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In this paper example of local differential calculus over Fedosov alge-
bra is constructed. The trivialization isomorphism for Fedosov x-algebra
is used. The explicit formulas for deformed derivations are given up to
power 2 of formal parameter. The resulting calculus can be considered as
a building block for the theory of Seiberg—Witten map with Fedosov type
of noncommutativity.

PACS numbers: 02.40.Gh, 11.10.Nx

1. Introduction

The aim of this paper is to give an explicit example of differential calculus
over Fedosov algebra of formal power series with coefficients in functions on
symplectic manifold. The term “differential calculus” refers here to an unital
N-graded algebra with nilpotent antiderivation i.e. to a structure analogous
to the Cartan algebra of differential forms. The motivation for such inves-
tigation could be provided by the theory of Seiberg—Witten map [1|. The
underlying noncommutativity of this theory is given by Moyal star prod-
uct. One may ask about generalizations to other types of noncommutativ-
ity described by deformation quantization procedures e.g. to the Fedosov
x-product on a symplectic manifold. When passing from Moyal to Fedosov
product one encounters some difficulties. They generally originate in the
fact that operators a‘; which are derivations of both undeformed algebra
of functions and Moyal algebra, are no longer derivations with respect to
the Fedosov product. For this reason, the framework of the usual Cartan
algebra cannot be used for developing consistent Seiberg—Witten map with
Fedosov product. The construction presented in this paper may be regarded
as a building block for such a theory. The approach presented here is sim-
ilar to that developed in [2] and could be considered as its extension which
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enables explicit calculations (see concluding section for a discussion on re-
lations between this paper and [2]). Fedosov-type deformations of algebra
of differential forms were also analyzed in [3] with methods of geometry
of supermanifolds. However, the resulting deformation does not preserve
N-graded structure. The deformation of Cartan algebra with Moyal non-
commutativity was considered in [4]. In [5] global and general scheme for
deformation of bimodule of sections of arbitrary vector bundle is presented.
Unfortunately when trying to adopt these methods for the purpose of the
deformation of Cartan algebra, one faces severe problems with constructing
compatible deformation of both tensor and wedge product. The paper is or-
ganized as follows. First, the general scheme of Fedosov construction of the
«-product on arbitrary symplectic manifold is recalled. Next (Section 3) the
trivialization procedure for Fedosov algebras (originally formulated in [6])
is analyzed. The explicit formulas (up to h?) for trivialization isomorphism
with arbitrary underlying homotopy of symplectic connections are given.
The concept of trivialization turns out to be crucial for construction of our
example of differential calculus. This is described in the fourth section.
Finally, some concluding comments are given.

2. Fedosov construction

This section is given mainly for the purpose of fixing the notations. Thus,
the proofs are omitted, and the numbers of theorems in original formulation
in [6] are given. For detailed insight into geometrical ideas behind Fedosov
construction one may refer to [7]. Some further properties and examples can
be found in [8]. In the first step, one constructs a bundle on the base manifold
M, called formal Weyl algebras bundle W, with fibres being algebras W,
consisting of formal power series

alh,y) = Y Kra iy y” (1)
k,p>0

where y € T, M, Giy...i, AT€ components of some symmetric covariant tensors
in local Darboux coordinates and h is a formal parameter. One prescribes
degrees to monomials in formal sum (1) according to the rule

deg(h*ai, i,y ... y") =2k +p.

For nonhomogeneous a its degree is given by the lowest degree of nonzero
monomials in formal sum (1). The fibrewise o-product is defined by the
Moyal formula

[ i\ 1 oma v imjm O™
0o0=32(-7) mam

m=0
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This definition is invariant under linear symplectomorphisms i.e. under trans-
formations of y* generated by transitions between local Darboux coordinates
on M. We also consider bundle W® A. Sections of this bundle can be locally
written as

a= Z hkail...ipjl..~jq (x)yll ctt yipd’:vjl /\ e /\ dx]q *

The o-product in W® A is defined by the rule (a®n)o(b®£) = (aob)@(nAE).
The commutator of a € W @ A" and b € W @ A® is given by [a,b] =
aob— (—=1)"boa. One introduces an operator d acting on elements of
W ® A as follows

da 1
g k _— ——
da = dx A@yk . [

wijyidwj, a] .

Similarly, 6~! acting on monomial ay,, with k-fold y and m-fold dz yields

1 0
—1 _ S
O em = Y <8x3> e

for k+m > 0 and d lagy = 0. Both 6 and 6! are nilpotent and for
a € W @ A* the Leibniz rule §(a o b) = (da) o b+ (—1)*a o 6b holds. An
arbitrary a € W ® A can be decomposed into

a=agp+0 ta+6"a.

Let a be a section of W. Symplectic connection 9 can be extended to the
Weyl bundle by the formula da = dx* A J;a, where J;a denotes covariant

derivation of tensor fields in (1) with respect to % Using Darboux coordi-

'

nates and connection coefficients I ljl one may write da in the form

11 .

Oa = da + 2 —Fijkyly’dxk, al ,
h |2

with I, = wilfljl (any further raising or lowering of indices is also per-

formed by means of w). When dealing with sections of W ® A, we can

compute 0 using the rule

d(noa)=dnoa+(=1)*noda,

where 7 is a scalar k-form. The o-Leibniz rule holds for 9 and one could be
interested in other connections with this property, namely in the connections
of the form

1
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with v € C®°(W ® A'). One can calculate that V? = £[(2,-] with the
curvature 2-form 2 = R 4 0y + %7 oy, where R = %Rijklyiyjdzrk A da!
and lekl denotes the curvature tensor of symplectic connection on M. The
connection D is called Abelian if it is flat (D? = 0) i.e. if its curvature is
a scalar form. Fedosov proves (|6] theorem 5.2.2) that for arbitrary symplec-
tic connection 9 there exists unique Abelian connection

D= —5+8+1[r,-],
h
with curvature form 2 = —1/2w;;jdz® A dz/ and r satisfying 6~ 1r = 0,
degr > 3. The 1-form r is the unique solution of the equation

r=06'R+6" (87’—%%7‘07*) .

Section a € C*°(W) is called flat if Da = 0. Flat sections form subalgebra
of the algebra of all sections of W. We denote this subalgebra by Wp.
If the underlying symplectic connection is flat and we work in Darboux
coordinates for which I5;; = 0, then Abelian connection reads D = d — 4.
The corresponding subalgebra of flat sections is called trivial algebra in this
case. For a € C®(W @ A) define Q(a) as a solution of the equation

b=a+6(D+6)b

with respect to b. One can prove that this solution is unique, and that @
is linear bijection. Clearly Q@ 'a = a — 6~1(D + §)a. It turns out ([6] theo-
rem 5.2.4) that @ establishes bijection between C'°°(M)][[h]] and Wp. For
fyg € C°(M)[[R]] the *-product is defined according to the rule

Fx9=Q71Q(f) o Qlg)).

In proofs of theorems related to Fedosov construction the iteration method
is frequently used. Given an equation of the form

a=b+ K(a) 2)

one may try to solve it iteratively with respect to a, by putting a(®) = b and
a™ = b+ K(a" V). If K is linear and raises degrees (i.e. dega < deg K (a)
or K(a) = 0) then it can be easily deduced that the unique solution of (2)
is given up to degree n by a(™. We need one more theorem for further
purposes.

Theorem 2.1 (Fedosov 5.2.6). Equation Da = b (for some given b €
C®(W @ AP), p > 0) has a solution if and only if Db = 0. The solution
may be chosen in the form a = —Q51b.
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3. Trivialization

In this section general methods developed by Fedosov are applied to the
specific case of deformation quantization of symplectic manifold. The term
trivialization refers to the procedure of establishing isomorphism between
some given algebra Wp and the trivial algebra. The construction of this
isomorphism is based on the following theorem.

Theorem 3.1 (Fedosov 5.4.3). Let Dy = d+ £ [y(t),"] be a family of Abelian
connections parameterized by t € [0,1], and let H(t) be t-dependent section
of W (called Hamiltonian) satisfying the following conditions:

1. DiH(t) — A(t) is a scalar form,
2. deg(H(t)) > 3.

Then, equation
da

dt
has the unique solution a(t) for any given a(0) € W & A and the mapping
a(0) — a(t) is an isomorphism for arbitrary t € [0,1]. Moreover, a(0) €
Wp, if and only if a(t) € Wp,.

+ %[H, a] = 0 (3)

The proof can be performed by integrating equation (3) to

a(t) = a(0) —

S

/ [H (), a(r)) dr . (4)
0

and using iteration method. We are interested in constructing isomorphism
between Wp and the trivial algebra. This requires establishing homotopy
of Abelian connections and compatible Hamiltonian. From now Wp, will
denote the trivial algebra.

Theorem 3.2 (Fedosov 5.5.1). Any algebra Wp on Fedosov manifold
(M,w,d) is locally isomorphic to the trivial algebra Wp, on R™.

Proof. Let O be a neighborhood of some point zo € M, for which Darboux
coordinates ' may be chosen. The symplectic connection on M generates
unique Abelian connection

' 1 .
D=d+ % wijy'da! + §Djky2y]d$k +r |,

where r =1/ 8Rijklyiyj y*da! 4 ... is 1-form obtained from iterational pro-
cedure (2). Consider a local homotopy of symplectic connections 8" such
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that for connection coefficients we have I';;;(0) = 0 and I'j;(1) = k. It
generates homotopy of local Abelian connections

Dt =d + % wijy’dazj + %Fijk(t)ylyjdxk + ’I"(t), | =d + %[’Y(t), ] s
satisfying D1 = D and Dy = d— ¢ (trivial Abelian connection). Notice, that
these Abelian connections have constant curvature 2(t) = —1/2w;;dz* Ada.
We look for a Hamiltonian being a solution of the equation D;H (t) = ~(t).
According to the theorem 2.1 one have to check condition D;%(t) = 0.
We get Diy(t) = £2(t) = 0 and hence, the Hamiltonian may be written
as H(t) = —Qi0~'4(t). Since d/dt commutes with =1 and the standard
normalizing condition for an Abelian connection is ~'r = 0, one obtains

H(t) = ——Qt (Fipety'y'y") |
with deg(H (t)) > 3. Thus assumptions of theorem 3.1 are fulfilled. The

mapping defined therein is the desired isomorphism between Wp, and Wp.
O

To obtain its explicit form we need explicit form of H(t). Using iteration
method one can calculate H(t) up to the fifth degree

1. o o
H(t) = —gl“z-jk(t)y’y]y’“ —~ ﬂaf) Ty yiy*y
1 : 1 . n
—ma(t)a(t)l“mm( iy yFyty™ — 0 — Rijp ()", ()Y Y 'y
R (O 0y %)

Let T71: Wp, — Wp denote isomorphism mentioned in theorem 3.1. Its
inverse T : Wp — Wp, is called local trivialization of Wp. Using (5) when
iterating equation (4) one can compute first terms of 7~!. They read

1
T=1(Qo(a0)) = Q(ag) + h*Q iw“gzg/%r“kmm
0

1 Is 82(10 ik 1 83(10 ik
— rakr. ——— LY e
+ 16Y 90" il + 5 24 0xi0xI Ok +

Isomorphism 7! depends on the choice of homotopy I'(t). However for

homotopies of the form I';;1,(t) = f(t) ik (f 1 [0,1] = R, f(0)=0, f(1)=1),
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the result is independent (at least up to h?) of the choice of f. In this case
T reads

1 ls@ao E?Fijk ik
_ v
8% 9z ol

1 83CL0

rikp,+ —— — 2 _puk) 4 (6
9 5 a0z 0 >+ /(6)

T (Qolan)) = Qlan) +h2@<

1 ls 82CL0
+16w Oxs0zk

and conversely

T(Q(ap)) = Qolao) — h*Qo <iwls Oag OLj ik

48~ Ozs Ot
1 ls 82CL0 ik 1 83a0 ik
— Y% SR LY
+ 16" 920z it + 24 0x10xI Ok +

The above form of trivialization isomorphism will be used in the next section.

4. Differential calculus

In this section we are going to construct a differential calculus based on
noncommutative Fedosov algebra of formal series. We initially make use of
some ideas of Madore and collaborators [11,12] and then follow standard
approach to Cartan algebra presented in [13]. First, let us recall algebraical
definition of differential calculus [11,14].

Definition 4.1. A complex, unital and associative algebra K with product N\
is called differential calculus over K° if it is N-graded

1. K=Epkn,

n>0
2. Kk A K C KR
and it is equipped with compatible nilpotent antiderivation d : K — IC
3. dK! ¢ K
4. dinpNE) = (dn) NE+ (1) AdE for arbitrary n € K! and € € K,
5. d*=0.

Let O be a neighborhood of some point zy for which trivialization the-
orem holds. Let A° = A be usual algebra of functions on O and A? =
A, — algebra of formal series obtained by Fedosov deformation quanti-
zation procedure. Following ideas of [11, 12|, we are going to choose set
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X ={Xy,...,X,} of n derivations X; € Der(A,), which is analogous to
the frame in the classical geometry. We will use derivations of the form
Xi = ¢[Ai % -]. The \js may be taken as

A= wijQ_lT_lQol‘j .

Using (6) one finds that

Ai = wij 18 0l
Derivation X; acting on f € A, yields
i 0 of
Xi(f) = = fl=Q ' — (T :
() = G f=Q7' 77 5 1Qn = 55

72 i ls of 9 aFm]k mjk Lo 62](‘ a(ijkajl)
h {48w dxs Ozt \| Ox! L 16" 9r°0zF dx?
_|_i an ormik

24 9™ Pxi Oxk  Oxt

(7)
The most important properties of the “frame” X are consequences of the
following lemma.

Lemma 4.2. The commutation relations for \; are given by

i
h
Proof. The straightforward calculation yields

i 5 A = —wij - (8)

7 P P
i ¥ A = 7 wirQ T Qoa" ¥ wyQ T 1Qol’l}

')
h
7
-1 k ! kl
= WikwleQ T [Qox ?QOZU} = Wipw" Wi = —Wwjj -

Corollary 4.3. X;X; = X;X; for each X;,X; € X .
Proof. Using lemma 4.2 and the Jacobi identity one obtains for f € A,

1 1 1
XiXgf = =5ty s =l Tt Al + 5
1
=~z T Al = XX f

(A 3 15 Ad]]
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Let 7F(X) denote the vector space (over C) of mappings from A
(k-fold product X x X x --- x X) to As. TF(X) has a natural structure of
Ay-bimodule given by the relations

(f*n)(XiU'--aXik) :f*U(Xim---,Xik),
(n*f)(Xilv"'7Xik) :n(Xi17”’7Xik)*f7
for f € A, n € TF(X) and X;,,...,X;, € X. For T € TF(X) and S €
THX), the tensor product T ®, S € TFT(X) may be defined as

(T®* S)(Xil"“’XikH) = T(Xila---yXik)*S(Xik+1a--->Xik+l)-

Theorem 4.4. The product ®, has the following properties
(S14+82) @ T = S1@:T+ 5@, T,
T®R(S1+52) = T®:S1+T @5,
(fxS)@T = fx(S@.T),
S@(T*f) = (S@.T)*f,
(S f)@:T = S (f=+T),
(S@:T)®2, U = S, (T®,U),
for 81,84, 8, T, U belonging to some (not necessarily the same) TF(X), and
feA..

Proof is a straightforward consequence of properties of A,. One may
introduce [11,12] the exterior derivative of f € A, as a mapping d.f € T} (X)
defined by

die f(Xi) = Xi(f)-
It can be easily observed that d, fulfills the Leibniz rule
de(f*g) = (duf)* g+ f*dug.

Our choice of X enables us to introduce “coframe” © = {#',... 6"} consist-

ing of ¢/ € T,}(X) defined by
0 = d. (W) = d, (Q7'T'Qua?) .
By lemma 4.2 we calculate
0'(X;) = X; (wjk)\k> = —wihu, = 5ji . 9)

(Concept of © dual to & is derived from [11,12]). As a consequence one
infers that each 67 commutes with an arbitrary f € A, i.e.

fx0l =67 f.
Define By, as a set of all k-fold products 0%t ®, - -- @, 0 (B; = O).
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Theorem 4.5. By, freely generates A,-bimodule TF(X).
Proof. For arbitrary T' € TF(X) one has

and equation 7, ;, * 0" @, - ®, 0% = 0 evaluated on (Xjp,s ..., X, ) vields
Tjr..gr, = 0- =

One concludes that By is A.-basis of TF(X). We put Al = T}(X).
Properties of X provide that construction of A¥ for k& > 1 may follow usual
construction of A. The approach presented here is based on the classical
textbook [13]. The omitted proofs are just identical to those in [13]. We call
n € TF(X) alternating if

U(...,Xip,...,Xiq,...) :—U(...,Xiq,...,Xip,...)

for arbitrary 1 < p < ¢ < k. The subset of 7.F(X) consisting of all alternat-
ing n € TF(X) is a A,-subbimodule of 7,F(X). We put this submodule to
be Ak. If i, = i, for some q # p then n(X,, ..., X;,) = 0. Hence A* vanish
for k > n. The projection form 7.F(X) to A*¥ can be chosen in the standard
way. For T € TF(X) let

1
AI(T) (Xiy, o, Xyy) 1= 2 3 sen(0)T (Xisys e X )
) €Sk

where Sy denotes the group of permutations of {1,...,k}, sgn(c) = 1 for
even and sgn(o) = —1 for odd permutations.

Theorem 4.6. The Alt operation has the following properties

Alt(T) € AF,
Alt(f*xT+ Sxg) = f*Alt(T) + Alt(S) * g,
Alt(n) = n, (11)
AlL(AIK(T)) = AI(T),

forT,S € TF(X), n € AF and f,g € A..

The second relation can be easily obtained from definition of Alt. The
others are proven in [13]. For n € A¥ and ¢ € AL the exterior product
N Ay & € AR s defined as
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Theorem 4.7. The N, product has the following properties

(E1+8&)Aen = S Aen+ &N,
NA«(§1+8&) = nAc&+nA&,
(fxn) A& = fr(nAg),
NA«(Exf) = A& =],
)A€ =i (f*E),
(77/\*5)/\*(:77/\*(5/\*07

fOT’T] € Alj; 67&1762 € Ai and f S A*

All except for the last of these relations are simple consequences of the-
orems 4.4 and 4.6. For associativity the proof is more elaborated, but can
be performed exactly in the same way as in [13]. Omitting its details let us
notice, that the key step is to prove the formula

Alt(Alt(n @4 &) ®x () = Alt(n ®« € @4 ()
= Alt(n @, Alt(£ @4 ()) . (12)

Theorem 4.7 justifies extension of exterior product to O-forms. For f €
A0 = A, and n € A* we put f A.n:= f*nand n A, f :=n* f. Notice
that in general one cannot obtain relation analogous to n A € = (—1) ¢ An.
Fortunately, due to (9), the following formula holds

0N 07 = —09 A, 6, (13)
for arbitrary 6,67 € O, and in general
07 Ay 02 A, - Ay 0% = sgn(o)0e D) A, B0 A, - A, Q) (14)

for o € S and 61,... 0% € ©. Using lemma 4.5 and formulas (11), (12)
one can represent arbitrary n € A¥ as

1 . ,
n= EU(X“”X%) *911 Ny s Ny 92’“ .
Applying (14) one reduces the above relation to

n= Z U(Xiw"-aXik)*eil/\*“‘/\*Hik.

1<i1 << <n

The A,-linear independence of the set Cj := {9“ As o A B 21 < iy <
... < i < n} can be proven. Hence, Cy, is A,-basis of A* and

dim(A%) = <Z> .
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Moreover (14) guarantees that

1

i * 0 Ay - Ay 0% %O, - A, O

1
= Hn[il...ik}

One also infers that any 1 € A* can be written as

1 ) .
n= E’rllllk * 0" A A 6

in the unique manner, provided that 7;, ;, is totally antisymmetric. Notice,
that given two forms n = %771'1...1';@ * O Ny - A 0% and € = l—l!gjlmjl * 071 N,
-+« Ay 09t their exterior product may be written as

1
TR
We are ready to extend d, to forms of higher degree. Define

UNAYES Miy i * Epody %O Ao Ay 0% A 078 Ay oo A, 090

1 ) ) 1 ) ' .
- (H"lk O 91k> =17 X (i) # 07 A 07 Ao AL 07 (15)

Suppose that f7, i, %07 Ay - A, 0% = hifi, g, %07 A, A, 6%, Then
replacing X;(7;,..5,) by X[j(m'l...ik]) in (15) and using relation Miroi] =
Tl[iy...ix) ON€ can obtain

1 , . 1 , .
d* (E’rhllk * 921 /\* tt /\* Hlk> - d* <H’Fl7‘llk ES 011 /\* e /\* 92k> ,

hence d is well defined. Notice, that above definition of ‘d* is compa‘pible
with definition of d, for 0-forms since d, f = (di f)(X;) 67 = X;(f) * 67 for
feA,.

Theorem 4.8. The d, operator has the following properties
1. did, =0,
2. do(n Ny €) = (dun) Ay €+ (=1)Fn Ay (di§) form € A¥ and € € AL

Proof. Using corollary 4.3 and formula (13) one calculates

1 . ) .
dedin) = S Xp(X(0iy iy) % 0% A 69 A 67 Ao A O

k!
1 . . .
- _EXJ(Xk(T/qu)) * 67 N Hk A o' AR 0 = —d*d*’l’} =0.
The Leibniz rule can be obtained by direct calculation involving application
of Leibniz rule for X; and k-fold use of formula (13). O

One concludes that A, = A% @ --- @ A? together with d, is a differential
calculus over A,.
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5. Final comments

The main result of this paper is the explicit construction of local differen-
tial calculus over Fedosov algebra of formal power series with coefficients in
functions on symplectic manifold. The approach presented here is generally
inspired by some standard procedures of noncommutative differential geom-
etry [11,12]. Quite similar analysis can be found in [2|. The main difference
is that in our approach we do not postulate existence of ;s with commu-
tation relations given by lemma 4.2, but we rather construct them using
trivialization procedure. The explicit (up to h?) form of trivialization iso-
morphism has been calculated and thus, we are able to give explicit formulas
for deformed derivations (7). Since they commute (corollary 4.3) we may
proceed with standard methods of usual Cartan algebra. Hence, we omit all
consistency conditions [11,12] relating noncommutativity of algebra, non-
commutativity of X;, exterior product and exterior derivative. Moreover,
the resulting differential calculus can be regarded as the deformation of the
usual one i.e. obtained corrections vanish either at h = 0 or at I, = 0. On
the other hand, construction presented here is local (restricted to some open
subset for which trivialization theorem holds). It should be also stressed,
that our choice of “noncommutative frame” X, although yielding some useful
properties, cannot be considered as the distinguished one. The application
of presented construction to Seiberg—Witten theory requires also some con-
cepts on “noncommutative connections”. Such ideas were considered in [15]
and they seem to be applicable also in the case of Fedosov quantization.
This is hoped to be covered in author’s forthcoming paper.

I would like to thank professor Maciej Przanowski for suggesting the
topic of investigation, giving many helpful remarks and reviewing the initial
version of this paper. I am also grateful to Jaromir Tosiek and Sebastian
Formaniski for discussions on Fedosov construction and noncommutative ge-
ometry.
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