2),TR
qq = γ

(2),TR
qq (Nf + 1)− γ(2),TR

qq (Nf ) for N = 9 to 13, as e.g.

γ̂(2),TR
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2.3. A remark on the Soffer bound

If the Soffer inequality [19]

|∆Tf
(
x,Q2

)
| ≤ 1

2

[
f
(
x,Q2

)
+ ∆f

(
x,Q2

)]
(15)

holds for the non-perturbative PDF in Eq. (15) one may check its generaliza-
tion from fi → Fi for the corresponding structure functions. This includes
the non-singlet evolution operator (Eq. (6), Ref. [20]) and the heavy flavor
Wilson coefficient. At perturbative scales, it holds for the evolution oper-
ator [11], generalizing a NLO result from [5] to the moments N = 1 to 13
at NNLO. For the heavy quark Wilson coefficient in SIDIS we only know
the massive OME so far. As shown in Ref. [11], a final conclusion can only
be drawn knowing the yet undetermined massless Wilson coefficients. The
difference

[
AV
qq,Q −ATR

qq,Q

]
(x) of the massive OMEs, shows a sign change to

negative values for Q2/m2 in the physical range. For large scales Q2/m2 � 1
positive values are obtained.
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