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This paper is devoted to a comparison of various lower bounds, the so-
called optimized, naive and improved lower bounds on the ground state en-
ergies of N-body systems with non-relativistic kinematics and translation-
ally invariant two-body interactions. The optimized lower bound proves,
in all cases, to be better than the improved and the naive bounds.

PACS numbers: 03.65.—w

1. Introduction

As is generally admitted, the N-body problem is extremely difficult to
deal with. Even the most simple cases of a one-body problem in a central
potential or the two-body problem with translationally and rotationally in-
variant interaction can be solved only for particular forms of the interaction
potential. This leads to the development of approximate methods of reso-
lution of the Schrédinger equation. However, the things complicate quickly
with N, requiring considerable calculational facilities. An alternative to nu-
merical calculations are exact results. Among them, the lower bounds for the
ground state energy occupy a particular place. Recently, we have generalized
a lower bound initially derived for three- [1] and four-body [2] systems to
N-body systems [3-5], with arbitrary N, under the two assumptions of non-
relativistic kinematics and translationally invariant two-body interactions,
that is to N-body systems governed by Hamiltonians of the form
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N oy N -
H:ZTW@2+ Z V(”)(ﬁj), (1.1)
i=1

i<j=1

where m;, 7, p; stand, respectively, for the mass, the position and the linear
momentum of the ith particle. 7;; := 7, — 7, 1 # j = 1,..., N. This bound,
named optimized lower bound, proves to be very interesting. Among other
things, it proves to be saturated in the case of harmonic interactions, for all
mass configurations and all values of the coupling constants. This property
of saturability is something like a label of quality of the optimized lower
bound. Other lower bounds on the market, the so-called naive and improved
lower bounds, do not satisfy this property of saturability. The objective of
this paper is to compare the optimized, the naive and the improved lower
bounds for different forms of the two-body interaction potentials. This paper
is organized as follows. In Section 2 and 3 the naive and the improved lower
bounds are presented in turn, and then compared to each other in Section 4.
The optimized lower bound is presented in Section 5. Section 6 is devoted
to numerical results and Section 7 to a general conclusion and perspectives.

2. Nailve lower bound

Historically, the naive lower bound [6-11] was the first to be established.
Its starting point is the following decomposition of the kinetic energy term

N N Jn =2
o L ( P +in> . (2.1)

1 QTTL,L' N -1 i<i=1 Qmi Qmj

1=

The Hamiltonian H may then be rewritten as a sum of two-body Hamilto-
nians HZ{](-Q)

N
H=> H? (2.2)
i=1
with
w_ L (B 7 (i)
H." = L (). 2.
0N \2my Tamy ) TV W) (2.3)
H l-,](?) may be rewritten as
P2 72 ,
H® — ] Py oy ) (2.4)

+
Y 2<N — 1)(mz + mj) 2,LLZ'j
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where ]3ij denotes the sum of the momenta p; and p;
Pij == pi + j, (2.5)

Pij 18 a conjugate momentum of Tij i= T — Ty

: (2.6)

L mymy (ﬁi ﬁj)_mjﬁi—mz’ﬁj
piji=——|—— | = ——

m; +m; \m;  m; m; + m;
and f;; is the reduced mass of two particles of masses (N — 1)m; and

(N —1)m;
mimj

= (N—-1)——2L 2.7
Hij ( )mz + my; ( )
Thus
N P2 @)
H = H: 2.8
Z 2(N—1m,m]+Z EA (28)
1<j=1 1<j=1
with
(2) ﬁz?j (i) (=

Let |¥) be the unknown normalized ground state of the system and E the
corresponding ground state energy. Then

P2
UIHWP) = (¥ (@

STCLIEID i SRV 3%

1<j= 1 1<j=1
(2.10)

Since Pfj (2(N — 1)mym;) is a positive definite operator, then

P2

V| ———2——¥) > 0. 2.11
s ) 2 (211)

This is on one hand. On the other hand, by virtue of the variational principle
2 2
@) > B (1), (2.12)

where EZ(JQ) (1i5) denotes the ground state energy of the two-body Hamilto-
nian Hi(f). Hence

E> Z E (i) - (2.13)
1<j=1
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The right-hand side of the inequality (2.13) is called the naive lower bound
and is denoted Elive, namely

mm—-X:E (1ij) - (2.14)
1<j=1

One easily sees that one default of the naive lower bound is to replace
the expectation value of each one of the positive definite operators
f’% (2(N — 1)mym;) by zero, which is a rather crude approximation. This
has lead to the development of another lower bound, known in the literature
as the improved lower bound. We will present this bound in the next section,
but before that let us consider the important particular case of a two-body
power law potential

VD (75) = Ar (2.15)

1ylig o

where );j, the coupling constant, and v;; the exponent of the power law
potential are of the same sign. By virtue of the scaling laws [12,13]

2 (a, A, v) = az% |\ E@) (1,1,0) (2.16)

where E?) (a,|A|,v) and E® (1,1, v) stand respectively for the ground state
energies of the two Hamiltonians

D(a, |\, v) == ap? + sign(v)|\|r” (2.17)
and
HP(v) := 52 + sign(v)r” . (2.18)
The naive lower bound may then be put in the form

Eoive = Z (21i5) 2+wa|)\ ‘2+VUE )(1,1,%‘3’)- (2.19)
1<j=1

Let us consider now in turn, mass configurations up to three distinct masses.
Throughout this paper, we will restrict ourselves to the case where \;; and
v;; depend only on the masses m; and m; of the two involved particles.

2.1. Configuration (N x m)
This is the case of a system with all masses equal. Thus

m
pij = (N —=1)—,

5 i<j=1,...,N, (2.20)
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is independent of the pair under consideration. Moreover, we have one cou-
pling constant A\;; = A and one power v;; = v. Therefore, the naive lower
bound simplifies to

N (N -1)
2

Ena'l've =

(N = )m)z [\|77 E@(1,1,0). (2.21)

2.2. Configuration (n1 X my, ng X mga)

This is the case of systems constituted of n; (n; < IN) particles of mass
mq and ng (ng = N —ny) particles of mass ma. We have then three different
reduced masses

m1 . .
Mij::um1m1:(N_1)77 1<j=1,...,n1,

ma .
“ij:ﬂmzmzz(N—l)T, 1<j=m+1,...,N,

mima . )
/‘l’ij:,LLmlmQZ(N_]-)m, 1=1,...,n1, J :n1_|_1"”7N’(2‘22)

three coupling constants

Aij:Amlmly Z<j:17,n1’
Aij = Amagmy s 1<j=ni+1,...,N,
Aij:Am1m27 ’L.Zl,---,nl, j:n1+1,__,’N7 <223)

and three exponents

Vij = Vmimg s i<j:1,...,n1,
Vij = Vmgma s 1<j=ni+1,...,N,
Vij = Vmimag s 1=1,...,n1, j=n1+1,...,N. (224)

The general expression of the naive lower bound simplifies to

ny(ny—1 mm 2
B = LD (00 T N, [T B (1,1, i)
ng (ng — 1 _Umama —2
+(2) (2Mm2m2) Zvmams ‘)‘m2m2 ’ Hhvmgms E(2)(17 17 Vm2m2)

—Vmimg

_—Ymima 2
+11m2 (2fmymg ) 72 [ Apymy | 2T m2 E(2)(1, L, Vmymy) » (2.25)

where fim,mys Pmoms a0d fhm,m, are given by (2.22).
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2.8. Configuration (nq X mq, na X ma, ng X ms)

Here we consider systems where three distinct masses mi, mg and ms
are involved. The particles with masses mi, mo and mg are in numbers of
ni1, ne and ng respectively with ni + no + n3 = N. For this configuration,
we have 6 reduced masses, 6 exponents and 6 coupling constants

Mij
Mij
Hij

Mij

i

Mij

and

v; j

Vz'j =

Vz'j
Vij

v; ¥

Vij =

Mm1m1 -

M’m3m3 -

/’Lm1m2 -

Hmims = (N -

Hmoms = (N - 1)

Vm1m1 I

= Vmoms

Vmgmg I

lemz Y

Vmims »

Vmgmg 9y

mimi

mamo

ms3ms »

> > > > > >

mims2 s

mims »

mams3 s

(
Himamy = (n2 — 1)

(

(

1)%, i<ji=1,...,n1,
ma .
- 1<j=n1+1,...,n1+ng,
%, 1<j=ni+ns+1,...,N,
1) ULL 1=1,...,n1,
my + m2
J=mn1+1,...,n1+n2,
1) [mms i=1,...,n1,
m1 +ms3
j=ni+ng+1,...,N,
1127 t=n1+1,...,n1 +ng,
mo + ms3
j=ni+na+1,...,N, (2.26)
1<j=1,...,n1,

1<j=n1+1,...,n1+ng,
i1<j=ni+nas+1,...,N,

1=1,...,n, j=n1+1,...,n1 +ng,
1=1,...,n1, j=ni4+ne+1,...,N,
t=n1+1,...,n1 +ng,

j=ni4+ne+1,...,N, (227)
1<j=1,...,n1,

1<j=n1+1,...,n1+n9,
1<j=ni+ne+1,....,N,

1=1,...,n1, j=n1+1,...,n1+ng,
i=1,...,n1, j=ni+ne+1,....,N,
t=n1+1,...,n1 +ng,

j=ni+na+1,...,N. (2.28)
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The naive lower bound then reduces to

ni(ny—1 tmimy — 2

Ena'l've = (2) (2Mm1m1)2+um1m1 |)\m1m1 | Hvmymy E(Q)(la 17 Vm1m1)
ng (ng — 1 Umama —2

+ (2) (2tmyms) T m2m2 | Ay, | 2T m2me E(2)(1, L, Vingymy)
ng(ng —1 7_1;"’3"13 o 2

+ (2) (2lmgmg) *Tm3™3 | Amgmg | T mams E(2)(17 1, Vingms)

—vmymg 2
+ n1n2 (2mymg) 2 [ Apymy | T2 E(Q)(L L, Vimymy)
—VYmqm 2
+ 1113 (2myms) 8 [ Amyms | 2T 1ms E(Q)(lv L, Vmyms)
(

—VYmgmsg 2

+ 1913 (2htamgms ) 2273 [ Amgms | 2273 EG) (1,1, Unoms) - (2.29)

3. Improved lower bound

A default of the naive lower bound is that the centre of mass energy is not
separated from the Hamiltonian and this leads, as we have already noticed,
to the replacement of the expectation values of positive definite operators by
zero, a rather crude approximation. This fact motivated the development of
another lower bound, the so-called improved lower bound [14-16] which we
will present in what follows. Here the starting point is the following identity

N N _ L \2

p? _ pP? . (myp; — mip;) (3.1)
L~ 2m;  2M & 2m;m;M '
— - j
1= 1<j=1

where P?/(2M) stands for the centre of mass kinetic energy (M = Zfil m;).
The Hamiltonian of the system may then be rewritten as

where H Z(Jg) is a two-body Hamiltonian

— -\ 2
a9 = (m;Pi — mip;) V) (7. . 3.3
17 2miij + (Tl]) ( )
It is clear that
ﬁzj::w’ i<]:1,...7N (3.4)

m; +my;
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is a conjugate momentum of 7;; and it is more judicious to rewrite ]?[Z-(]-Q) by
explicitly showing p;

i5
HY = 24 4y 3.5
0 o T (7ij) (3.5)

with M
fij = —E i<j=1,...,N. (3.6)

(mi+mj)

Denoting again by |?) the normalized ground state of the system and E the
corresponding energy we have

p? S EO)
= W) = @5 )+ Y AP ). (3.7)

1<j=1
Since |¥) is invariant under translations, it follows that P [¥) = 0 and

2
w =0, (3.8)

Applying the variational principle
2
(W H |0) > B (i) (3.9)

where E( ) (f255) stands for the ground state energy of the two-body Hamil-
tonian HZ-(j). Thus

E> Z B (jiij) - (3.10)
1<j=1

We obtain in this way a lower bound, the right hand side of the previous
inequality, called improved lower bound and denoted Eiyproved, i-€-,

N
Eimproved = Z E(2) (,uzj) . (311)
i<j=1

As in the case of the naive lower bound, let us consider the interesting case of
a two-body power law potential, (2.15). Making use of scaling laws, (2.16),
we have in this case

—vij

N 24v,s

2mymM \ a2

Eimproved = Z (”2) |)\ij|2+uij E(Q)(L 17 Vij) ) (312)
i<j=1 (m; + mj)
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where E?)(1,1, vi;) stands for the ground state energy of the Hamiltonian
H® (1), (2.18). As in the case of the naive lower bound, let us consider in
turn the mass configurations (N xm), (ny X my,ng X mg) and (ny X my, ng X
mao,n3 X m3) with always the same assumptions on the exponents v;; and
the coupling constants );;, that is v;; and A;; depending uniquely on the
masses of the two involved particles.

3.1. Configuration (N x m)

We have one reduced mass

Nm

[ij = [ = R (3.13)

one exponent v;; = v and one coupling constant \;; = A, in which case the
improved lower bound, (3.12), reduces to

N (N —1) (Nm\#v
Eimproved = ( 9 ) ( 2m> ‘)\’2"’% E(z)(l,l,V). (314)

3.2. Configuration (n1 X my, ng X mga)

We have three values of the exponents, (2.24), three coupling constants,
(2.23), and three reduced masses

nimy + (N — ny) mo

/-774] = ﬁm1m1: 1 s i<j:l,...,n1,
~ ~ nimi + (N —ny) me . .
Wij = Hmomo = (4 ) s 1<j=ni1+1,...,N,
~ o~ o mlmg(n1m1+(N—n1)m2)
Mij = Hmimg = (m1+m2)2 s
i=1,...,n1, j=ni1+1,...,N. (3.15)

The improved lower bound then reduces to

—Vmimg 2

-1 ~ DR o
Bimproved = "= (21 0 ) Tt Ay | 251 EA(1,1, vy )
no(na—1) o~ T Tomgmg F(2)
+# (2/1’77127712) ZHvmgma |/\m2m2 ‘ Hvmamy | (17 17 Vm2m2)

—VYmpmg

2
+1112(2fhmymy ) 22 | Ay | 2T E(z)(L L, Vmym,) -(3.16)
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3.3. Configuration (n1 X mq, ng X ma, ng X ms)
We have six reduced masses

n1m1 + ngMmsg + n3ms

ﬁij:ﬁm1m1: 4 ) i<j:15"‘7n17
_ . ni1mi + namo + ngyms . .
Hij = Hmomg = 4 ) ’L<]:nl+1>"'7nl+n27
_ - nimi + namo + ngyms . .
Hij = Hmzmsz = 1 s i1<j=ni+no+1,...,N,
~ ~ (n1my + nama + nzmg)
Hij = Hmimg = mims p) ’
(m1 +ma)
1=1,...,n1, j=n1+1,...,n1 +ng,
- - (n1m1 4 nama + n3ms)
Hij = MHmims = 113 2 s
(m1 +ms)
1=1,...,n1, j=ni+ne+1,...,N,
_ . (n1my + nama + n3ms)
Hij = Hmgomg =T121TN3 2 )
(m2 + m3)
t=n1+1,...,n1+n2, j=ni+no+1,....N, (317)

six values of the exponent v;;, (2.27), and six coupling constants \;;, (2.28).
The improved lower bound then reduces to

ny (nl _ 1) —VYmjimq

Eimproved = #(2leml)2+um1m1 ‘)\mlm1|2+um1m1 E(Q)(l 1 leml)
ng (ne — 1 71/’”27"2 ——

+ (2) (2mymy ) *Fmame ‘)‘m2m2’2+ym2m2 E(Q)(l L, Vinyms)
ng(ng —1 7_7"37”3 e

+ (2) (2Mm3m3)2+ mgms ‘)\mgm |2+ mgmsg E(Z)(l 1 Vm3m3)

—VYmpmg 2
+ ning (2Mm1m1) hvmyms ‘)‘m1m ‘ Hhvmyms E( )(171’Vm1m2)
—Ymqimg 2
+ ning (2ﬁm1m3)2+ym1m3 |>‘m1m3‘2+ym1m3 E(2)(17 1, Vm1m3)
(

—Vmgmg

_—Ymom3 2
+ 1913 (2mgms ) 2273 [ Amgms | 277278 E@ (1,1, Unyms ) -(3.18)

4. Comparison of the naive and improved lower bounds

In reality, the goal at the origin of the introduction of the improved
lower bound is only partially reached. Let us content ourselves with two
examples. One example where the improved lower bound is better than the
naive lower bound and a counter-example where it is the naive lower bound
that is better than the improved one.
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First example

Let us consider the case of masses all equal m1 = ... = my = m. The
naive and improved lower bounds then reduce respectively to
N(N -1 N -1
Ena'l've = ¥E(2) M , (41)
2 2
N(N -1 Nm
Eimproved = (2)E(2) <4> . (4'2)

It is clear that the reduced mass, Nm/4, involved in FEipproved is lower
than the reduced mass, (N — 1)m/2, involved in Fyaive. Making use of the
Feynman-Hellmann theorem [17] which states that for a Hamiltonian H
depending on a parameter

H=H(a), (4.3)

the corresponding energy levels depend on « according to

0E(a) 0H ()
2 () 25 ), (1.4
with
H()¥(a)) = E()¥(a)), (4.5)

to the case of the Hamiltonian H® = 5%/(2u) 4+ V(7), with the reduced
mass [ as a parameter, one obtains

=2
P — —wl L. (1.6

Since p%/(2p) is a positive definite operator

OE(p)
o

<0, (4.7)

then F(u) decreases with p. This is nothing else but the translation of the
intuitively well understood property that the inertia favors binding. Hence

5O <N4m> - BO) (W) (4.8)

and
Eimproved > Ena'l've . (49)
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Second example

Let us consider the mass configuration ((N — 1) x mq,1 X msg), where
the naive and the improved lower bounds reduce respectively to

Enaive = WE(Q) <m> —+ (N — 1) E(Q) (m>

2 mi+me

and

Eimproved = (N—1)2(N72)E(2)((N—l)T1+m2>

_1E® ( W—Uw)
+ (N 1) E mi1ms (m1+m2)2 .
In the case of a power law potential with the same exponent v and the same
coupling constant A for all the pairs of particles, Enaive and Eimproved reduce
respectively to

e = I <(N_1)2(N_2) (N — 1)my) 5

+(N-1) (2 (N — 1) Tamz )““) E@1,1,0)  (4.10)

and

2 N—-1)(N -2 Dy tms \ 70
Eimproved = |)\|2+V <( )2( ) ((N 1)2 - 2)2+

N—1)mq+ms \ v
+(N-1) (2m1m2((m)+#);”2) ’ )E(2>(1,1,u). (4.11)
Let us now consider the limit mg — oo. For —2 < v < 0 and thus
—v/(2+v) > 0, it is easy to find out, if one bears in mind that E?)(1,1,v)
is negative for negative powers v, that Eiyproveq — —00, while

Busive — A3 (2 (0 — 1)) 55

+(N-1)(2(N - 1)m1)z%>E<2>(1,1,y) (4.12)
remains finite. Therefore,
Enai’ve > Eimproved . (413)

In other words, the naive lower bound is better than the improved one.
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5. Optimized lower bound

Since the goal behind the introduction of the improved lower bound has
been only partially reached, this has lead to the development of a new lower
bound: the optimized lower bound [1-5|. The starting point is the following
decomposition of the kinetic energy term

Ny N N N
=2 - - =2
S ot (Tna) () + w6
i=1 v j=1 i=1 i<j=1
involving the parameters b; and the necessary positive parameters a;;, ¢ <
j=1,...,N. The p;; are linear combinations of the momenta pj,
N oy
. i,k -
pij = ; 9 Pk - (52)

The factor 1/2 in the expression of p;; is a matter of convenience. Without
loss of generality, one can take x;;; = 1. Then imposing to p;; to be a conju-
gate momentum of 7;;, one ends with x;;; = —1. The decomposition of the
kinetic energy term thus involves N parameters by, N(N — 1)/2 parameters
a;j and N(N —1)(N —2)/2 parameters x;; . Identifying both sides of (5.1),
one gets N + N(N — 1)/2 constraints among the parameters, which one
can consider as a system of N + N (N — 1)/2 linear equations with the by
and the a;; as unknowns and the z;; as parameters. One can then express
the a;; and the by in terms of the x;;; and the masses mq,...,my. From
now on, the a;; and the b should be considered as implicit functions of the
parameters x;;5. To the decomposition of the kinetic energy term, (5.1),
corresponds the following decomposition of the Hamiltonian of the system

N N N
H= ijﬁj (Zﬁz) + Z (aijﬁizj "‘V(ij)(ﬁj)) : (5.3)
=1 =1 i<j=1

Let |¥) denotes the normalized ground state of the system, with E the
corresponding energy. Since |¥) is invariant under translations, then

(Z p> ) =0. (5.4)

This on one hand. On the other hand, applying the variational principle
results in

| (a5 + VO (7)) 19) 2 E sy (wem)], (5.5)
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where El(f ) [aij(xkem)] stands for the ground state energy of the two-body
Hamiltonian

H [aij(wrem)] = aigf + VD (7). (5.6)
It follows that
e
Ez Z Ez'(j)[aij(xkz,m)] : (5.7)
i<j=1

We obtain in this way a family of lower bounds for E, a lower bound

N

3 EDlai(@rem)) (5.8)

i<j=1
for each set of values of the parameters s ,,. The best of these bounds,

denoted E,p, and called optimized lower bound, corresponds obviously to

the values of zy¢,, which maximize Zﬁij:l EZ(JQ) [aij (Trem)]

N

Eolb = Inax El-(?)[aij(xk&m)] . (59)
{xké,m} 7,<j=1

As for the two cases of naive and improved lower bounds, let us consider the
case of a two-body power law potential, (2.15). We have in this case, using
scaling laws, (2.16),

N ) vij
Eom, = (e, D Nl (aij(whem) 0 EP (1 L), (5.10)
Thbmt i cj=1

where E®?)(1, 1,v;) stands again for the ground state energy of the two-
body Hamiltonian H?)(v;;), (2.18). Let us consider, in turn, the mass
configurations (N xm), (n1 X mi,n2 X mg) and (nq X mq,ng X ma, n3 X ms)
with always the same assumptions on the exponents v;; and the coupling
constants \;;.

5.1. Configuration (N x m)

We have one parameter a;;
ai; = a, 1<j=1,....,N,

one parameter by
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and all parameters x;;  are equal to zero. The kinetic energy decomposition
(5.1) reduces to

ZN:Pz = (Zb%) ij + Z , (5.11)

i=1 z<]1

and the identification of both sides of (5.11) gives for the parameter a

2
== <j=1,...,N. 5.12
a mN’ Z<] Y ’ ( )

One exponent v;; = v and one coupling constant \;; = A are involved, and
the optimized lower bound reduces to

N(N -1 2 \ 72
Eolb = <2)’)‘|Vi2 <77’L]V> E(Q) (11 11 V) (513)

which is identical to the improved lower bound for the same mass configu-
ration, (3.14).

5.2. Configuration (n1 X my, ng X mg)

We have three values for the exponents, (2.24), three coupling constants,
(2.23), three values for the parameter a;;,

aij:am1m17 i<j=1,...,n1,
Qij = Amomy 1<j=n1+1,...,N,
ai] = am1m27 i:l,...,nl, j:n1+1,7N, (514)

and two values of the parameters by,
b = b, , k=1,...,n1,
b = b, , k=ni1+1,...,N.
Two parameters x;; ) are involved in the optimized lower bound,
rijr = 0, 1<j<m or n<i<j<N,
xz‘ng:f, i=1,....,n1, j=m+1,....N, 1<k<m k#i,
Tijk = P, i=1,....n1, j=m+1,....N, m<k<N k#j.
The kinetic energy decomposition, (5.1), then simplifies to

n1

N N
Z;mlﬁ? + 729@ (melpﬁ > bmﬂ’l) 27
. j=1

=1 1=n1+1 1=n1+1
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n1 N
a L a S o
+7mim1 S (Bi-5)+ % o -5
i<j=1 i<j=ni+1
2
a ny N ni N
+$Z BB+ Btp Y. B - (5.15)
=1 j=n1+1 k=1 k=nqy+1
k#i k#j

Identifying both sides of equation (5.15), one gets a system of linear equa-
tions for the a;; and by with ¢ and p as parameters. This system allows to
express the a;; in terms of the parameters ¢ and p with the result

2 2ny (ngmg+nimy) (£—1)*
mym, (€;p) = - 5, (5.16)
nimi  nymimeg (N —nol+ningl—ninap+mnip)
2 2n1 (nymy+nams) (p+1)°
Amame (&p) = - 5 (517)
nama  nagmymsa (N —ngl+ninol —ninop+nip)
Gunms (£,p) =2 T e (5.18)

m1ms (N—n2€+n1n2£—n1n2p+n1p)2 '

The optimized lower bound, (5.9), then reduces to

ni(ng —1 ng (ng — 1
Eor, = max (1( D 50 ()] + 2 O o )
7p
—|—7”L17”LQE(2) [am1m2 (E,p)]) ) (519)

which, in the case of power law potentials, (5.10) simplifies to

-1 2 Ymqmy
Eolb = rrl}ax (nl(n;)‘)‘mﬂnl ‘ vmymy 2 (amlml)ymlml 2 E(2) (17 17 leml)
’p
-1 2 Ymomg
n2(n;)‘)‘m2m2 ’ vmama 2 (am2m2) vmama+2 E(Q) (17 17 Vm2m2)

2 Ymymg
+n1n2|)‘m1m2 ‘ vmymy 2 (amlmQ) vmyma 2 E(Z) (1’ 1, lemQ) ) ' (5‘20)

5.8. Configuration (n1 X my, na X ma, ng X ms)

We have six values of the exponent v;;, (2.27), and six coupling constants
Aij, (2.28). The parameters by, are in number of three,

be = by, k=1,...,n1,
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bk:bmg, k=n1+1,...,n9,
b = bmy, k=mna+1,....N,

and six parameters a;; are involved,

Ajj; = Amyimy > 1<gjg=1,...,n1,

A5 = Amomsg 1<j=ni1+1,...,n1+n9,

aij = QAmgmsg s i<j=mni+ng+1,...,N,

aij = Amims 1=1,....n,5=n1+1,....,n1 4+ no,

ajj = Qmamg s E=1nnj=mdne 410N,

ij = Gmgams i:nl—1—1,...,711—|-7127
j=n1+mne+1,...,N. (5.21)

The kinetic energy decomposition (5.1) reduces to

ny ni+no N 1
2
IIICT S R BTNR e
=1 1= n1+1 i=nji+na+1
ni1+no N N
(zbw S nie > i) (34)
i=n1+1 i=nji+na+1 1=1
a ni a n1+no a N
N o N2 3m: S L2
+— > #-5) + = > #-) +— > (B-1)
i<j=1 i<j=ni+1 i<j=ni+na2+1
a nyp ni+nz ny ni+ng N 2
R S Sl R S TN S WO S ¥
i=1j=ni+1 k1#i=1 ko#j=ni+1 kg=nji+na+1
a n1 N n1 ni1+no N 2
+%Z Z Pi — Pj+di Z Dry +d2 Z Dry +ds3 Z Drs
i=1j=ni+nz+1 k1#i=1 ko=n1+1 kg#j=ni+na+1
a ni+nz ni+n2 N ?
-2 S (enrad pre Y e Y #
i=ni+lj=ni+no+1 ki=1 koF#i=ni+1 kz#j=ni+na+1
(5.22)
The optimized lower bound, (5.10), then reduces to
ni (m — 1) —vmymy 5 2 9
Eqgp = Cglce;’}gs B E— (am1m1)2+um1m1 |)‘m1m1| +rmymy E( )(1,1,Vm1m1)
dq,dg,ds3
f1.f2,f3
na (ng — 1) T2 T (2
+ 2 (@mamsy) 27 m2m2 [ Ay, | 2Fmeme B )(L L, Vmgms)
ns(ng — 1) _mgms

2
(Amams) >7m8™ [ Amgmg |2/ msms E® (1,1, Vimgms)

2
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—Pmimg 2

F1112 (@rmymy ) 2T ™™2 [ Ay |20 mm2 E(Q)(la L, Vinymy)
—VYmimg 2

+1113 (Qmymg) T8 [ Ay |2 Fmms E(z)(lv L, Vinymg)
*Vm2m3

__Ymam3 2
+non3 (amzm:s) Hrvmams ’)‘mzmgs | Hrymams E(Z)(lv 1, Vm2m3) ’ (5‘23)

where we have to adjust over nine parameters x;;

Tijk = Cl, 1=1,...,n1, j=n1+1,....,n1 +n9,
kK#i=1,...,n1,
Tijk = C2, 1=1,...,n1, j=n1+1,...,n1+n2,
k#j=n1+1,...,n1 +n2,
Tijk = C3, 1=1,...,n1, j=n1+1,...,n1+na,
k=ni+ny+1,...,N,
Tijk = di, it=1,...,n1, j=mng+1,...,N,
k#£i=1,...,n1,
Tijk = da, t=1,...,n1, j=mns+1,...,N,
k=ni+1,...,n1+ no,
Tijk = d3, t=1,...,n1, j=mna+1,...,N,
k#j=nas+1,...,N,
Tijk = €1, t=mn1+1,...,n1 +na, j=ni+ng+1,...,N,
k=1,...,n1,
Tijk = €2, i=mn1+1,...,n1 4+ na, j=ni+ng+1,...,N,
k#i=n1+1,...,n1 + na,
Tijk = €3, i=mny+1,...,n +na, j=ni+n2+1,...,N,
k#j=n1+ns+1,...,N. (5.24)
The a;; are functions of the parameters ci, ¢, c3,..., e3 and their explicit
dependence is obtained by inverting the matrix equation
DA=a, (5.25)
where D is a square 6x6 matrix given by
% 0 0 n2(012—1)2 ns(d12—1)2 0
0 ng 0 m(e+1)? 0 na(e2—1)*
2 p) , 2
D=| 0 0 om0 mGEE mEEE g
ML mE 0 Dy Dy; Dy
et 0 n34_1 1?54 1:755 1:756
naL mand De,y Dygs Dy



Comparison of Various Lower Bounds for the Ground State Energy ... 2417

with
ﬁ no (—203 + anl + (n1 — 1) (Cl - 263) + 1)
54 — )
4
b ny (203 + C%TLQ +co(n2—1) (g —2¢3) + 1)
64 — )
4
_5 n3 (_2d2 + d%nl + 1+ dl (dl — 2d2) (n1 — 1))
45 — )
4
ﬁ ni (2d2 + d%ng +1+ds3 (dg — 2d2) (n3 — 1))
65 — )
4
b n3 (—261 +e2ng + 1+ ez (e2 — 2e1) (ng — 1))
46 — )
4
Do = 2 (2e1 + efn3 + 1+ e3 (e3 — 2e1) (n3 — 1))
56 — 4 )
ﬁ44— ni+ns+2—2c1c9 (n1—1) (n2—1)+61 (nl—l) (C1n2+2)—|—62 (77,2—1) (02n1—2)
= i ,
Dy — ni+nz+ v2— v2dids (n1—1) (ns—1)+di (n1—1) (dinz+2)+ds (ns—1)(dzn1 —2)
4 b
D= na+n3+2—2ese3 (n2—1) (n3—1)+ea (na—1) (eans+2)+es (n3—1) (esna — 2)
1 .
A and a are 6x1 column matrices given by
1
Amimq ”}1
Amomsy @
mimse Q,Tl 27?2
e mn t o
mama Zm T 2ms

The matrix equation (5.25) is obtained by identifying both sides of equation
(5.22) taking into account the symmetry of the problem. One obtains in
this way a linear system of 9 equations, with the bs: by,,, by, by, and as:
Gmymys Gmamsgs - - -5 Gmoms @S Unknowns and cj, ¢z, ..., ez as parameters.
Eliminating the bs in favor of the as results in a linear system of 6 equations
with the 6 as as unknowns, which may be written in matrix form as in (5.25).

The optimization problem implied by (5.23) may be greatly simplified
if one takes into account that the values of the parameters cq, ..., e3 cor-
responding to the optimized lower bound are constrained by four relations,
which are independent of the particular form of the potential and of dynam-
ical nature, the so-called universal dynamical constraints

g = AT - c1dy + do 7 (5.28)
1—c3
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_ Cp — cady + c3dy — dy

= 5.29
= 1-— C3d2 ’ ( )
s = c3 — c3dy — czdzez + e3 ’ (5.30)

1-— C3
c3 — d2

= - 5.31
“ 1-— C3d2 ( )

More details of the derivation of those constraints will be given in a forth-
coming paper.

This allows us to reduce the number of parameters over which we opti-
mize from 9 to 5: ¢y, ¢o, c3,d2 and eg, resulting in a great simplification.

Note that for configurations (n1 x mi,ng X ma,n3 X ms), we have con-
sidered implicitly the cases where ny > 1, no > 1, ng > 1. The cases where
one or more of the n;, ¢ = 1,2,3 equals 1 may be obtained from the re-
sults corresponding to n; > 1, no > 1, ng > 1 by appropriate replacements
in the final result for Eyaive and Ejynproved- For Eqpp, there are additional
subtleties: The optimization problem becomes less involved since a part of
the parameters disappear. For m; > 1, ng > 1, ng = 1, the number of
parameters decreases from 9 to 7: the parameters d3 and eg no longer exist.
The universal dynamical constraints are in number of 3, Eqgs. (5.28), (5.29)
and (5.31), and if we take into account these constraints, we have to opti-
mize over 4 parameters, which we may choose to be c1, ¢2, c3 and do. When
ny > 1, ng = 1, ng = 1, we have only 5 parameters c1, c3, d1, do and ey,
2 universal dynamical constraints, Eqgs. (5.28), (5.31), which allow to reduce
the problem to an optimization over 3 parameters, that one may choose to
be ¢y, ¢3, and da. In the case of ny =1, ny = 1, ng = 1, i.e., the three-body
case, there are only 3 parameters: c3, dg and e; which are related by (5.31),
and thus we have to optimize over two parameters, for instance c3 and ds.

6. Numerical results

The following tables illustrate our numerical results for mass configura-
tions up to three distinct masses. We have considered the six-body system
with power-law potentials in Table I, where four representative powers v;;
are considered: v =2, v =1, v = 0.1 and v = —1. We have also considered
some non power-law potentials: the Coulomb + Linear V;; = r;; — 1/r;; and
the Coulomb + Harmonic V;; = r?j —1/7;; potentials, also in the case of the
six-body system, Table II.

It is worthwhile to notice that for non power-law potentials, and since
there is no scaling laws at our disposal, the reduced mass y© cannot be ex-
tracted from the ground state energy of the two-body Hamiltonian as in
(2.16) with 20 = 1/a. Technically, we need to inject the algorithm of the
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Lower bounds for six-body systems with power-law potentials: V;; = r?

Vvij = T‘%l and V;j = 71/7‘1']'.

ij°

TABLE 1

‘/’L” =Tij,

Harmonic potential V;; = r?

J

Linear potential V;; = r;

mi,...,Me Ena'l've Eimproved Eolb Ena’ive Eimproved Eolb
1,1,1,1,1,1 20.12 25.98 25.98 20.51 24.32 24.32
1,1,1,1,1,3 18.89 23.66 24.25 19.65 22.83 23.20
1,1,1,1,1,0.5 21.63 27.68 27.82 21.50 25.37 25.43
1,1,1,1,2,2 18.29 23.23 23.51 19.23 22.57 22.73
1,1,1,1,0.5,0.5  23.09 29.38 29.65 22.45 26.39 26.52
1,1,1,2,2,2 17.33 21.99 22.24 18.54 21.75 21.90
1,1,1,1,2,3 17.95 22.46 22.99 18.97 22.06 22.38
1,1,1,1,2,0.5 20.77 26.19 26.61 20.91 24.44 24.67
1,1,1,2,2,0.5 19.87 24.86 25.37 20.28 23.60 23.88
1,1,1,2,2,3 16.96 21.29 21.71 18.27 21.29 21.54
1,1,2,2,3,3 15.56 19.53 19.88 17.23 20.10 20.30
1,1,2,2,0.5,0.5  21.41 26.44 27.23 21.30 24.58 25.02
1,1,1,1,1,00 18.16 10.61 22.91 19.10 9.279 22.28
1,1,1,1,2,00 16.17 9.985 21.57 18.38 8.896 21.40
1,1,1,2,2,00 16.13 9.364 20.24 17.62 8.513 20.49
Martin potential V;; = r?jl Coulomb potential V;; = —1/7;;
mi,...,Me Enaive Eimproved Eop Enaive Eimproved Eop
1,1,1,1,1,1 17.17 17.59 17.59 —18.75 —11.25 —11.25
1,1,1,1,1,3 17.06 17.43 17.47 —21.88 —13.75 —13.07
1,1,1,1,1,0.5 17.28 17.70 17.70 —16.67 —9.931 —9.921
1,1,1,1,2,2 17.01 17.40 17.42 —23.33 —14.11 —13.90
1,1,1,1,0.5,0.5 17.39 17.80 17.81 —14.79 —8.819 —8.774
1,1,1,2,2,2 16.92 17.31 17.33 —26.25 —15.75 —15.58
1,1,1,1,2,3 16.97 17.35 17.38 —24.67 —15.21 —14.63
1,1,1,1,2,0.5 17.21 17.60 17.62 —18.50 —11.17 —10.95
1,1,1,2,2,0.5 17.13 17.51 17.54 —20.75 —12.45 —-12.17
1,1,1,2,2,3 16.88 17.26 17.28 —27.88 —16.88 —16.46
1,1,2,2,3,3 16.74 17.12 17.14 —33.67 —20.09 —19.77
1,1,2,2,0.5,0.5 17.25 17.61 17.65 —18.38 —11.09 —10.67
1,1,1,1,1,00 16.98 5.978 17.36 —25.00 —00 —15.60
1,1,1,1,2,00 16.88 5.939 17.26 —-29.17 —00 —17.22
1,1,1,2,2,00 16.78 5.900 17.15 —33.75 —00 —19.76
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TABLE II

Lower bounds for six-body systems with some non power-law potentials: The
Coulomb + Linear and the Coulomb 4+ Harmonic potentials.

Potential Vij = ri; — 1/ry; Potential V;; = 7"1-2]- —1/ri;
mi,...,Ms Ena'ive Eimprovcd Eolb Ena'l've Eimprovod Eolb
1,1,1,1,1,1 —10.67 0.883 0.883 —13.42 —0.740 —0.740
1,1,1,1,1,3 1459  —3.232 —2.192 —17.39 5381 —4.236
1,1,1,1,1,0.5  —7.544  3.380 3450 —10.03  2.256  2.369
1,1,1,1,2,2 1645 —3.896 —3.533 —19.27 —6.162 —5.737
1,1,1,1,050.5 —4.660 5675 5839 —6.867 5076  5.341
1,1,1,2,2,2 ~19.98  —6.394 —6.100 —22.80 —8.890 —8.542
1,1,1,1,2,3 ~17.99  —5519 —4.649 -20.80 —7.913 —6.952
1,1,1,1,2,05  —9.951 1.101 1541 —12.51  —0.445 0.117
1,1,1,2,2,05  —12.79 —1.101 0574 —1539 —2977 —2.315
1,1,1,2,2,3 ~21.82  —7.998 —7.368 —2461 —10.59 —9.890
1,1,2,2,3,3 ~98.46 —12.41 —11.93 —31.16 —15.19 —14.67
1,1,2,2)0.5,0.5 —9.363 1.359 2172 —11.72 —0.092 0.949
11,1110  —1816  —oco  —5244 2088  —oo  —7.559
1L1,1,1,200  —2293  —oco  —8353 2563  —oo  —10.88
1,1,1,2,200  —2813  —oo  —11.81 —30.79  —oo  —14.50

resolution of the two-body Schrédinger equation inside the optimization pro-
cess which makes the numerical calculation of the optimized lower bound
more complicated.

A variational calculation allows us to determine an upper bound for the
ground state energy of an N-body system, which when combined with the
optimized lower bound determine a frame for the ground state energy lying
between. The following figure, Fig. 1, shows the variation of lower bounds:
the naive bound, Epajve, the improved bound, Ejiyproved, and the optimized
bound FEgj, as functions of the particle mass. We have considered a 5-body
system with Coulombian interactions V() = —1 /735, where we have fixed
the masses of all particles with the exception of one mass, ms, which we
leave variable. We have also plotted in the same figure an upper bound,
FEariational, Obtained, by a variational calculation using a trial wave function
of Gaussian form

4
U(p1,p2,ps,pa) = Bexp | — Y Aypipj | (6.1)
=

7 1

where p1, p2, ps and p4 are Jacobi coordinates, B is a normalized constant
and A;; are variational parameters determined by minimizing the expecta-
tion value of the Hamiltonian for the trial wave function.
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Fig.1. Lower and upper bounds for 5-body system with Coulombian interactions
V) = —1/ri;: m1 =mge =1, mg = my = 2 and my variable.

7. Conclusion

An optimized lower bound derived initially for the ground state ener-
gies of three-body [1] and four-body [2] Hamiltonians, has been generalized
recently for the ground state energy of an N-body Hamiltonian with arbi-
trary N [4], with particular emphasis on the five-body case [3]. The pro-
cedure applies under the two conditions of non-relativistic kinematics and
translationally invariant two-body forces. In this paper, we have compared
this optimized lower bound with other lower bounds, namely the so-called
naive [6-11] and improved lower bounds [14-16]. We have considered various
mass configurations, various forms of the interaction potential and different
values of IV, the number of bodies. In the case of harmonic interactions, the
optimized lower bound becomes saturated, i.e., equal to the ground state
energy, for all mass configurations and all values of N we have considered.
This is not the case for the naive lower bound which is never saturated. For
the improved lower bound the saturation occurs only for equal mass con-
figurations. In the case of other forms of interactions, the optimized lower
bound is always better, i.e., gives greater values, than both the naive and
improved lower bounds. Thus the optimized lower bound is always better
than the two other bounds naive and improved (there is, however, the situa-
tion in the equal mass case where the optimized and improved lower bounds
give identical values) for all mass configurations, all forms of the potential
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and all values of N we have considered. Our investigations are sufficiently
intensive to allow us to make a conclusion: the optimized lower bound is
better than both the naive and the improved lower bounds.

This work was supported by le Ministére de I’Enseignement Supérieur et
de la Recherche Scientifique of Algeria under grant D00920090096.
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