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In this paper I give an overview of the status of viscous hydrodynamic
simulations performed by a number of groups. Also discussed is the use of
electromagnetic observables as an alternative probe of the shear viscosity
in heavy ion collisions.
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1. Introduction

There is a general consensus that the early matter produced at RHIC
behaves as a near perfect fluid [1]. This conclusion was born out of the
success of ideal hydrodynamic descriptions [2, 3] of both hadron transverse
momentum spectra and elliptic flow measurements up to 1.5–2 GeV/c. El-
liptic flow describes the anisotropy of particle production with respect to
the reaction plane and is quantified by the measured v2,

v2 =

〈

p2
x − p2

y

p2
x + p2

y

〉

. (1)

Although it is too early to draw any definitive conclusions most likely the
deviations from ideal hydrodynamic behavior can be ascribed to dissipative
effects. This has already been suggested in some of the recent works on
dissipative hydrodynamics [4–13].

In this paper I give an overview of the current status of 2+1 dimensional,
boost-invariant, viscous hydrodynamic simulations. In the following section
I discuss the hydrodynamic equations used by the various groups. Then I
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demonstrate the effect of viscosity on spectra and v2. In the last section
I discuss a separate topic; how electromagnetic probes can possibly help us
learn about the viscosity of the matter produced in heavy ion collisions.

2. The hydrodynamic equations

In the following section I outline the equations of motion necessary for
a second order description of viscous hydrodynamics. We start by summa-
rizing the well known first-order Navier–Stokes theory. Then we outline the
equations required for a second-order causal description of dissipative fluid
dynamics.

2.1. 1st order viscous hydrodynamics — Navier–Stokes

Viscous hydrodynamics was originally formulated in the first-order
Navier–Stokes approximation where the energy momentum tensor and
baryon flux is a sum of their ideal and dissipative parts:

T µν = εuµuν + (p + Π)∆µν + πµν , (2)

nµ = nuµ + jµ
d , (3)

where p, ε, n and uµ = (γ, γv) are the pressure, energy density, baryon
density and four-velocity of the fluid. We use the convention that gµν =
diag(−1,+1,+1,+1) and therefore uµuµ = −1. The dissipative terms,
π and jd depend on the definition of the local rest frame (LRF) of the
fluid. A specific form of πµνand vµ can be found using the Landau–Lifshitz
definition [14] of the LRF (uµπµν = 0), constraining the entropy to increase
with time and by working within the Navier–Stokes approximation (keeping
terms to first order in gradients only) resulting in

πµν = −η

(

∇µuν + ∇νuµ −
2

3
∆µν∇βuβ

)

, (4)

Π = −ζ∇βuβ , (5)

jµ
d = −κ

(

nT

ε + p

)2

∇µ
(µ

T

)

, (6)

where κ, η and ζ are the heat conduction, shear and bulk viscosities of the
fluid with temperature T and chemical potential µ. The viscous tensor is
constructed with the differential operator ∇µ = ∆µνdν where ∆µν = gµν +
uµuν is the local three-frame projector, dµuν = ∂µuν +Γ ν

γµuγ is the covariant
derivative and Γ ν

γµ ≡ 1/2gνα(∂µgαγ + ∂γgαµ − ∂αgγµ) are the Christoffel
symbols.



Status of Viscous Hydrodynamic Simulations 965

The transport coefficients in a quark–gluon plasma and also in the
hadronic gas were studied in Refs. [15–18]. It was found that the dominate
dissipative mechanism was shear viscosity in both the QGP and hadronic
gas. Bulk viscosity may however dominate in the transition region [19–21].
Heat transport can be ignored in the limit that µB ≪ T which is the limit
taken here. In the following work we will consider viscous effects in a quark–
gluon plasma phase only. For this purpose we consider a constant shear to
entropy ratio, η/s = const., and a massless ideal gas, p = 1/3ε.

2.2. 2nd order viscous hydrodynamics

In order to render a second order theory it is necessary to introduce
additional variables. These variables will relax on very short time scales
to the standard thermodynamic quantities in the first order theory, but an
evolution equation for them is still required in order to avoid acausal signal
propagation. One such theory that has been used in a number of works was
introduced by Israel and Stewart [22]. Instead we use a theory developed
by [23,24] due to its appealing structure when implemented numerically.

We now summarize the evolution equations used in the current analysis
following the mathematical structure outlined in Ref. [24]. We use a sim-
plified version of the model for deviations of the stress energy tensor close
to equilibrium. The new dynamical variable that is introduced is the tensor
variable cµν which will later be shown to be closely related to the veloc-
ity gradient tensor, πµν . The tensor variable cµν is conveniently defined to
have the property cµνuν = uµ and for small deviations from local thermal
equilibrium the energy momentum tensor is given in the local rest frame
(LRF) by

T ij
LRF = p

(

δij − αcij
)

, (7)

where α is a small parameter related to the relaxation time. The equations of
motion are dictated by conservation of energy and momentum, dµT µν = 0.
In addition, an evolution equation for the generalized mechanical force tensor
is needed [24]

uλ(∂λcµν − ∂µcλν − ∂νcµλ) =
−1

τ0
cµν −

1

τ2
c̊µν , (8)

where c and c̊ are defined as the isotropic and traceless parts of the tensor
variable cµν defined as

cµν = 1
3 (cλ

λ − 1)(ηµν + uµuν) , (9)

cµν + uµuν = c̊µν + cµν . (10)
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In the limit that the relaxation times (τ0, τ2) are very small the evolution
equation yields

cij = τ2

(

∂iu
j + ∂ju

i − 2
3δij∂ku

k
)

+ 2
3τ0δ

ij∂ku
k . (11)

Substituting the above equation into T ij
LRF and comparing the result to the

Navier–Stokes equation (6) the bulk and shear viscosities can be identified

η = τ2pα ,

ζ = 2
3τ0pα . (12)

Now let us briefly discuss the different formalisms used by various groups.
The first simulations done by Song/Heinz and separately by Chaudhuri used
the simplified Israel–Stewart (IS) equations [7, 8] which neglect terms of
second order in the stress-energy tensor

∆m
j ∆n

k π̇jk = −
1

τπ
(πmn−2ησmn) . (13)

In principal all terms of second order in gradients should be treated on an
equal footing and therefore included. Conformal invariance imposes con-
straints on these terms however [25]. This led to the second order equations
used by Romatschke [6]

∆m
j ∆n

k π̇jk = −
1

τπ
(πmn−2ησmn) +

1

2
πmn

(

5D(ln T ) − ∂ku
k
)

. (14)

Then there is the full IS equations used by Song and Heinz [12]

∆m
j ∆n

k π̇jk = −
1

τπ
(πmn−2ησmn) −

1

2
πmn ηT

τπ
dk

(

τπ

ηT
uk

)

. (15)

Finally, if we take the OG equations (used here and in [9]) and re-express
them in terms of the IS stress energy tensor the equation of motion is

∆m
j ∆n

k π̇jk = −
1

τπ
(πmn − 2ησmn) −

[

4

3
+

2

3
−

2β

α

]

πmn∂ku
k

+πλ(µωλ
ν) +

1

η
πλ〈µπλ

µ〉 , (16)

where β is a free parameter. For β = α/3 the stress-energy tensor is Weyl
invariant. There has been much progress in the way of a code comparison
of the different viscous hydrodynamic results which has been initiated by
the TECHQM and CATHIE collaborations. The preliminary results can be
found on the respective wiki pages [26].
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3. Results

3.1. Transverse momentum spectra and elliptic flow

In Fig. 1 we show transverse momentum spectra and the differential
elliptic flow of gluons in Au–Au collisions at RHIC. The simulation was per-
formed using an ideal equation of state down to the decoupling temperature
of Tf.o. = 130 MeV. Additional parameters of the simulation are shown in
the figure text.
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Fig. 1. Effect of shear viscosity on p⊥ spectra (left) and v2(p⊥) (right) of massless
particles. The thin black curves in the left plot show the rescaled ideal result for
comparison to the viscous result.

For both plots we show the ideal calculation as well as two viscous results.
One which we call flow only (labeled as ‘f0 only’) and a second, which is the
true viscous result (labeled ‘f0 + δf ’).

The flow only (f0 only) shows the particle spectra when computed us-
ing the ideal particle distribution in the Cooper–Frye freezeout procedure.
This procedure is thermodynamically inconsistent. When shear viscosity is
present the particles’ distribution functions deviate from their ideal form. By
not including the proper viscous correction to distribution function energy-
momentum conservation is violated when converting from hydro to particles.
Therefore the curve labeled ‘f0 only’ is useful for pedagogical purposes alone.
It shows how the viscous correction to the ideal equations of motion mani-
fests itself in the spectra.

The result f0 + δf is the viscous result to be contrasted with the ideal
results. In this case the particle distribution in the Cooper–Frye formula
includes its off-equilibrium correction

δf ∝
1

(ε + p)T 2
f0(1 + f0)p

αpβπαβ . (17)
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3.2. Freezeout

In this section the freezeout criteria is discussed in more detail. Nor-
mally, in ideal hydrodynamic simulations, one uses a surface of constant
temperature as the freezeout hyper-surface. Viscosity introduces an addi-
tional length scale into the problem which can be used to estimate when
freezeout should occur. The condition for hydrodynamics to be applicable is
that the relaxation time should be much smaller than the inverse expansion
rate, τR∂µuµ ≪ 1. We define the following freezeout parameter

χ =
4

T
∂µuµ (18)

and the freezeout hyper-surface is constructed as a surface of constant χ as
was done in [9].

Let us now compare the results from a constant temperature freezeout
surface to one of constant χ. In Fig. 2 we show the integrated v2 over
eccentricity as a function of centrality (expressed as 1/SdNch/dy) where S
is the transverse overlap area of the collision region. It was found in [27] that
to a good approximation the dependence on system size, impact parameter
and collision energy can be absorbed into how these parameters change the
final multiplicity. See the paper by Song and Heinz [12] for a nice description
of multiplicity scaling and the effect of viscosity on scaling violations.
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Fig. 2. v2/ε as a function of centrality from hydrodynamic simulations using a con-
stant temperature hypersurface (Tf.o.

= 130 MeV) versus a constant χ = 3 freezeout
surface. χ is a measure of the scattering time to the expansion rate.

Going back to Fig. 2 the grey (blue) band is indicative of the data from
various experiments at different system sizes and beam energies. The upper
(green) curve is the result using a constant temperature freezeout surface.
This should be contrasted to the lower (blue) curve which uses a freezeout
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surface of constant χ. We find that by changing the freezeout criteria to
a more natural one, χ = const., that the elliptic flow is closer to the data.
A full analysis using a more realistic equation of state still needs to be done.

3.3. Dileptons

In this section I discuss how shear viscosity modifies the thermally pro-
duced dileptons. The leading order contribution to dilepton production
comes for qq annihilation. From a kinetic theory point of view the rate
is calculated from

dN

d4q
=

∫

d3k1

(2π)3
d3k2

(2π)3
f(E1, T )f(E2, T )v12σ(M2)δ4(q − k1 − k2) , (19)

where q = (q0,q) is the virtual photon’s four momentum and M2 = (E1 +
E2)

2 − (k1 + k2)
2 is the photon’s invariant mass. Throughout this work

we consider massless quarks; therefore E1,2 =
√

k2
1,2 + m2

q ≈ |k1,2|. The

function f(E,T ) is the quark or anti-quark momentum distribution function,
which in thermal equilibrium is given by f(E,T ) = 1/(1 + eE/T ).

As was discussed in the previous section, in the presence of viscosity
the particles’ distribution functions will no longer take on their equilibrium
form. For massless fermions the correction is approximately given as

f(k) → f0(k) +
1

2(ε + p)T 2
f0(k)[1 − f0(k)]kαkβπαβ . (20)

We can now substitute this viscous correction into the quarks distribution
function of the kinetic theory expression (19). The phase space integrals can
be done analytically in the limit of large mass dileptons (i.e. M/T ≫ 1)

dN

d4q
=

Ncα
2e2

q

12π4
e−q0/T

[

1 +
1

3(ε + p)T 2
qαqβπαβ

]

. (21)

The exact expression for any invariant mass is given in [28].
In order to compare the rates given above with those measured in ex-

periment one must integrate the rates over the space-time history of the
hydrodynamic evolution. This is done with the same hydrodynamic model
discussed in the previous section. There are additional sources of dileptons
beyond the simple qq annihilation just discussed. One must also include
dileptons emanating from the hadronic phase as well. The dominant reac-
tion is ππ → ρ → e+e− but other processes contribute significantly as well.
We therefore use the hadronic rates constrained by the chiral reduction for-
mula [29], which takes into account many reactions beyond the leading ππ
annihilation. These rates have been used to study the dimuons measured
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by the NA60 Collaboration [30, 31] as well as electron pairs measured by
PHENIX at RHIC [32] using an ideal hydrodynamic model for the space-
time evolution. In [33] we have gone beyond this and looked at the effect of
viscosity. We now summarize these results.

The left plot of Fig. 3 shows the invariant mass spectrum of muon pairs
as measured by NA60 [34–36]. The curves show the dimuon yields from qq
annihilation in the plasma phase and using the CRF for the dilepton rates
in the hadronic phase. The results for three different equation of states are
shown. Two are for a second order phase transition having a latent heat of
0.3 and 1.2 GeV/fm3. The second is an equation of state motivated by the
lattice [37]. Even though they all give a reasonable description of the mass
spectra they lead to very different Teff as a function of mass. It turns out
that LH = 0.3 GeV/fm3 gives the best fit to the Teff data. Teff is defined by
fitting the dilepton p⊥ spectra to exp(−m⊥/Teff) at a given invariant mass.
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Fig. 3. (left) Dimuon invariant mass spectra versus hydrodynamic calculations.
(right) Teff spectra as measured by NA60 versus the hydrodynamic calculations for
the ideal case η/s = 0(0), shear viscosity in the qgp phase only η/s = 0.08(0) and
with additional viscosity in the hadronic phase η/s = 0.08(0.75).

The right plot shows Teff versus mass using the LH = 0.3 GeV/fm3 EoS.
Also shown are the results with η/s = 0.08 in the QGP phase and a hadronic
phase having η/s = 0 and 0.75. The effect is clear. Shear viscosity brings
about a hardening of the dilepton p⊥ spectra thereby resulting in a larger Teff .
We note that the effect of the hadronic viscosity is only seen near the ρ pole
(M ≈ 0.770 GeV) as this region is dominated by hadronic emission. At
higher mass (M ≥ 1 GeV) the emission is dominated by the QGP and the
hadronic viscosity does not effect the spectra in this region.
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