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GENERALIZED COHERENT STATES FOR
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Coherent states play an important role in quantum physics. By study-
ing the dynamical groups and recognizing their algebra relations, we can
specify coherent states for these groups. In this paper, we will specify dy-
namical group of a charged particle in uniform and variable magnetic fields,
then we obtain the coherent states for its corresponding problem.

PACS numbers: 02.20.Sv, 03.65.Yz

1. Introduction

The standard coherent state system is intimately related to a group [1–3],
considered first by Weyl, the so-called Heisenberg–Weyl group. The coherent
state method is particularly effective in cases where the Heisenberg–Weyl
group is the dynamical symmetry group of a considered physical system.
The simplest example is a quantum oscillator under the action of a variable
external driving force [3]. In this case the Heisenberg equations of motion
coincide with the corresponding equations for the classical variables. In
the course of the time evolution, any coherent state remains coherent [4, 5],
and the motion of the phase space point representing the coherent state
is described by the classical equation. This fact enables one to simplify
the quantum problem significantly, reducing it to the corresponding classi-
cal problem. The Heisenberg–Weyl group, of course, is not the universal
dynamical symmetry group, other symmetry groups appear in many cases.
For instance, the symmetry group for spin precession in a variable magnetic
field is SU(2) group, and for the problem of a quantum oscillator with vari-
able frequency, the symmetry group is SU(1, 1). Coherent states of various
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Lie groups, as functions of some variable z which run over the entire com-
plex plane [6], have been successfully used in many fields of physics [1, 7].
Based on the methods of group theory there are three different approaches
for defining coherent states [3]. In the first approach, the coherent states are
generated by the action of group elements on a reference state of a group
representation in the Hilbert space. For example, the reference state can be
the ground state corresponding to a quantum mechanical Hilbert space. In
the second approach, coherent states are defined as eigenstates of a lowering
group generator. Again, the lowering generator can be related to the Lie
algebra of the dynamical symmetry group of a quantum system, such that
it acts on the Hilbert space generated by the quantum states representing
the Lie algebra. The third approach for defining coherent states is related to
the optimization of uncertainty relations for Hermitian generators of a Lie
group. This method is the Schrödinger discovery [8] of the coherent states
as the states which minimize the Heisenberg uncertainty relation. Different
approaches overlap only in the special case of the Heisenberg–Weyl group,
that is the dynamical symmetry group of the quantum harmonic oscillator.
A question arises whether for other Lie group, systems of states exist hav-
ing some properties similar to those of the standard coherent state system.
The answer is positive. In [1, 2], general coherent systems related to rep-
resentations of an arbitrary Lie group were constructed and investigated,
elaborate methods of group theory were employed to study properties of
these systems. Generalized coherent states, which were introduced in [1, 3],
are relevant to an arbitrary Lie group, they are parametrized by point of
homogeneous spaces where the group acts. In same cases, one can consider
these spaces as generalized phase spaces for classical dynamical systems.

Coherent states play an important role in quantum physics, for instance,
in non-equilibrium statistical physics that describes the evolution toward
thermodynamic equilibrium for quantum systems with equidistant energy
spectra set in thermostat [1], and so we can investigate the coherent states
to obtain Landau diamagnetism for a free electron gas [9]. In [10], the pos-
sible occurrence of orbital magnetism for two-dimensional spinless electrons
confined by a harmonic potential ∼ 1

2mω0R
2 in various regimes of temper-

ature and magnetic field is studied. There are two dynamical symmetries
of the SU(2) and SU(1,1) Lie algebra of quadratic observable. It has been
shown that the coherent states can be defined as tensor products of the stan-
dard one-dimensional coherent states that correspond to tensor products of
Fock harmonic oscillator eigenstates.

Coherent states can be studied for arbitrary groups, but here we con-
fine our problem to SU(1,1) dynamical group. The role of SU(1,1) group
in physics, especially in quantum physics, has been recognized for a long
time and its coherent states have been extensively studied. There are two
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well-know analytic representations of the coherent states for the SU(1,1) Lie
group [11]. One is the analytic representation in the unit disk based on the
overcomplete set of the SU(1,1) Perelomov coherent states [1] and the other
is the Barut–Girardello representation based on the overcomplete basis of
the Barut–Girardello states [12]. One can find interesting properties and ap-
plications of these two representations in [13–17]. In [11] it has been shown
that the Barut–Girardello representation and the analytic representation in
the unit disk are related through a Laplace transform. These representations
are useful in many quantum mechanical problems involving dynamical sys-
tems with SU(1,1) symmetry [18–21], for example, the coherent states have
been used to study two-photon realization of SU(1,1) in quantum optics [10].
In [22] these representations have been applied for photon states associated
with the Holstein–Primakoff realization of the SU(1,1) Lie algebra.

As the other application, coherent states can be considered for Pöschl–
Teller potential and their revival dynamics. In [23] the properties of Barut–
Girardello and Kluder–Perelomov coherent states have been compared for
trigonometric Pöschl–Teller potential with SU(1,1) dynamical group. In

[24], the behavior of electrons in an external uniform magnetic field ~B has

been considered where the space coordinates perpendicular to ~B have been
taken as non-commuting. The authors have used the coherent states for the
calculation the partition function, the magnetization and the susceptibility.

In this paper, we consider a charged particle moving in the presence of
a static and uniform magnetic field in the z-direction, and we extend this
problem to the magnetic field which varies as 1

x2 [25]. The dynamical groups
for these systems are SU(1,1) groups. Then using the definition of Kluder–
Perelomov coherent states, we will write generalized coherent states for these
physical systems.

2. Generalized coherent state for SU(1,1) Lie algebra

We note that Lie algebra corresponding to the Lie group SU(1,1) has

three generators, K̂1, K̂2 and K̂3, or K̂+, K̂− and K̂3 as its basis elements.
The commutation relation of the SU(1, 1) Lie algebra is given by [1, 3]:

[K̂3, K̂+] = K̂+, [K̂3, K̂−] = −K̂−, [K̂+, K̂−] = −2K̂3 . (1)

The Fock space on which {K̂+, K̂−, K̂3} acts, is H≡ {|K,n〉|n ∈ N ∪ {0}}
and its actions are

K+ | K,n〉 =
√

(n + 1)(2K + n) | K,n+ 1〉 , (2)

K− | K,n〉 =
√
n(2K + n− 1) | K,n − 1〉 , (3)

K3 | K,n〉 = (K + n) | K,n〉 , (4)
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where |K, 0〉 is a normalized state:

K−|K, 0〉 = 0 , (5)

〈K, 0 | K, 0〉 = 1 . (6)

From Eqs. (2), (3), (4), we have

| K,n〉 =
(K+)n√
(n!)(2K)n

| K, 0〉 , (7)

where (a)n is the Pochhammer’s notation (a)n ≡ a(a+1) . . . (a+n−1). Now
we would like to consider the displaced operator associated to the SU(1,1)
Lie algebra. This operator is given by the following relation [1]:

D(ξ) = eξK+−ξK− = exp(ζK+) exp(ηK3) exp(ζ ′K−) , (8)

where

ζ = tanh |ξ|eiϕ , η = 2 ln cos |ξ| = −ln(1 − |ζ|2) , ζ ′ = −ζ , (9)

where ϕ is a phase and ξ is a complex number. This is also the key formula for
generalized coherent operators. Applying the displacement operator D(ξ) to
the state vector |ψ0〉, and using the normal form Eq. (8), we obtain another
representation for the coherent states:

| ζ〉 = (1 − |ζ|2)k exp(ζK+)|0〉 , (10)

where |K, 0〉 = |0〉.
Expanding the exponential function and using [1], we obtain the decom-

position of the coherent state over the orthonormal basis as [28]

| ζ〉 = (1 − |ζ|2)k
∞∑

n=0

√
(2K)n
n!

ζn | K,n〉 . (11)

The above equation is the coherent state of SU(1,1) Lie algebra. We will
use this relation in next sections in our interesting problem.

3. Charged particle in a uniform magnetic field

The Hamiltonian operator for charged particle in an external constant
magnetic field is given by [25,26]:

H =
1

2µ

(−→
P +

e

c

−→
A

)2
=

−~
2

2µ
∇2 − ie~

µc

−→
A · −→∇ +

e2

2µc2
A2 . (12)
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We can consider the vector potential
−→
A as

−→
A = 1

2

−→
B × −→r , also we assume

−→
B = Bẑ, where B is a constant. Then the Schrödinger equation for this
system is

HΨ =
−~

2

2µ
∇2

Ψ +
eB

2µc
LzΨ +

e2B2

8µc2
(x2 + y2)Ψ = EΨ . (13)

Now we solve the above equation in the cylindrical coordinates. We consider
the wave function Ψ(r) = U(ρ)eimϕeikz(m = 0, 1, 2, . . .).

d2U(ρ)

dρ2
+

1

ρ

dU(ρ)

dρ
−m

2

ρ2
U(ρ)− e2B2

4~2c2
ρ2U(ρ)+

[
2µE

~2
− eBm

~c
− k2

]
U(ρ) = 0 ,

(14)

Performing the change of variable, x =
√

eB
2~cρ, in the above equation, we

obtain
d2U(x)

dx2
+

1

x

dU(x)

dx
− m2

x2
U(x) + (λ− x2)U(x) = 0 , (15)

where

λ =
4µc

eB~

(
E − ~

2k2

2µ

)
− 2m. (16)

The asymptotic behavior of wave function is

U(x) = xme−x2/2F (x) . (17)

Now by solving the differential equation (15) and changing the variable to
y = x2, and considering that n is the principle quantum number, we have:

Un(y) = Nne
−y/2ym/2Lm−1/2

n (y) , (18)

where Nn is the normalization factor:

Nn =

√
2n!

(n+m− 1
2 )!

. (19)

We now address the problem of finding the creation and annihilation oper-
ators for the wave functions (18) with the factorization method [27]. The
ladder operators can be constructed directly from the wave function without
introducing any auxiliary variable [25]. So we can define the annihilation

operator P̂− as:

P̂− = −y d
dy

− y

2
+ n+

m

2
, (20)
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with the following eigenvalue,

p− =

√
n

(
n+m− 1

2

)
. (21)

In a similar way, we get

P̂+ = y
d

dy
− y

2
+ n+

m+ 1

2
, (22)

with the following eigenvalue,

p+ =

√
(n+ 1)

(
n+m+

1

2

)
. (23)

The operators P̂−, P̂+ and P̂0 satisfy

[P̂0, P̂+] = P̂+ , [P̂0, P̂−] = −P̂− , [P̂+, P̂−] = −2P̂0 , (24)

where

P̂0 = n̂+
m

2
+

1

4
, (25)

and
n̂Un(ρ) = nUn(ρ) . (26)

Obviously Eq. (24) shows that these operators following commutation re-
lations satisfy SU(1,1) Lie algebra. In other words our problem has the
SU(1,1) dynamical group.

4. Generalized coherent state for a charged particle
in the uniform magnetic field

The Klauder–Perelomov definition of coherent states consists of applying

the operator eξP̂+ to the ground state |0〉, such that

|ξ〉 = eξP+−ξ̄P− |0〉 , (27)

which leads to
|ζ〉 =

(
1 − |ζ|2

)(m/2)+(1/4)
eζP+ |0〉 , (28)

where ζ = ξ tanh |ξ|
|ξ| is a complex number satisfying the condition |ζ| < 1.

The last equation can be reorganized as follows

|ζ〉 = (1 − |ζ|2)(m/2)+(1/4)
∞∑

n=0

√(
m+ 1

2

)
n

n!
ζn|n〉 . (29)
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By noting the generalized coherent state for SU(1,1) Lie algebra [1], and the
calculations in the previous sections, we can obtain the generalized coherent
state for the wave function, Eq. (18), as

Uζ(y) = 〈y | ζ〉 . (30)

By substituting Eq. (28) in the above equation, we have

Uζ(y) =
(
1 − |ζ|2

)(m/2)+(1/4)
∞∑

n=0

√(
m+ 1

2

)
n

n!

√
2n!

(n+m− 1
2 )!

×e−y/2ym/2Lm−1/2
n (y)ζn . (31)

Now we define the generating function of the associated Laguerre polyno-
mial, as

∞∑

n=0

Lt
n(x)zn =

e−xz/(1−z)

(1 − z)t+1
, (32)

and substituting the above relation in Eq. (30), we obtain

Uζ(y) =
(1 − |ζ|2)(m/2)+(1/4)

(1 − ζ)(m+1/2)

√
2

Γ (m+ 1
2)
ym/2e−y((1+ζ)/2(1−ζ)) . (33)

Uζ(y) is the generalized coherent state for the wave function of the charged
particle in a constant magnetic field.

5. Charged particle in variable magnetic field

The Hamiltonian operator for a charged particle in the presence of an
external variable magnetic field Bx = 0, By = 0, Bz = − β

x2 , is given by [25]

H =
1

2µ

(−→
P +

e

c

−→
A

)2
=

−~
2

2µ
∇2 +

~

i

e

µc
β

1

x

∂

∂y
+
e2β2

2µc2
1

x2
, (34)

where β is a constant. Then the Schrödinger equation becomes

(−~2

2µ
∇2 + 2

~

i
ωβ

1

x

∂

∂y
+ 2µω2

β

1

x2

)
Φ(x, y, z) = EΦ(x, y, z) , (35)

where

ωβ =
eβ

2µc
. (36)
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Consider the wave function

Φ(x, y, z) = U(x)ei(kyy+kzz) . (37)

Substituting it in Eq. (34), one finds the wave function U(x) satisfies the
following equation

d2U(ρ)

dρ2
+

[
λ

ρ
− α

ρ2
− 1

4

]
U(ρ) = 0 , (38)

where

λ = −2ky

√
α

Ẽ
, ρ =

−2
√
α

λ
kyx , (39)

and

α =
4µ2ω2

β

~2
, Ẽ = −4

(
2µE

~2
− k2

y − k2
z

)
. (40)

From the behavior of the wave function at the origin and at infinity, we can
consider the following ansatz for Un(ρ)

Un(ρ) = Nnρ
se−

ρ

2 1F1(S + λ, 2s, ρ) , (41)

with

s =
1

2
+

√
1

4
+ α , (42)

where 1F1(S + λ, 2s, ρ), is the confluent hypergeometric function. Now, by
using the relation between hypergeometric functions and Laguerre polyno-
mials, we obtain Un(ρ) as

Un(ρ) = Nnρ
se−ρ/2L2s−1

n (ρ) (43)

where Nn is a normalized factor

Nn =

√
n!

(n+ 2s− 1)!(2n + 2s)
. (44)

By using the factorization method [27], the ladder operators can be con-
structed directly from the wave function without introducing any auxiliary
variable [25], thus it is found that

L̂+ = ρ
d

dρ
− ρ

2
+ n+ s , (45)
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with the following eigenvalue

l+ =

√
(n + 1)(n + 2s)(n + s+ 1)

(n+ s)
. (46)

In a similar way, we get

L̂− = −ρ d
dρ

− ρ

2
+ n+ s , (47)

with the following eigenvalue

l− =

√
n(n+ 2s − 1)(n+ s− 1)

(n+ s)
. (48)

We modify L̃± as follows

L̃+ =

√
(n+ s)

(n+ s+ 1)
L+ , L̃− =

√
(n+ s)

(n+ s− 1)
L− . (49)

Now, the actions of L̃+ and L̃− on the eigenfunctions, respectively, are

L̃+Un(ρ) =
√

(n + 1)(n+ 2s)Un+1(ρ) , (50)

and
L̃−Un(ρ) =

√
n(2s+ n− 1)Un−1(ρ) . (51)

Then, we define the operators n̂, as follows

n̂Un(ρ) = nUn(ρ) . (52)

Using the above equations, we calculate the commutation relation [L̃−, L̃+]

[L̃−, L̃+]Un(ρ) = 2L̃0Un(ρ) , (53)

where
L̃0 = n̂+ s , (54)

so, we can conclude easily that operators L̃− , L̃+ and L̃0, that satisfy the
following commutation relations as,

[L̃0, L̃+] = L̃+ , [L̃0, L̃−] = −L̃− , [L̃+, L̃−] = −2L̃0 . (55)

Obviously Eq. (54) shows that these operators following commutation re-
lations satisfy SU(1,1) Lie algebra. In other words, we understand that a
charged particle in variable magnetic field has the dynamical group SU(1,1).
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6. Generalized coherent state for charged particle
in variable magnetic field

In this section, we use the Klauder–Perelomov coherent states that con-

sist of applying the operator eζL̃+ to the ground state |0〉, such that

|ζ〉 = (1 − |ζ|2)seζL̃+ |0〉 . (56)

Expanding the exponential, we obtain

|ζ〉 = (1 − |ζ|2)s
∞∑

n=0

√
(2s)n
n!

ζn|n〉 . (57)

The overlapping property is

〈ζ1|ζ2〉 =

[
(1 − |ζ1|2)(1 − |ζ2|2)

(1 − ζ̄1ζ2)

]s

. (58)

As mentioned above the charged particle in variable magnetic field has a
dynamical group SU(1,1). Now we will obtain the generalized coherent state
for the wave function, as follows

Uζ(ρ) = 〈ρ|ζ〉 . (59)

This formula is

Uζ(ρ) = (1 − |ζ|2)s
∞∑

n=0

√
Γ (n+ 2s)

Γ (2s)(n + 2s− 1)!(2n + 2s)
ρse−ρ/2ζnL2s−1

n (ρ) .

(60)

In conclusion, Uζ(ρ) is a generalized coherent state for the wave function of
charged particle in variable magnetic field.

7. Conclusion

The coherent states are mathematical tools which provide a close con-
nection between classical and quantum formalisms. The study of coherent
states is not confined to the harmonic oscillator only, but it has been gener-
alized to various systems — for example, systems with Lie algebra SU(1,1)
or SU(2) symmetry [1,28,29] or even systems with nonlinear algebraic sym-
metry [30–32]. In this article, using a definition of the generalized coher-
ent states for SU(1, 1) Lie algebra, we presented the nth state of the wave
function for a charged particle in a constant magnetic field, after that we
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calculated the annihilation and creation operators by using the factorization
method [27] and we showed that the dominated relation between these oper-
ators is SU(1, 1) Lie algebra. Then in Section 4 we obtained the generalized
coherent states for this problem. In Section 5 we extend the problem to
the varying magnetic field, then we obtained the corresponding generalized
coherent states in Section 6.

The physical system of a charged particle under the influence of a con-
stant magnetic field, which was considered early after the foundation of
quantum mechanics, has recent ramifications in condensed matter physics.
One would expect that the study of the system under a space dependent
magnetic field may result in more pronounced and interesting behaviour. In
this paper we have considered a simple situation where only the y-component
of the vector potential exists in the form Bz proportional to 1

x2 . Parallel to
the [10, 24], one can use our coherent state, to obtain symbols of various
involved observables. We will come back to this problem in a next work.
Finally we must mention that the condition |ζ| < 1 shows that the SU(1,1)
coherent state are defined in the interior of the unit disk. As it has been
done in [11], one can show that our analytic representations of coherent
state in the unit disk are related through a Laplace transform to the Barut–
Girardello representation.

The authors would like to thank the referee for his useful comments,
which assisted to prepare better this report.
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