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The dependences of elliptic flows on transverse momentum for iden-
tified particles produced in nucleus–nucleus collisions at high energy are
studied by using a multi source ideal gas model that describes the dis-
tribution of transverse momenta as a Rayleigh-like distribution. The ex-
perimental results of Au–Au collisions at

√
s = 200A and 62.4AGeV and

Cu–Cu collisions at
√

s = 200A GeV, measured by the STAR and PHENIX
collaborations, are well described by this model.

PACS numbers: 24.10.Pa, 24.10.–i, 25.75.Dw

1. Introduction

High energy nucleus–nucleus collisions are at the interface of the fields of
particle and nuclear physics [1-3]. In such collisions, the particle azimuthal
anisotropy and its dependence on particle identity and on transverse momen-
tum can provide information on the properties of interacting system [4-6].
Generally, the azimuthal anisotropy is described by the second-harmonic co-
efficient v2 = 〈exp[i2(φ−Ψ)]〉 of the Fourier expansion of the azimuthal dis-
tribution of produced particles, where φ, Ψ , and 〈. . .〉 denote the azimuthal
angle of a produced particle in laboratory reference frame, the azimuthal
angle of the reaction plane in the same frame, and the statistical averaging
over particles and events, respectively [7,8].

The second moment of the anisotropy flow v2 is called the elliptic flow
which is observed mainly in semi-central nucleus–nucleus collisions. In such
collisions, elliptic flows of different identified particles results from hydrody-
namic pressure gradients developed in a locally thermalized “almond-shaped”
collision (participant) zone [9]. Many local sources of produced particles are
formed in the collisions. Because the interactions exist among local sources
(produced particles [9]), the initial transverse coordinate-space anisotropy
of the participant region is converted into an azimuthal momentum-space
anisotropy [9].
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Many models have been introduced to describe particle productions in
high energy collisions. For example, the FRITIOF model [10], the VENUS
model [11,12], the RQMD model [13-15], the Gribov–Glauber model [16], the
QGSM model [17], the Hydrodynamics model [18,19], the string percolation
model [20], a running coupling non-linear evolution [21], the HIJING model
[22-24], the ART model [25], the ZPC model [26], a multiphase transport
model (the AMPT model) [27], the color glass condensate (CGC) model
[28], the perturbative QCD plus saturation plus hydrodynamics (EKRT)
model [29], a consistent quantum mechanical multiple scattering approach
(EPOS) [30-31], a combination model of constituent quarks and Landau
hydrodynamics [32], a two-stage gluon model or a gluon dominance model
[33], the KKT model [34], etc. In this paper, we will use our multi source
ideal gas model [35-37] to describe the elliptic flow of identified particles
produced in nucleus–nucleus collisions at high energy. This model contains
anisotropic expansions and displacements of the participant region in the
transverse momentum-space. The dependences of elliptic flows on transverse
momentum for different identified particles produced in Au–Au collisions at√

s = 200A and 62.4AGeV and Cu–Cu collisions at
√

s = 200AGeV will be
investigated.

2. The model

Let the beam direction be the oz axis and the reaction plane be the xoz
plane. The azimuthal momentum-space anisotropy of particles produced in
nucleus–nucleus collisions at high energy can be described by the momen-
tum components px and py. According to our multi source ideal gas model
[35-37], px and py are regarded as to have Gaussian distributions with the
distribution widths σ1 and σ2, and the mean values 〈px〉 and 〈py〉, respec-
tively. These distribution widths and mean values relate to expansions and
displacements of the participant region respectively.

Considering the expressions of random variables with Gaussian distribu-
tions in the Monte Carlo calculation, the transverse momentum is given by

pT =
√

p2
x
+p2

y

=

√

[

σ1

√

−2 ln R1 cos(2πR2)+〈px〉
]2

+
[

σ2

√

−2 ln R3 cos(2πR4)+〈py〉
]2

, (1)

where R1, R2, R3, and R4 denote random numbers in [0, 1]. In the case
of σ1 = σ2 = σ0 and 〈px〉 = 〈py〉 = 0, one obtains that pT has a Rayleigh
distribution, i.e. pT = σ0

√
−2 ln R5, where R5 denotes random numbers in

[0, 1]. The pT distribution obtained using Eq. (1) is called a Rayleigh-like
distribution in our model. The azimuthal angle and elliptic flow are given by
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ϕ = arctan
py

px

= arctan
σ2

√
−2 ln R3 cos(2πR4) + 〈py〉

σ1

√
−2 ln R1 cos(2πR2) + 〈px〉

(2)

and
v2 = 〈cos(2ϕ)〉 , (3)

respectively. Thus, the dependence of v2 on pT can be obtained by Eqs. (1)–(3).
To understand the meanings of σ1 and σ2, we define σ1 = kσ2 = kσ,

where k is a coefficient that describes the relative expansion degree of the
participant region along ox and oy axes. k = 1 corresponds to the same
expansion along ox and oy axes, and k > 1 (k < 1) corresponds to a larger
expansion along ox (oy) axis. The coefficient k describes also the identity
of elliptic flow. Generally speaking, k = 1, > 1, and < 1 correspond to
zero, positive (in-plane), and negative (out-of-plane) flows, respectively. We
may regard k (or σ1) and σ (or σ2) as free parameters to be determined
by comparison with experimental data. Generally speaking, we may choose
a satisfactory coordinate system and have 〈px〉 = 〈py〉 = 0.

We do not expect that all measured particles contribute to flow effects.
Some particles are isotropically emitted in final state and contribute 〈v2〉 = 0.
This means that we divide final-state particles into two parts: signal and
background. The signal particles have a fraction f of concerned particles and
contribute to 〈v2〉 6= 0; and the background particles have a fraction 1 − f
and contribute to 〈v2〉 = 0. The parameter f is the third free parameter in
our model.

3. Comparison with experimental data

To identify the validity of Rayleigh-like pT distribution Eq. (1), as an
example, Fig. 1 shows the pT distribution, (1/2πpT)d2N/dpTdy, of φ par-
ticles produced in Au–Au collisions at

√
s = 200AGeV. The circles are the

STAR experimental data for different centralities [38], with each scaled by
the amount indicated in the legend. The dotted curves are our calculated re-
sults by Eq. (1) with σ1 = (1.18±0.03)GeV/c and σ2 = (0.26±0.01)GeV/c.
We see that the calculated results are approximately in agreement with the
experimental data. It is expected that the comparison will be better if
we use a two-component Rayleigh-like distribution. The calculated results
by the two-component Rayleigh-like distribution are presented in the figure
by the solid curves. The first component corresponds to the low, inter-
mediate, and high pT regions having a contribution of (98.0 ± 0.8)% with
σ1 = (1.01± 0.05)GeV/c and σ2 = (0.39± 0.09)GeV/c. The second compo-
nent corresponds to the higher pT region having a contribution of (2.0±0.8)%
with σ1 = (1.90±0.01)GeV/c and σ2 = (1.40±0.01)GeV/c. We see a main
contribution of the first component.
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Fig. 1. Transverse momentum distributions of φ particles produced in different

centralities for Au–Au collisions at
√

s = 200AGeV. The circles represent the

experimental data of the STAR Collaboration [38], with each centrality scaled by

the amount indicated in the legend. The curves are our calculated results.

The dependences of elliptic flows on transverse momentum [v2(pT)] for
different identified particles produced in 20%–60% Au–Au collisions at

√
s =

200AGeV are presented in Fig. 2. The open squares, closed squares, open
circles, and closed circles represent the experimental data for π±, K±, p(p̄),
and d(d̄), respectively [9]. The various curves are our calculated results using
Eqs. (1)–(3). In the calculation, the descriptions of the different identified
particles result in different parameter values given in Table I with the cor-
responding χ2 per degree of freedom (dof). One can see that Eqs. (1)–(3)
describe well the measured v2(pT) for the four types of particles.

Fig. 2. Dependences of v2 on pT for identified particles produced in 20%–60% Au–Au

collisions at
√

s = 200AGeV. The symbols represent the experimental data of the

PHENIXCollaboration [9]. The curves are our calculated results by Eqs. (1)–(3).
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TABLE I

Parameter values for curves in Figs. 2–10.

Figure Particle Centrality k σ (GeV/c) f χ2/dof

Fig. 2 π± 20%–60% 4.006 0.333 0.190 0.781
K± 20%–60% 2.200 0.375 0.186 0.824
p(p̄) 20%–60% 2.198 0.575 0.265 0.337
d(d̄) 20%–60% 4.200 1.025 0.350 0.112

Fig. 3 π± 40%–80% 4.320 0.345 0.234 1.298
π± 10%–40% 4.433 0.320 0.160 0.845
π± 0%–10% 4.320 0.345 0.080 0.552

Fig. 4 K0

S
40%–80% 2.463 0.403 0.191 0.385

K0

S
10%–40% 2.463 0.395 0.150 0.600

K0

S
0%–10% 2.460 0.398 0.069 0.494

Fig. 5 Λ(Λ̄) 40%–80% 4.066 0.602 0.285 0.500
Λ(Λ̄) 10%–40% 4.000 0.696 0.225 0.261
Λ(Λ̄) 0%–10% 1.700 0.702 0.125 0.561

Fig. 6 K0

S
30%–70% 2.350 0.417 0.203 0.540

K0

S
5%–30% 2.170 0.542 0.160 0.738

K0

S
0%–80% 2.350 0.417 0.147 0.117

K0

S
0%–5% 2.111 0.450 0.056 1.338

Fig. 7 φ 40%–80% 2.499 0.733 0.273 0.694
φ 20%–60% 2.348 0.503 0.190 0.201
φ 10%–40% 2.499 0.733 0.243 0.501
φ 0%–80% 2.348 0.503 0.157 0.369

Fig. 8 Λ(Λ̄) 30%–70% 2.038 0.625 0.635 0.486
Λ(Λ̄) 5%–30% 2.072 0.709 0.680 0.803
Λ(Λ̄) 0%–80% 2.348 0.715 0.224 0.319
Λ(Λ̄) 0%–5% 2.072 0.709 0.745 1.746

Fig. 9 h± 40%-5-0% 4.966 0.400 0.236 1.985
h± 30%–40% 4.122 0.389 0.215 1.949
h± 20%–30% 4.122 0.389 0.185 1.910
h± 10%–20% 4.100 0.390 0.145 1.886
h± 0%–10% 4.100 0.390 0.088 1.810

Fig. 10 h± 30%–40% 4.513 0.398 0.160 1.941
h± 20%–30% 4.115 0.400 0.150 1.739
h± 10%–20% 4.115 0.400 0.134 1.982
h± 0%–10% 4.115 0.410 0.115 1.537

Figs. 3, 4, and 5 show respectively a comparison of our model calculation
with the experimental results [39] for π±, K0

S
, and Λ(Λ̄) produced in Au–Au

collisions at
√

s = 62.4A GeV. The parameter values used in the calculation
for different centralities are also given in Table I. Once more our simple
model describes the experimental data very well.
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Fig. 3. Dependences of v2 on pT for π± produced in Au–Au collisions at
√

s =

62.4AGeV. The symbols represent the experimental data of the STAR Collabora-

tion [39]. The curves are our calculated results by Eqs. (1)–(3).

Fig. 4. As for Fig. 3, but showing the results for K0

S
.

The dependence of v2(pT) on centrality for K0
S
, φ, and Λ(Λ̄) produced in

Au–Au collisions at
√

s = 200A GeV are given in Figs. 6, 7, and 8, respec-
tively, where they are compared to our calculation. The fitted parameter
values used in the calculation are given in Table I. One can see that in all
cases our model can provide a good description of the experimental data
[9,38,40].

In Figs. 9 and 10, the dependence of v2(pT) on centrality for charged
hadrons (h±) produced in Au–Au and Cu–Cu collisions at

√
s = 200AGeV

are displayed respectively. The fitted parameter values are also given in
Table I. One can see that our model describes the experimental data [41].
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Fig. 5. As for Fig. 3, but showing the results for Λ(Λ̄).

Fig. 6. Dependences of v2 on pT for K0

S
produced in Au–Au collisions at

√
s =

200AGeV. The symbols represent the experimental data of the STAR Collaboration

[38,40]. The curves are our calculated results by Eqs. (1)–(3).

The dependences of the parameter values on particle mass (m) used for
centrality 20%–60% in Fig. 2 and 0%–80% in Figs. 6–8 are given in Fig. 11
by different symbols as marked in the figure. The error bars correspond
to the estimated relative errors on parameter values of 8%. The curve and
lines are fitted results assuming parabolic and linear dependence. One can
see that k and σ show obvious dependences on particle mass, while f shows
a very slight increase with increasing particle mass. The curves in the figure
are given by the relations

k = 4.50e−2.70m + 1.10m1.80 + 0.82 , (4)



338 Fu-Hu Liu, Jun-Sheng Li

σ = 0.40m + 0.20 , (5)

and
f = 0.08m + 0.15 , (6)

respectively, with χ2/dof to be 0.025, 0.293, and 0.950, respectively, where m
is in GeV/c2 and σ in GeV/c.

Fig. 7. As for Fig. 6, but showing the results for φ. The symbols represent the

experimental data of PHENIX and STAR Collaborations [9,38,40].

Fig. 8. As for Fig. 6, but showing the results for Λ(Λ̄).

In Fig. 11, we select the centralities 20%–60% and 0%–80% to show
the dependences of the parameter values on particle mass because that the
centers of the both centralities are the same. For a given type of particle,
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Fig. 9. Dependences of v2 on pT for h± produced in Au–Au collisions at
√

s =

200AGeV. The symbols represent the experimental data of the PHENIX Collabo-

ration [40]. The curves are our calculated results by Eqs. (1)–(3).

Fig. 10. As for Fig. 9, but showing the results for Cu–Cu collisions.

the identity parameter for the two centralities should have nearly the same
value. Except for the mentioned two centralities, others do not have enough
particle types to give a comparison.

The parameter values used for Figs. 6–8 are given in Fig. 12, by different
symbols as marked in the figure, to see their dependences on centrality. The
error bars are the relative errors on parameter values estimated to 8%. One
can see that the parameters k and σ do not show an obvious dependence
on centrality; and the parameter f shows a slight increase with decreasing
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centrality. The line in the figure is given by the relation

f = 0.30C + 0.09 (7)

with χ2/dof to be 1.439, where C denotes the centrality and is in %.

Fig. 11. Dependences of parameter values on particle mass. The symbols repre-

sent the parameter values used for centrality 20%–60% in Fig. 2 and 0%–80% in

Figs. 6–8. The curve and lines are fitted results.

Fig. 12. Dependences of parameter values on centrality. The symbols represent the

parameter values used in Figs. 6–8. The line is a fitted result.
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To see sensitivities of v2(pT) on parameters, as an example, we show
the results of 0.8k and 1.2k, 0.8σ and 1.2σ, as well as 0.8f and 1.2f in
Fig. 13 by the dotted and dashed curves respectively, where the default
k = 3.2, σ = 0.6 GeV/c, and f = 0.1 gives the solid curve. To display
clearly, the results for different k and different σ are given by +0.2 and +0.1
respectively. One can see that v2(pT) is insensitive to k and sensitive to σ
and f . Especially, σ affects mainly the shape of v2(pT); and f affects both
the shape and highness.

Fig. 13. Sensitivities of v2(pT) on parameters.

4. Conclusion and discussion

To conclude, a multi source ideal gas model is used to give a description
of the dependences of elliptic flows on transverse momentum for different
identified particles produced in nucleus–nucleus collisions at high energy.
The calculated results are compared and found to be in good agreement
with the experimental data of Au–Au and Cu–Cu collisions at relativistic
heavy ion collider energy.

Three parameters are used in our model. They are a relative strength
coefficient k of source expansion, a distribution width σ of momentum com-
ponent py, and a fraction f of signal particles in concerned particles. The
present work shows that the parameter k decreases and then increases with
increasing particle mass. The parameter σ increases linearly with increasing
particle mass. Both the parameters k and σ do not show an obvious de-
pendence on centrality. The parameter f increases slightly with increasing
particle mass and decreasing centrality. The v2(pT) is insensitive to k and
sensitive to σ and f .
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The coefficient k describes a relative expansion degree of the interacting
participant region in the transverse plane. k = 1, > 1, and < 1 correspond
to the same expansion along ox and oy axes, a larger expansion along ox
axis, and a larger expansion along oy axis, respectively. The coefficient k is
also a description of the identity of elliptic flow. k = 1, > 1, and < 1 cor-
respond to non-flow, in-plane positive flow, and out-of-plane negative flow,
respectively. The parameter σ describes both the distribution width of py

and the excitation degree of the concerned source. A physics condition gives
σ > 0. The parameter f is a description of the fraction of signal particles.
f = 0 corresponds to non-flow owing to zero signal particle. A larger f
corresponds to a stronger flow.

From Table I and Fig. 11 we see that the interacting participant con-
cerned in the present work has a larger expansion along ox axis and appears
an in-plane positive flow. The strengths of expansion and flow for light and
heavy particles are larger than those for intermediate particles. This ren-
ders that the light and heavy particles are priori products in the interacting
participant. In addition, the mechanics equilibrium of the interacting par-
ticipant are not mainly contributed by the light (heavy) particles owing to
their light masses (small amount).

From Table I and Fig. 11 we see also that the parameters σ and f appear
positive values. It is a natural result that the parameter σ increases linearly
with increasing particle mass. This causes the light particles to have a narrow
pT distribution and the heavy particles to have a wide pT distribution. In
the concerned particles, the light particles have a small probability to be
signal particles, and the heavy particles have a large fraction to contribute
to the flow effect. This renders that the parameter f increases slightly with
increasing particle mass.
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