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Black holes radiate not only the scalar particles but also Dirac particles.
Extending Kerner and Mann’s work (Class. Quantum Grav. 25, 095014
(2008)) to the rotating and charged rotating black holes, we investigate the
Hawking radiation of fermions for the Kerr black hole and Kerr–Newman
black hole. The Hawking temperatures are recovered when the electromag-
netic field effect and rotation effect are taken into account and are same as
that computed by other methods.
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1. Introduction

Ever since Stephen Hawking had proved the black hole radiates ther-
mally, there were several methods presented to derive the Hawking radia-
tion [1–6]. In these methods, the semi-classical tunneling method put for-
ward by Kraus and Wilczek [7,8] and developed by Parikh and Wilczek [9–11]
attracted many people’s attention [12–16]. In this method, its derivation of
the Hawking radiation mainly consists in the computation of the action of
the classically forbidden trajectory by considering the unfixed back ground
space-time of black holes and particles’ self-gravitational interaction. When
Hawking radiation was first proved, it was described as a quantum tunnel-
ing process triggered by vacuum fluctuations near the horizon. Now that it
is a tunneling process, one should find the tunneling potential barrier. In
semi-classical tunneling mode, they pointed out the potential was afforded
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by the radiation particle self, thus the produce mechanism of tunneling po-
tential is overcome. Furthermore the actual radiation spectrum includes not
only leading term but also correction term, which makes a correction to the
purely thermal one.

In 2005, one ansatz to investigate Hawking radiation by the Hamilton–
Jacobi equation to derive the action of radiation particle was put forward
by Angheben et al. [17]. In fact, this approach is the extension of Padman-
abhan’s work [18, 19]. In this ansatz, they neglected the back reaction of
black holes’ geometry and self-gravitational interaction of radiation parti-
cles, and therefore derived the leading term of Hawking radiation spectrum.
The virtue of this treatment is that the covariant treatment of the horizon
singularity through the use of spatial proper distance. Applying this ansatz,
people studied the Hawking radiation of diversified space-time and made
a great deal of successes [20–23].

However, all of these studies were limited to scalar particle case. As we
know, the black hole radiates not only scalar particles but also Dirac par-
ticles. Based on this, Kerner and Mann [24] studied the Hawking radiation
of spin 1/2 particles for Rindler space-time and that of the spherically sym-
metric uncharged black hole by resolving the Dirac equation. However, the
case of fermions for the charged black hole and (charged) rotating black hole
has not been studied. The difficulty consists in how to consider the effect
of electromagnetic field and the rotating effect. Our work in this paper is
to extend Kerner and Mann’s work to the rotating black hole and charged
rotating black hole and investigate the Hawking radiation of fermions by
considering the electromagnetic field effect and rotation effect.

The remainders of this paper are outlined as follows. In Sec. 2, taking
the rotation effect into account, we investigate the Hawking radiation of
fermions of the rotating (Kerr) black hole and recover the Hawking tem-
perature. Extending this work to the charged rotating space-time, the case
of the Kerr–Newman black hole is studied by considering rotation effect
and electromagnetic effect in Sec. 3. Sec. 4 contains some discussion and
conclusion.

2. Hawking radiation from Kerr black hole

In this section, we take the Kerr black hole as model to investigate the
Hawking radiation of fermions for rotating black holes. The metric of the
Kerr black hole is given by

ds2 = −
(

1 − 2Mr

ρ2

)

dt2 +
ρ2

∆
dr2 + ρ2dθ2

+

[

(

r2 + a2
)

+
2Mra2 sin2 θ

ρ2

]

sin2 θdϕ2 − 4Mra sin2 θ

ρ2
dtdϕ , (1)



Fermions Tunneling from Kerr and Kerr–Newman Black Holes 243

where ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 = (r − rh)(r − r−), M is

the physic mass of the black hole, and rh = M +
√

M2 − a2 (r− = M −√
M2 − a2) are the outer (inner) horizons. From the metric (1), we find the

outer (inner) horizons obtained from gµν∂µf∂νf = 0 and the outer (inner)
infinite red-shift surfaces obtained from g00 = 0 are not coincident with
each others, which is not convenient for us to view the Hawking radiation
of fermions; thereby we should choose one coordinate system to let them be
coincident. There are two treatments to approach it: one is treating it in the
dragging coordinate system (t, r, θ) and letting dϕ = − g03

g33
dt; Another is to

introduce a new coordinate system (t, r, θ, χ). We choose the latter one and
introduce the new coordinate as χ = ϕ−Ωt (where Ω = 2Mra

(r2+a2)2−∆a2 sin2 θ
),

on the metric (1) and get

ds2 = − ∆ρ2

(r2 + a2)2 − ∆a2 sin2 θ
dt2 +

ρ2

∆
dr2 + ρ2dθ2

+

(

r2 + a2
)2 − ∆a2 sin2 θ

ρ2
sin2 θdχ2 . (2)

In this metric, the outer (inner) horizons coincide with the outer (inner)
infinite red-shift surfaces. Moreover, the metrics satisfy Landau’s condition
of the coordinate clock synchronization, which is helpful to investigate the
radiation of fermions for the black hole. The Dirac equation in the curved
space-time is

iγµ (∂µ + Ωµ) Ψ +
m

~
Ψ = 0 , (3)

where Ωµ = i
2Γ

αβ
µ Σαβ , Σαβ = i

4 [γα, γβ] and γµ matrices satisfy {γµ, γν} =
2gµν . For the convenience of the computation, we let

F (r) =
∆ρ2

(r2 + a2)2 − ∆a2 sin2 θ
, G(r) =

∆

ρ2
,

H2(r) =

(

r2 + a2
)2 − ∆a2 sin2 θ

ρ2
sin2 θ , K2(r) = ρ2 , (4)

and choose the γµ matrices as

γt =
1

√

F (r)

(

i 0
0 −i

)

, γr =
√

G(r)

(

0 σ3

σ3 0

)

,

γθ =
1

K(r)

(

0 σ1

σ1 0

)

, γχ =
1

H(r)

(

0 σ2

σ2 0

)

. (5)
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In the Dirac field, there are two cases which correspond to the particle
with spin up and spin down, therefore two wave functions are corresponded
respectively and they can be expressed as

Ψ(↑) =









A
0
B
0









exp
( i

~
I↑

)

, Ψ(↓) =









0
C
0
D









exp
( i

~
I↓

)

. (6)

In which the actions I↑ and I↓ are the functions of t, r, θ, χ. In the investiga-
tion of Hawking radiation, the key is to compute the action. Considering the
number of Dirac particles with spin up is statistically equal to that of spin
down case, we only explore the spin up case. To obtain the action, inserting
the wave function Ψ(↑) and γµ matrices into the Dirac equation and yielding

−
(

iA
√

F (r)
∂tI↑ + B

√

G(r)∂rI↑

)

+ mA = 0 , (7)

(

iB
√

F (r)
∂tI↑ − A

√

G(r)∂rI↑

)

+ mB = 0 , (8)

−B

(

1

K(r)
∂θI↑ +

i

H(r)
∂χI↑

)

= 0 , (9)

−A

(

1

K(r)
∂θI↑ +

i

H(r)
∂χI↑

)

= 0 . (10)

It is difficult to get the value of the action directly. From the above four
equations, we can find the action can be carried out in separation of variables.
Considering the properties of the Kerr space-time, we carry out separation
of variables as

I↑ = −ωt + W (r) + jϕ + Θ(θ) (11)

in which ω and j are the energy and magnetic quantum number of the
particle, respectively. Although there are four equations, our concern are
the first two for that the imaginary part of the action is produced from here.
Inserting Eq. (11) into (7) and (8), we have

−
(

iA
√

F (r)
(−ω + jΩ) + B

√

G(r)∂rW (r)

)

+ mA = 0 , (12)

(

iB
√

F (r)
(−ω + jΩ) − A

√

G(r)∂rW (r)

)

+ mB = 0 . (13)
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When m = 0, it means this is investigation of the Hawking radiation of
massless particles and Eqs. (12) and (13) decouple. While m 6= 0, this is
the Hawking radiation of massive particle and the equations couple. Solving
W (r) yields

W±(r) = ±iπ
ω − jΩh

√

F ′(rh)G′(rh)
, (14)

where
√

F ′(rh)G′(rh) = 2(rh−M)
r2

h
+a2

, ± correspond to the outgoing/ingoing

solutions of the action and Ωh = a
r2

h
+a2

is the angular velocity at the outer

horizon. Substituting the result (14) into the separation of variables, we can
get the imaginary part of the actions as

ImI± = ±iπ
r2
h + a2

2 (rh − M)
(ω − jΩh) . (15)

So the tunneling probability of the fermions is

Γ =
P (emission)

P (absorption)
=

exp(−2ImI+)

exp(−2ImI−)
= exp

(

− 4π(ω − jΩh)
√

F ′(rh)G′(rh)

)

= exp

(

−2π
r2
h + a2

rh − M
(ω − jΩh)

)

. (16)

This is the Hawking radiation spectrum of fermions for the Kerr black hole.
Thus the Hawking temperature of the Kerr black hole is recovered as

T =

√

F ′(rh)G′(rh)

4π
=

1

2π

rh + M

r2
h + a2

, (17)

which is in full accordance with that obtained by the other method. This
implies when black hole radiates massless particle and massive particle, their
tunneling probability and Hawking temperature are the same and are not
related to the kind of particles. For the spin down case, choosing the corre-
sponding (spin down) wave function and investigating it again as the similar
process, we can get the same result. It is not discussed here.

3. Hawking radiation from Kerr–Newman black hole

In this section, we focus our attention on the charged rotating black hole
and investigate the Hawking radiation of fermions in the electromagnetic
field. Replacing ∆ in the metric (1) with ∆̂ = r2 − 2Mr + a2 + Q2 =
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(r − rh)(r − r−), the Kerr–Newman metric black hole can be given as

ds2 = −
(

1− 2Mr−Q2

ρ2

)

dt2 +
ρ2

∆̂
dr2 + ρ2dθ2− 2(2Mr−Q2)a sin2 θ

ρ2
dtdϕ

+

[

(

r2 + a2
)

+

(

2Mr − Q2
)

a2 sin2 θ

ρ2

]

sin2 θdϕ2 , (18)

with the electromagnetic potential

Âµ = Âtdt + Âϕdϕ =
Qr

r2 + a2 cos2 θ
dt − Qra sin2 θ

r2 + a2 cos2 θ
dϕ , (19)

where Q is the charge of the black hole, and the outer (inner) horizons

rh = M +
√

M2 − Q2 − a2 (r− = M −
√

M2 − Q2 − a2) satisfy ∆̂ = 0.
Following the method given in Sec. 2, we introduce the similar coordinate

transformation χ = ϕ − Ωt (where Ω = (2Mr−Q2)a

(r2+a2)2−∆̂a2 sin2 θ
) and get the

metric as

ds2 =
∆̂ρ2

(r2 + a2)2 − ∆̂a2 sin2 θ
dt2

+
ρ2

∆̂
dr2 + ρ2dθ2 +

(

r2 + a2
)2 − ∆̂a2 sin2 θ

ρ2
sin2 θdχ2 , (20)

with the corresponding potential

Aµ = Atdt + Aχdχ =
Qr
(

r2 + a2
)

(r2 + a2)2 − ∆̂a sin2 θ
dt − Qra sin2 θ

r2 + a2 cos2 θ
dχ . (21)

The metrics (20) and (2) have the similar forms and therefore they have
similar properties. Namely the outer (inner) horizons and outer (inner) infi-
nite red-shift surfaces are coincident with each other; and the metrics satisfy
Landau’s condition of the coordinate clock synchronization. These proper-
ties are useful to investigate the Hawking radiation of the Kerr–Newman
black hole.

The Dirac equation of the charged particle in the electromagnetic field is

iγµ

(

∂µ + Ωµ +
i

~
eAµ

)

Ψ +
m

~
Ψ = 0 , (22)

where e and Aµ are the electronic charge and corresponding potential. Choos-
ing the γµ matrices as follows

γt =
1

√

F̂ (r)

(

i 0
0 −i

)

, γr =

√

Ĝ(r)

(

0 σ3

σ3 0

)

,
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γθ =
1

K̂(r)

(

0 σ1

σ1 0

)

, γχ =
1

Ĥ(r)

(

0 σ2

σ2 0

)

, (23)

where F̂ (r), Ĝ(r), K̂(r) and Ĥ(r) are given by replacing ∆ in Eq. (4) with

∆̂ = r2 − 2Mr + a2 + Q2. In this section, we still detailedly explore the
action of radiation particle with spin up case. The spin up wave function
in Eq. (6) is still adopted here. Substituting the γµ matrices and the wave
function into the Dirac function, we can get the four equations as

−





iA
√

F̂ (r)
(∂tI↑ + eAt) + B

√

Ĝ(r)∂rI↑



+ mA = 0 , (24)





iB
√

F̂ (r)
(∂tI↑ + eAt) − A

√

Ĝ(r)∂rI↑



+ mB = 0 , (25)

−B

(

1

K̂(r)
∂θI↑ +

i

Ĥ(r)
(∂χI↑ + eAχ)

)

= 0 , (26)

−A

(

1

K̂(r)
∂θI↑ +

i

Ĥ(r)
(∂χI↑ + eAχ)

)

= 0 . (27)

Our interest is still first two equations. Considering the properties of the
Kerr–Newman space-time, we carry out the separation of variables as I↑ =
−ωt + W (r) + jϕ + Θ(θ). Inserting the action into the above equations
yielding

−





iA
√

F̂ (r)
(−ω + eAt + jΩ) + B

√

Ĝ(r)∂rW (r)



+ mA = 0 , (28)

( iB
√

F̂ (r)
(−ω + +eAt + jΩ) − A

√

Ĝ(r)∂rW (r)
)

+ mB = 0 . (29)

When m = 0, this is the Hawking radiation of massless particles and
Eqs. (28) and (29) decouple. And then the charge and corresponding poten-
tial in the corresponding equations should be zero. While m 6= 0, it is the
case of massive particle and the equations couple. Solving W (r) produce

W±(r) = ±iπ
ω − eA0 − jΩh
√

F̂ ′(rh)Ĝ′(rh)
, (30)
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where ± corresponds to the outgoing/ingoing solution, Ωh = a
r2

h
+a2

and

A0 = Qrh

r2

h
+a2

are the angular velocity and electronic charge potential at the

outer horizon respectively, and

√

F̂ ′(rh)Ĝ′(rh) = 2(rh−M)
r2

h
+a2

. Inserting the

value of W±(r) into the action, we can obtain the imaginary part of the
actions as

ImI± = ±iπ
r2
h + a2

2(rh − M)
(ω − eA0 − jΩh) . (31)

So the tunneling probability of the radiation particle is

Γ = exp
(

− 2π
r2
h + a2

rh − M
(ω − eA0 − jΩh)

)

. (32)

And the Hawking temperature of the Kerr–Newman black hole is recov-
ered as

T =
1

2π

rh + M

r2
h + a2

, (33)

which is fully in consistence with that obtained by other method.
When Q = 0 and a 6= 0, the metric (18) is reduced to that of the Kerr

black hole. Now the electronic charge and corresponding potential are zero,
and Eqs. (32) and (33) are distribution of the Dirac particle for the Kerr
black hole, which is in accordance with that obtained in Sec. 2.

When Q 6= 0 and a = 0, the Kerr–Newman metric is reduced to the
Reissner–Nordstrom metric. So Eqs. (32) and (33) describe the Hawking
radiation of the Dirac particle for the Reissner–Nordstrom black hole.

When Q = 0 and a = 0, Eqs. (32) and (33) are the distribution of the
Dirac particle for the Schwarzschild black hole.

4. Conclusions and discussions

In this paper, extending Kerner and Mann’s work to the rotating and
charged rotating space-time, we have investigated the Hawking radiation of
fermions for the Kerr black hole and Kerr–Newman black hole. The tem-
peratures are recovered and are exactly the same as that obtained by other
methods. In the investigation, the back reaction on the black hole geom-
etry and self-gravitational interaction were neglected, the derived Hawking
temperature only is a leading term. When these are considered, the correc-
tion term would be presented. Moreover, considering the number of particles
with the spin up is statistically equal to that of particles with the spin down;
we assumed that the angular momentum of the black hole does not change.
Anyhow, we have extended Kerner and Mann’s work to the general rotating
and charged rotating black holes and recovered the Hawking temperatures.
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