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I discuss the relation between fractal dimension and lacunarity.
Commenting the known results, I propose a method for estimation of the
scaling constant in the power law dependency. Additionally, I provide
a simple new derivation of a known experimental relation for lacunarity
and fractal dimension.

PACS numbers: 05.45.Df, 64.60.al

1. Introduction

Lacunarity is a measure designed to assist fractal analysis in case of im-
ages with similar fractal dimension [1|. It was introduced by Mandelbrot
when one could see qualitative differences in the mass distribution, .e. dif-
ferences in the amount of holes|2|. In such case, lacunarities were proposed
to differ.

2. Gliding box method

Typical procedure to obtain a value of lacunarity is the gliding box
method [3-5]. A gliding box, is a box of specified size that moves in the
processing through the whole image, as depicted in Fig. 1. It shifts pixel
by pixel from one position to another, centering at each pixel of the image
(i.e. the decomposition contains more boxes than we could depict in Fig. 2).

As the box moves through the image, the software calculates the number
of mass points (black pixels) within the box at each position. After collecting
values from all boxes, a histogram is constructed, as shown in Fig. 2. One
obtains a statistics of the number of black pixels X within the boxes.

(1485)
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Fig.1. The gliding box is initially placed in the left upper corner of the image,
and then it glides pixel by pixel to subsequent positions (note, that there is no
decomposition to adjacent boxes).
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Fig.2. The gliding box travels over the whole image, and being centered on each
pixel (this is simplified in this picture), the software calculates the number of holes
inside. These numbers increment the value of a histogram, that is depicted for the
shown boxes on the right hand side of this picture.

Having the histogram, it is possible to characterize it by statistical mo-
ments. The lacunarity is then defined as a ratio of two expectation values:

E[X?

A= ——-
EX2’

(1)

where X is the random variable describing the number of black pixels in the
gliding box.

* Presented at the XXI Marian Smoluchowski Symposium on Statistical Physics Za-
kopane, Poland, September 13-18, 2008.
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3. Lacunarity versus fractality

Because lacunarity is said to measure the holes’ distribution, while the
fractal dimension measures the mass distribution, some people say, that
these two measures should be complementary, i.e. where one decreases,
second may increase. In the work [6] we did experiments on this idea, and
it appears, that such conclusion is met in many cases.

Some papers suggest even an equation for the relation between lacunarity
and fractal dimension. In a paper of Pomonis [7], we can find a relation like

Dy =247—14A. (2)

Similar finding was found for dendrite networks by Smith [8].

At first glance it seems odd to expect relations between fractal dimension
and lacunarity since the later was introduced to distinguish images of the
same fractal dimension. However, certain aspects of these measures are
related, which will be shown later.

4. Scaling of lacunarity with box size

The scaling of lacunarity with the changes of the box size is quite natural
and was noticed very early [5, 9]. I propose a similar but probably simpler
reasoning here.

Expressing the expectations in (1) by their estimators, we can relate
lacunarity to the generalized fractal dimension:

1N y2
N 2i=1 Xi
5 -
1 N
N2 (Zi:l Xi)
To proceed we need a change in the estimators of the averages. Instead of
a gliding box based average we will switch to a partition to adjacent boxes,

like in the calculation of fractal dimension. This results in a worse sampling
of the space, but converges to the same values

1 M
W Dim1 Xi2
2
M
ﬁ (Zi:l Xi)
where M = 1/¢? is the number of adjacent boxes with side length e that fit

in the image (side length of the image: equal 1).
Recall now the formula for generalized fractal dimension Dy [10],

log M X;(e)?
Dy = — lim 282ui=1 XiE)” (5)
e—=0 log1/e

A= (3)

A=

(4)
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Knowing that it is possible to say how does the sum in the numerator of (4)

behave, i.e.
M
li . 2 _ Dy )
lim, Xi(e)*=¢ (6)
=1
Substituting (6) to (4) and taking the value of denominator in (4) con-
stant and equal to 1/k (it is just the average density squared), we obtain:

A=kMeP?. (7)
This is a known result. Expressing M = 1/¢2, we have
A= keP272 (8)

i.e. we see that as Dy increases, /A should also increase. This is in contrast
to the results of |7, 8]. However, this does not discard these results as will
be shown later.

5. Finding the constant for scaling relation

If we denote by Ay the value of lacunarity at a scale €, we can calculate
it easily when ey equals to one pixel (in such case only two values of X in
histogram are possible):

1
fy =B M )
iz Mg Ms
where M is the number of pixels in the image, Mp is the number of black
pixels in the image. This is a new result that shows the dependency of
lacunarity on the brightness of the image (or, using physical terms, on the
mass found in the investigated structure).
We can combine (9) with (8) to obtain

A=Ay (;>D22 . (10)

This reasoning can be generalized to the gray scale images, as they can
be converted to binary images by increasing resolution. If one has 256 gray
scale levels in the image then we can divide each pixel to 256 sub-pixels
(a box 16 x 16) and put in such box the amount of black pixels equal to the
gray scale level. In this case the equation (10) transforms into

Do—2
A= Ao <165) , (11)

Ay = (12)

where g; is the gray level of the pixel i.
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6. Finding the complementary relation between A and Dy

In the above scaling, one can see that the lacunarity increases as Do
increases. In Sec. 3 we could see the contrary: when the fractal dimension
increases, lacunarity lowers.

To have such behaviour we need special circumstances. This can happen
when one has differences in the amount of mass in the two compared images.
For example one can have a porous solid where the pores are distributed in
similar frequency, but differ in shape (and, therefore, in mass per pore ratio).

Assume that the pores in two images have a diameter ¢, (larger than
the pixel size g¢). Then,

e () s

if we take £,/e0 = «, we have Npy = N,aPo. Then expanding a~Po into
a series, we obtain:

N N
/1() = OzDONBa ~ NBa (1 —logaDg) . (14)

This is the desired result, but we can see that it does not come from
the scaling relation (8) but from the differences in the amount of mass in
the image. This corresponds with the findings of |7, 8], where the lacunar-
ities were evaluated at a particular length scale, where the scaling (8) plays
aminor role.

7. Concluding remarks

In this paper I have investigated the lacunarity measure. I have pro-
posed a new simple derivation of the relation for the scaling with a box
length. What is more important, I have shown how to find the proportion-
ality constant in this relation.

The paper also presents a way for obtaining a complementary relation
between the values of lacunarity and fractal dimension that were reported
from experiments.
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