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The effects of noncommutativity in the framework of coordinate coher-
ent states for Schwarzschild metric lead to a corrected solution in terms of
the noncommutative parameter θ. Using the quasi-classical method, the
Hawking radiation of such a noncommutative inspired black hole via the
tunneling process is studied. In this situation, utilizing the generalized
uncertainty principle, we show that the modification of the de Broglie rela-
tion in the quantum tunneling process of the black hole evaporation, pro-
vides the non-thermal effects which create the correlations between emitted
modes of evaporation. In this setup, at least part of the quantum infor-
mation becomes encoded in the Hawking radiation, and information can
be appeared in the form of the non-thermal GUP correlations merged with
the noncommutativity influences.

PACS numbers: 04.70.–s, 04.70.Dy, 04.70.Bw, 11.10.Nx

1. Introduction

Uncovering the black hole evaporation from Hawking hypothesis [1] has
led to a long-standing discourse referring to alleged lost information paradox
(for reviews see [2]) which infers the purely thermal spirit of the spectrum.
Possibly, a solution for lost information paradox could prepare a fundamental
ingredient in the search for a yet to be created theory of Quantum Gravity.
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In Quantum Mechanics, the information conserves from unitarity. While, in
Black Hole Physics, the information is carried by a physical process going
down to the singularity hence has never been regained. This would approve a
non-unitary quantum evolution which maps a pure state to a mixed state [3].
There have been many proposals to keep the basic principles of Quantum
Mechanics neighboring the black holes [2]. A more conventional proposal is
that information really flows out from the black hole as non-thermal corre-
lations between different modes of radiation during the evaporation.

The Hawking result can be portrayed as tunneling through the quantum
horizon of a black hole. This is accomplished either by using the radial
null geodesic method proposed by Parikh and Wilczek [4] or by using the
Hamilton–Jacobi method proposed by Shankaranarayanan et al. [5] to calcu-
late the probability of tunneling. In this paper, we would like to consider the
Parikh–Wilczek method to develop their approach to the extended regime.
In Parikh–Wilczek tunneling [4], due to the considering of self-gravitation
effects, the evaporation is made by a lessening in the black hole horizon
just by the emitted particle itself which leads to non-thermal corrections
to the black hole radiation spectrum. Nevertheless, due to its absence of
correlations between the tunneling rates of different modes in the black hole
radiation spectrum the form of the corrections is not sufficient by itself to
conserve the information [6, 7].

Recently, Smailagic and Spallucci [8] proposed an interesting method
of noncommutativity relating to Coordinate Coherent States (CCS) which
supports Lorentz invariance, Unitarity and UV-finiteness of Quantum Field
theory. Possibly, space-time noncommutativity, namely an intrinsic property
of the manifold by itself, can open a way to find an interpretation to the black
hole information paradox. Nicolini, Smailagic and Spallucci (NSS) [9] (see
also [10]) by applying this method have exhibited a physically inspired model
of noncommutativity corrections to black hole solutions. In this methodol-
ogy, the point-like structure of mass M , instead of being entirely localized
at a point, is described by a smeared structure throughout a region of linear
size
√
θ. Utilizing the CCS approach, it has been demonstrated that the

modified metric does not allow the black hole to decay lower than Planck
size remnant thus the evaporation process finishes when the size of the black
hole reaches to a Planckian relic; as a result, no curvature singularity at the
origin. In view of the fact that space-time noncommutativity can improve
some kinds of divergences which emerge in General Relativity, we hope to
perfect a step further and modify the tunneling perspective by applying the
CCS methodology.

Furthermore, it is widely believed that the so-called Heisenberg Uncer-
tainty Principle (HUP), should be reformulated due to the noncommuta-
tive nature of space-time at Planck scale. In other words, it has been
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demonstrated that in Quantum Gravity there exists a minimum observable
length [11], namely the order of the Planck length, which is a quick outcome
of Generalized Uncertainty Principle (GUP). Therefore, the measurements
in Quantum Gravity scenarios should be done by the GUP. There has been
much discussion in the literature (e.g. [12]) about the applying of the GUP
in black hole thermodynamics which leads to the significant modifications
to the emission procedure, specifically at the ultimate phase of evapora-
tion. Recently, Nozari and Mehdipour have generalized the Parikh–Wilczek
tunneling by using the GUP effects [13, 14]. They have shown that the
self-gravitation effects including the Planck-scale modifications cannot be
relinquished once the black hole mass becomes corresponding to the Planck
mass.

Here, in the study of black hole evaporation, we first briefly generalize the
Schwarzschild metric to the noncommutative model of CCS. Next, to find
the possible non-thermal correlations within the Hawking radiation, we in-
vestigate the tunneling methodology by the radial null geodesic approach in
the background of CCS-noncommutativity including the Planck-scale cor-
rections from the GUP origin. It might has been desired that, when the
effects of gravitational back-reaction including the CCS-noncommutativity
are incorporated with the Planck-scale corrections via the GUP, one would
perceive the occurrence of correlations between the tunneling probability of
different modes in the black hole radiation spectrum. The appearance of
these correlations can shed more light on information loss problem.

The organization of this paper is the following. In Sec. 2, the incorpora-
tion of noncommutativity effects in the framework of CCS for Schwarzschild
metric is briefly investigated. In Sec. 3, we study a feasible role of the Quan-
tum Gravity corrections as the GUP effects. This trend continues to present
the Parikh–Wilczek tunneling including the GUP outcomes for such a non-
commutative inspired Schwarzschild solution. The tunneling amplitude at
which massless particles tunnel across the event horizon is computed and
then its result as a non-thermal spectrum for escaping the information via
the Hawking radiation is studied. Finally, in Sec. 4, the paper is concluded
with summary.

2. Noncommutative inspired Schwarzschild black hole

In this section, we will briefly show the appearance of black hole rem-
nant in the context of CCS-noncommutativity. In accord with the NSS
results [9, 10], the simple concept of point-like structure is not physically
relevant and should be substituted for a minimum width Gaussian distribu-
tion of mass/energy which satisfies the principles of Quantum Mechanics.
The procedure we prefer here is to accomplish an analysis which provides
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a solution in the case of a non-static, spherically symmetric, asymptotically
flat, minimal width, Gaussian distribution of mass/energy whose noncom-
mutative size is characterized by the parameter

√
θ. For this purpose, the

mass/energy distribution should be exhibited by a smeared delta function

ρθ(r) =
M

(4πθ)
3
2

e−
r2

4θ . (1)

The noncommutative inspired Schwarzschild metric in the presence of
smeared mass source, by solving Einstein equations with (1) as a matter
source, can be found as

ds2 = −F (r)dt2 + F−1(r)dr2 + r2dΩ2 , (2)

with
F (r) = 1− 2Mθ(r)

r
, (3)

where the Gaussian-smeared mass distribution immediately reads

Mθ(r) =

r∫
0

ρθ(r)4πr2dr = M

[
E
(

r

2
√
θ

)
− r√

πθ
e−

r2

4θ

]
, (4)

where E(x) shows the Gauss error function defined as E(x) ≡ 2√
π

∫ x
0 e
−p2

dp.

In the commutative limit, θ → 0, the Gauss error function tends to one
and the other term will exponentially be reduced to zero. Thus one re-
trieves the conventional source, Mθ → M , and the noncommutative in-
spired Schwarzschild black hole reduces to the usual Schwarzschild black
hole, F (r) = 1− 2M

r .
It is evident that the metric (2) has a coordinate singularity at the event

horizon as1
rH = 2Mθ(rH) . (5)

Analytical solution of Eq. (5) for rH in a closed form is unfeasible, however,
it is feasible to solve (5) to find M , which prepares the mass as a function
of the horizon radius rH and can be solved to yield

M =

√
πθrH

2

[√
πθE

(
rH

2
√
θ

)
− rHe

− r
2
H

4θ

]−1

. (6)

1 Note that since there is no analytical solution for rH versus M , then one can ap-
proximately compute the noncommutative horizon radius versus the mass by setting
rH = 2M into the function of Gaussian-smeared mass distribution Mθ(rH), namely

rH = 2M

»
E

“
M√
θ

”
− 2M√

πθ
e−

M2
θ

–
.
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The numerical result of mass versus the horizon radius is depicted in Fig. 1.
As expected, from the mass equation (see Fig. 1), one obtains that noncom-
mutativity discloses a minimal non-zero mass M0, namely the black hole
remnant, in order to have an event horizon. So, the black hole in the non-
commutative case does not allow to decay lower than the minimal mass M0,
i.e. black hole remnant, and forM < M0 there is no event horizon [9,10,15].

0

2

4

6

8

10

m
a

s
s

2 4 6 8 10

event horizon radius

Fig. 1. The mass, M√
θ
, versus the event horizon radius, rH√

θ
. As can be seen from

the figure, the existence of a minimal non-zero mass is clear, i.e. M0 ≈ 1.9
√
θ.

3. Parikh–Wilczek tunneling including the GUP corrections

Now, we would like to investigate the radiating behavior of such a mod-
ified Schwarzschild solution by using the tunneling procedure proposed by
Parikh and Wilczek [4]. To describe the tunneling methodology where a par-
ticle moves in dynamical geometry and travels through the horizon without
singularity on the passage, we should use a coordinate system which is reg-
ular at the horizon. Painlevé coordinates [16] which are applied to remove
coordinate singularity are specifically useful options in this investigation.
Under the Painlevé time coordinate transformation

dt→ dt−
√

1− F (r)
F (r)

dr , (7)

the noncommutative Painlevé metric now is given by

ds2 = −F (r)dt2 + 2
√

1− F (r)dtdr + dr2 + r2dΩ2 . (8)
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The line element is now stationary, and there is no coordinate singularity at
the horizon. The outgoing radial null geodesics, ds2 = dΩ2 = 0, takes the
following form

ṙ = 1−
√

1− F (r) = 1−
√

2Mθ

r
, (9)

where overdot abbreviates d/dt. According to the original work proposed
by Parikh and Wilczek [4], the WKB approximation is valid near the hori-
zon. Thus, the tunneling probability for the classically forbidden region as a
function of imaginary part of the action for a particle in a tunneling process
takes the form2

Γ ∼ e−2Im I. (10)

Now, we consider a spherical positive energy shell comprising the compo-
nents of massless particles each of which journeys on a radial null geodesic
like an s-wave outgoing particle which crosses the horizon in the outward
direction from rin to rout, on the condition that rin > rout. Hence, the
imaginary part of the action is given by

Im I = Im
rout∫
rin

prdr = Im
rout∫
rin

pr∫
0

dp′rdr . (11)

If we consider the particle’s self-gravitation effect, in accordance with the
original work proposed by Kraus and Wilczek [21], then both the noncom-
mutative Painlevé metric and the geodesic equation should be modified by
the response of the background geometry.

As mentioned briefly in the introduction, the resulting expectation of
various models of Quantum Gravity is the appearance of a minimal observ-
able distance of the order of the Planck length that cannot be probed [11],
e.g. in String Theory there exists a restraint to probe the distances smaller
than the string length. Hence the HUP is generalized to include this re-
strained resolution of the space-time structure. The result of this general-
ization is the so-called GUP which actually has the origin on the quantum
fluctuations of the space-time at Planck scale.

2 It should be noted that there exists another outlook on utilizing the relation (10).
There has been a problem here known as “factor 2 problem” [17]. Recently, some au-
thors have stated that relation (10) is not invariant under canonical transformations,
however, the same formula with a factor of 1/2 in the exponent is canonically invari-
ant (see [18, 19] and references therein). This method yields a temperature which is
higher than the Hawking temperature by a factor of 2. In Ref. [20], a solution to
this problem was prepared concerning the overlooked temporal contribution to the
tunneling amplitude. When one comprises this temporal contribution one obtains ex-
act the correct temperature and precisely when one utilizes the canonically invariant
tunneling amplitude.
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In this section, we want to apply the GUP to find a method of recovering
the lost information in the black hole evaporation process. This method is
related to the correlations between different modes of evaporation. A first
effort in this direction was accomplished, in Ref. [7], by using the quantum
corrected entropy with an additional logarithmic correction term. However,
such a formulation does not give a non-zero statistical correlation function.
In our method, we follow a different way to recover the information. Ac-
cording to the recent papers [13, 14], we would like to formulate the mod-
ifications of the Hawking radiation via the tunneling process by using the
GUP-corrected de Broglie wave length and then a GUP-corrected energy
(see for instance [22] and references therein)

λ ' 1
p

(
1 + αL2

Plp
2
)
, (12)

E ' E
(
1 + αL2

PlE
2
)
. (13)

Now, in the tunneling process, it is necessary to take into account the re-
action of the background geometry to an emitted GUP-corrected energy E.
We hold the total ADM mass (M) of the space-time fixed, and allow the
hole mass to fluctuate. In other words, a massless particle as a shell trav-
els on the geodesics of a space-time with M replaced by M − E. Next, we
should first substitute M by M − E in Eq. (9) and then apply the deformed
Hamilton’s equation of motion [13,14]

ṙ '
(
1 + αL2

PlE
2
) dH
dpr

∣∣∣∣∣
r

, (14)

to alter the integral variable of the imaginary action (11) from momentum
to energy. So, we have

Im I = Im
rout∫
rin

M−E∫
M

1 + αL2
PlE
′2

ṙ
dHdr , (15)

where the Hamiltonian is H = M − E′. We evaluate the integral (15) by
writing the explicit form for the radial null geodesic which includes the back-
reaction effects, namely

ṙ = 1−
√

2Mθ (M − E)
r

, (16)

where

Mθ (M − E) = (M − E)
[
E
(
M − E√

θ

)
− 2 (M − E)√

πθ
e−

(M−E)2

θ

]
. (17)
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Thus, we find

Im I = Im
rout∫
rin

E∫
0

1 + αL2
PlE
′2

1−
√

2Mθ(M−E′)
r

(−dE′)dr . (18)

The r integral of Eq. (18) can be done first by deforming the contour for
lower half E′ plane, due to escape from the pole at the horizon, as follows

Im I = Im
E∫

0

4πiMθ(M − E′)
(
1 + αL2

PlE
′2) dE′ . (19)

Finally, the imaginary action leads to the following form

Im I = 3πθ(E2 − E1) + 6
√
πθ e−

M2+E2+2αL2
PlE

4

θ

[
Me

E2+2αL2
PlE

4

θ

−e
2M(E+αL2

PlE
3)

θ (M−E)
]

+ παL2
Pl

[
M4

3
(E1 − E2) + E2E

3

(
16
3
M−5E

)]
+2π

[
M2(E1 − E2) + E2E(2M − E)

]
+O(α2L4

Pl) , (20)

where  E1 ≡ E
(
M√
θ

)
,

E2 ≡ E
(
M−E−αL2

PlE
3

√
θ

)
.

We consider the leading-order correction to be just proportional to (αL2
Pl).

These new corrections cannot be ignored when the black hole mass is adja-
cent to the Planck mass. However, the corrections are fundamentally trifling,
one could respect this as a consequence of quantum inspection at the level
of semi-classical Quantum Gravity. Note that, for simpleness and without
loss of generality, we have eliminated the terms proportional to (αL2

Pl

√
θ)

and also (αL2
Plθ) due to the fact that these corrections are extremely small

to be substantial. From the Eq. (20), it is obviously observed that the
corresponding tunneling rate differs from the purely thermal essence of the
spectrum.

The tunneling rate in the high energy depends on the final and initial
number of microstates available for the system [23–25]. Thus, we have

Γ ∼ eSfinal

eSinitial
= e∆S , (21)
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where S is the black hole entropy. In this viewpoint the tunneling rate is
proportional to the difference in black hole entropies before and after emis-
sion which means that the emission spectrum cannot be accurately thermal
at higher energies.

The question which arises here is the possible dependencies between
different modes of radiation during the evaporation. In this situation, as
confirmed in [13, 14], we want to show that there are correlations between
emitted particles due to the including of GUP corrections. This means it
can be demonstrated that the probability of tunneling of two particles of
energy E1 and E2 is not equal to the probability of tunneling of one particle
with their compound energies, E = E1 + E2, i.e.

χ(E1 + E2;E1, E2) = ∆S(E1+E2) −∆SE1 −∆SE2 6= 0 , (22)

where  ∆SE1 ≡ ∆S(M,E = E1) ,
∆SE2 ≡ ∆S(M = M − E1, E = E2) ,
∆S(E1+E2) ≡ ∆S(M,E = E1 + E2) .

One can clearly verify that the additional or combined terms of the ex-
pression (20) depending on the parameters GUP and noncommutativity,
i.e. α and θ respectively, lead to a non-zero statistical correlation function
between rates of tunneling of two particles with different energies which
reads

χ(E1+E2;E1, E2)=10πE2
(
M,E=E1+E2

)[
αL2

Pl

(
(E1+E2)4

−16
15
M

(
E3

1 +E2E
2
1 +E1E

2
2 +E3

2−
M3

16

))
+

2
5

(M−E1−E2)2− 3
5
θ

]

+12
√
πθ(M−E1−E2)e−

(
M−E1−E2−αL

2
Pl(E1+E2)3

)2
θ − 2

3
πE2
(
M=M−E1, E=E2

)
×
[
αL2

Pl

(
(M−E1)4−16E3

2

(
M−E1−

15
16
E2

))
+6(M−E1−E2)2−9θ

]
−10πE2

(
M,E=E1

)[
αL2

Pl

(
E4

1 +
M

15
(
M3−16E3

1

) )
+

2
5

(M−E1)2− 3
5
θ

]

−12
√
πθ(M−E1−E2) e−

(
M−E1−E2−αL

2
PlE

3
2

)2
θ

− 12
√
πθ(M−E1) e−

(
M−E1−αL

2
PlE

3
1

)2
θ

+ 12
√
πθ(M − E1) e−

(M−E1)2

θ

+
2
3
πE1
(
M−E1

)[
αL2

Pl(M−E1)4 + 6(M−E1)2−9θ
]
. (23)
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Therefore, the tunneling probabilities for the different modes of radiation
throughout the evaporation are reciprocally connected from a statistical
viewpoint. It is useful to examine this result in some limits. In the limit
θ → 0 and α 6= 0, we recover the same results to Ref. [13]. But in the HUP
limit, α = 0, one regains the zero statistical correlation function even with
non-vanishing θ (see [15]). This means that the appearance of correlations
is just dependent to the emerging of GUP parameter. In fact, the inclusion
of the effects of Quantum Gravity as the GUP expression yields the genera-
tion of correlations between the different modes of radiation. These features
cause the information flows out from the black hole as the non-thermal GUP
correlations within the Hawking radiation and this can shed more light on
lost information paradox in the black hole evaporation process.

4. Summary

In the framework of noncommutative model of CCS, we have presented
the Schwarzschild metric. We have studied the Hawking radiation of such
a noncommutative inspired solution via the tunneling procedure. By using
the Parikh–Wilczek method, the tunneling probability including the GUP
corrections has been achieved in terms of the noncommutative parameter θ.
Finally the issue of possible correlations between emitted particles has been
discussed. According to Refs. [13, 14], we have introduced the GUP effects
to provide a way to observe the correlations between emitted modes. We
have shown that the incorporation of Quantum Gravity effects such as GUP
merged with the noncommutativity effects generates the correlations be-
tween emitted particles which means at least a part of information coming
out of the black hole can be preserved in these correlations.

We would like to thank K. Nozari for a long-time collaboration on this
area.
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