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In the present paper, that is the second part devoted to the construc-
tion of an electroweak model based on a nonlinear realization of the gauge
group SU(2) ⊗ U(1), we study the tree-level vertex functional with all the
sources necessary for the functional formulation of the relevant symmetries
(Local Functional Equation, Slavnov–Taylor identity, Landau Gauge Equa-
tion) and for the symmetric removal of the divergences. The Weak Power
Counting criterion is proven in the presence of the novel sources. The local
invariant solutions of the functional equations are constructed in order to
represent the counterterms for the one-loop subtractions. The bleaching
technique is fully extended to the fermion sector. The neutral sector of the
vector mesons is analyzed in detail in order to identify the physical fields for
the photon and the Z boson. The identities necessary for the decoupling of
the unphysical modes are fully analyzed. These latter results are crucially
bound to the Landau gauge used throughout the paper.

PACS numbers: 11.10.Gh, 11.30.Rd, 12.15.–y

1. Introduction

In Ref. [1] a consistent formulation of the electroweak model based on a
nonlinear realization of the SU(2) ⊗ U(1) gauge group has been presented
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by giving the tools required for the computation of radiative corrections in
the loop expansion (Feynman rules and the functional identities necessary
in order to guarantee physical unitarity and to carry out the subtraction
procedure while respecting the locality of the counterterms to every loop
order).

In the nonlinear realization there is no Higgs field [2] in the perturbative
spectrum.

In the present paper we consider the tree-level vertex functional by in-
cluding all the required external sources necessary for the functional for-
mulation of the relevant symmetries of the theory and for the symmetric
subtraction of the divergences.

The Local Functional Equation (LFE) [3, 4], which fixes the 1–PI am-
plitudes involving at least one Goldstone boson (descendant amplitudes)
in terms of Goldstone-independent 1–PI amplitudes (ancestor amplitudes),
provides a hierarchy among 1–PI Green functions. Once the ancestor am-
plitudes have been subtracted, the LFE uniquely fixes the descendant am-
plitudes. The LFE holds together with the Slavnov–Taylor (ST) identity,
which guarantees the fulfillment of physical unitarity [5], and the Landau
Gauge Equation (LGE), which encodes the stability of the Landau gauge-
fixing under radiative corrections.

In the present paper the hierarchy is obtained by using the LFE and a
set of external sources that ought to be complete in order to obtain all the
descendant amplitudes. The Weak Power-Counting (WPC) is derived in the
Landau gauge and used in the presence of this complete set of sources. The
peculiar behavior of the fermion UV dimension in the nonlinearly realized
theory is analyzed. The method of bleaching is used for all fields and sources
with the aim of obtaining the most general local solution of the functional
equations (STI, LFE and LGE). Finally the construction of the complete
effective action is performed with the use of the WPC. The subtraction
procedure is then reconsidered in the presence of the whole set of sources.
The Ward–Takahashi identity (WTI) associated to the electric charge is
discussed in its consequences, as the self-energy of the γ–Z system and
the description of the photon field in physical amplitudes. The identities
necessary for the decoupling of the unphysical modes in the Landau gauge
are fully analyzed.

We find that the requirement of the validity of the WPC imposes strong
constraints on the classical action of the nonlinearly realized electroweak
Standard Model. In fact, all possible symmetric anomalous couplings are
forbidden by the WPC. Moreover two independent mass invariants appear
in the vector meson sector (thus relaxing the tree-level Weinberg relation
between the masses of the Z and W ).

The symmetric finite subtractions which are mathematically allowed at
higher orders in the loop expansion cannot be reinserted back into the tree-
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level vertex functional without violating either the symmetries or the WPC.
Therefore their interpretation as physical parameters is not possible [6]. One
possible Ansatz is to perform Minimal Subtraction of properly normalized
1–PI amplitudes [1, 4]. We finally prove that this Ansatz guarantees the
fulfillment of all the relevant functional identities, order by order in the loop
expansion.

The proof is based on a double grading expansion of the 1–PI amplitudes
in the number of loops and in the loop order of the counterterms.

The paper is organized as follows. In Sec. 2 we introduce our notation and
provide a systematic construction of SU(2)L-invariant variables (bleaching
procedure) in one-to-one correspondence with the original gauge and matter
fields. The Feynman rules for the nonlinearly realized electroweak model are
given in Sec. 2.1.

In Sec. 2.2 the gauge-fixing is performed in the Landau gauge. The
BRST symmetry of the nonlinearly realized theory is presented and the STI
is obtained by introducing the necessary anti-field external sources. The
LGE and the associated ghost equation are also derived. In Sec. 2.3 the
LFE is obtained as a consequence of the invariance of the path-integral
Haar measure under local SU(2)L transformations. The sources required in
order to define at the renormalized level the operators necessary for the LFE
are also introduced. In Sec. 3 we show that the symmetry content of the
model allows for additional (anomalous) tree-level couplings.

The WPC is discussed in Sec. 4. In Sec. 5 we study the algebraic proper-
ties of the linearized ST operator S0 and of the linearized LFE operatorW0.
In Sec. 5.1 the bleaching procedure is extended to generate S0-invariant vari-
ables. These are relevant for the algebraic classification of the counterterms
order by order in the loop expansion. Moreover we discuss the subtrac-
tion procedure and the symmetric normalization of the 1–PI amplitudes. In
Sec. 6 we consider the neutral sector of the vector boson. A detailed study
of the STI and of the LGE allows the identification of the physical fields
of the photon and of the Z boson. Useful identities are derived in order to
verify the decoupling of the unphysical modes. Finally conclusions are given
in Sec. 7.

Appendix A collects the propagators in the Landau gauge, while Ap-
pendix B is devoted to the technical proof of the WPC. Appendix C contains
the details of the study of the neutral sector of the vector bosons.

2. Classical symmetries and bleached variables

The field content of the electroweak model based on the nonlinearly
realized SU(2)L ⊗ U(1) gauge group includes (leaving aside for the moment
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the ghosts and the Nakanishi–Lautrup fields) the SU(2)L connection Aµ =
Aaµ

τa
2 (τa, a = 1, 2, 3 are the Pauli matrices), the U(1) connection Bµ, the

fermionic left doublets collectively denoted by L and the right singlets, i.e.

L ∈

{(
luLj
ldLj

)
,

(
quLj

Vjkq
d
Lk

)
, j, k = 1, 2, 3

}
,

R ∈

{(
luRj
ldRj

)
,

(
quRj
qdRj

)
, j = 1, 2, 3

}
. (1)

In the above equation the quark fields (quj , j = 1, 2, 3) = (u, c, t) and (qdj , j =
1, 2, 3) = (d, s, b) are taken to be the mass eigenstates in the tree-level La-
grangian; Vjk is the CKM matrix. Similarly we use for the leptons the nota-
tion (luj , j = 1, 2, 3) = (νe, νµ, ντ ) and (ldj , j = 1, 2, 3) = (e, µ, τ). The single
left doublets are denoted by Llj , j = 1, 2, 3 for the leptons, Lqj , j = 1, 2, 3 for
the quarks. Color indexes are not displayed.

One also introduces the SU(2) matrix Ω

Ω =
1

v
(φ0 + iφaτa) , Ω†Ω = 1⇒ φ2

0 + φ2
a = v2 . (2)

The mass scale v gives φ the canonical dimension at D = 4. We fix the di-
rection of Spontaneous Symmetry Breaking by imposing the tree-level con-
straint

φ0 =
√
v2 − φ2

a . (3)

The condition 〈Ω〉 = 1 cannot be imposed at a generic order of perturbation
theory.

The SU(2) flat connection is defined by

Fµ = iΩ∂µΩ
† . (4)

The transformation properties under the local SU(2)L transformations are
(g is the SU(2)L coupling constant)

Ω′ = UΩ , B′µ = Bµ ,

A′µ = UAµU
† +

i

g
U∂µU

† , L′ = UL ,

F ′µ = UFµU
† + iU∂µU

† , R′ = R . (5)
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Under local U(1)R transformations one has

Ω′ = ΩV † , B′µ = Bµ +
1

g′
∂µα ,

A′µ = Aµ , L′ = exp
(
i
α

2
YL

)
L ,

F ′µ = Fµ + iΩV †∂µV Ω , R′ = exp
(
i
α

2
(YL + τ3)

)
R , (6)

where V (α) = exp(iα τ32 ).
The electric charge is defined according to the Gell-Mann–Nishijima re-

lation

Q = I3 + Y , (7)

where the hypercharge operator Y is the generator of the U(1)R transfor-
mations (6) and I3 is an abstract object. The introduction of the matrix Ω
allows to perform an invertible change of variables from the original set of
fields to a new set of SU(2)L-invariant ones (bleaching procedure). For that
purpose we define

wµ = waµ
τa
2

= gΩ†AµΩ − g′Bµ
τ3

2
+ iΩ†∂µΩ ,

L̃ = Ω†L . (8)

Both wµ and L̃ are SU(2)L-invariant, while under U(1)R they transform as

w′µ = V wµV
† , L̃′ = exp

(
i
α

2
(τ3 + YL)

)
L̃ . (9)

I.e. the electric charge coincides with the hypercharge on the bleached fields,
as it is apparent from the comparison of Eqs. (6), (7) and (9).

2.1. Classical action

Two mass invariants are expected for the vector mesons, as a consequence
of the breaking of the global SU(2)R invariance induced by the hypercharge.
We introduce the charged combinations

w±µ =
1√
2

(w1µ ∓ iw2µ) , w±
′

µ = exp (±iα )w±µ . (10)

The neutral component w3µ is invariant. Thus one obtains two independent
mass terms which can be parameterized as

M2

(
w+w− +

1

2
w2

3

)
,

M2κ

2
w2

3 . (11)
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Discarding the neutrino mass terms, the classical action for the nonlinearly
realized SU(2) ⊗ U(1) gauge group with two independent mass parameters
for the vector mesons can be written as follows, where the dependence on Ω
is explicitly shown:

S = Λ(D−4)

∫
dDx

(
2Tr

{
−1

4
GµνG

µν − 1

4
FµνF

µν

}

+M2Tr

{(
gAµ −

g′

2
Ωτ3BµΩ

† − Fµ
)2
}

+M2κ

2

(
Tr

{(
gΩ†AµΩ − g′Bµ

τ3

2
+ iΩ†∂µΩ

)
τ3

})2

+
∑
L

[
L̄

(
i 6∂ + g 6A+

g′

2
YL 6B

)
L

]
+
∑
R

[
R̄

(
i 6∂ +

g′

2
(YL+τ3) 6B

)
R

]
+
∑
j

[
mlj R̄

l
j

1− τ3

2
Ω†Llj −mquj

R̄qj
1 + τ3

2
Ω†Lqj

+mqdk
V †kj R̄

q
k

1− τ3

2
Ω†Lqj + h.c.

])
. (12)

In D dimensions the doublets L and R obey

γDL = −L , γDR = R (13)

being γD a gamma matrix that anti-commutes with every other γµ.
The non-Abelian field strength Gµν is defined by

Gµν = Gaµν
τa
2

= (∂µAaν − ∂νAaµ + gεabcAbµAcν)
τa
2
, (14)

while the Abelian field strength Fµν is

Fµν = ∂µBν − ∂νBµ . (15)

In the above equation the phenomenologically successful structure of the
couplings has been imposed by hand. The discussion of the possible anoma-
lous couplings and of the stabilization mechanism induced by the WPC is
deferred to Sec. 3.

2.2. Gauge-fixing and BRST symmetry

In order to set up the framework for the perturbative quantization of the
model, the classical action in Eq. (12) needs to be gauge-fixed. The ghosts
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associated with the SU(2)L symmetry are denoted by ca. Their anti-ghosts
are denoted by c̄a, the Nakanishi–Lautrup fields by ba. It is also useful to
adopt the matrix notation

c = ca
τa
2
, b = ba

τa
2
, c̄ = c̄a

τa
2
. (16)

The Abelian ghost is c0, the Abelian anti-ghost c̄0 and the Abelian Nakanishi–
Lautrup field b0.

For the sake of simplicity we deal here with the Landau gauge. We also
include the anti-fields for the SU(2)L BRST transformation (those for the
U(1)R BRST transformation are not required since the Abelian ghost is free
in the Landau gauge).

Γ
(0)
GF = Λ(D−4)

∫
dDx

(
b0∂µB

µ − c̄02c0 + 2Tr

{
b∂µA

µ − c̄∂µD[A]µc

+V µ

(
D[A]µb− igc̄D[A]µc− ig(D[A]µc)c̄

)
+ΘµD[A]µc̄

}
+K0φ0

+A∗aµsA
µ
a + φ∗0sφ0 + φ∗asφa + c∗asca +

∑
L

(
L∗sL+ L̄∗sL̄

))
. (17)

The full tree-level vertex functional is

Γ (0) = S + Γ
(0)
GF . (18)

The SU(2)L BRST symmetry is generated by the differential s:

sAµ = D[A]µc , sΩ = igcΩ , sc̄ = b , sc̄0 = 0 ,

sc = igcc , sBµ = 0 , sb = 0 , sb0 = 0 ,

sL = igcL , sR = 0 , sc0 = 0 . (19)

The source K0 is required in order to define the nonlinear constraint φ0.
This implies the inclusion of the source φ∗0, coupled to the BRST variation
of φ0. The resulting STI is

SΓ ≡
∫
dDx

[
Λ−(D−4)

(
ΓA∗aµΓAµa + Γφ∗aΓφa + Γc∗aΓca

+ΓL∗ΓL + ΓL̄∗ΓL̄

)
+ baΓc̄a +ΘaµΓVaµ −K0Γφ∗0

]
= 0 . (20)

In the above equation the background connection Vaµ is paired into a doublet
with Θaµ. This is a standard procedure in order to guarantee the indepen-
dence of the physics on the background sources [7]. (φ∗0,−K0) are also



604 D. Bettinelli, R. Ferrari, A. Quadri

arranged into doublets in the above STI. This is required in order to preserve
the STI in the presence of the sourceK0 and signals thatK0 is not a physical
variable. This feature has been addressed in [4] in the context of massive
SU(2) Yang–Mills theory.

Moreover the following Abelian STI holds:

− 2

g′
Λ(D−4)2b0 −

2

g′
∂µ

δΓ

δBµ
− Λ(D−4)φ3K0 + φ2

δΓ

δφ1
− φ1

δΓ

δφ2

− 1

Λ(D−4)

δΓ

δK0

δΓ

δφ3
− φ∗3

δΓ

δφ∗0
+ φ∗2

δΓ

δφ∗1
− φ∗1

δΓ

δφ∗2
+ φ∗0

δΓ

δφ∗3

+iYLL
δΓ

δL
− iYLL̄

δΓ

δL̄
+ i(YL + τ3)R

δΓ

δR
− iR̄(YL + τ3)

δΓ

δR̄

−iYLL∗
δΓ

δL∗
+ iYLL̄

∗ δΓ

δL̄∗
= 0 . (21)

The transformations of the fields in the above equation are generated by the
U(1)R BRST symmetry

s1Aµ = 0 , s1Ω = − i
2
g′Ωc0τ3 , s1c̄ = 0 , s1c̄0 = b0 ,

s1c = 0 , s1Bµ = ∂µc0 , s1b = 0 , s1b0 = 0 ,

s1L = g′c0YLL , s1R =
i

2
g′c0(YL + τ3)R , s1c0 = 0 . (22)

By construction

{s, s1} = 0 . (23)

Eq. (21) can be derived from the invariance under the U(1)R transformations
in Eq. (6) supplemented by the following transformations on the additional
variables (we set Ω∗ = φ∗0 − iφ∗aτa)

V ′µ = Vµ , Ω∗
′

= V Ω∗ , L∗
′

= exp
(
−iα

2
YL

)
L∗ , K ′0 = K0 ,

Θ′µ = Θµ , b′ = b , L̄∗
′

= exp
(
i
α

2
YL

)
L̄∗ , b′0 = b0 ,

c′ = c , c̄′ = c̄ , c∗
′

= c∗ ,

c′0 = c0 , c̄′0 = c̄0 , A∗
′
µ = A∗µ . (24)

The ghost number is defined as follows: A∗aµ, φ∗a, φ∗0, L∗, L̄∗, c̄a, c̄0 have
ghost number -1, c∗ has ghost number -2, ca, c0 and Θaµ have ghost number
+1, while all the other fields and external sources have ghost number zero.

The LGE is

Γba = Λ(D−4) (Dµ[V ](Aµ − Vµ))a (25)
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which implies the ghost equation

Γc̄a =
(
−Dµ[V ]ΓA∗µ + Λ(D−4)Dµ[A]Θµ

)
a
, (26)

by using the STI (20).

2.3. The Local Functional Equation

The dependence of the vertex functional on the Goldstone fields is con-
trolled by the LFE associated to the invariance of the path-integral Haar
measure under the SU(2)L transformations in Eq. (5), extended to the ghost,
anti-ghost, Nakanishi–Lautrup fields and to the external sources according to

V ′µ = UVµU
† +

i

g
U∂µU

† , Ω∗
′

= Ω∗U † , L∗
′

= L∗U † , K ′0 = K0 ,

Θ′µ = UΘµU
† , b′ = UbU † , L̄∗

′
= UL̄∗ , b′0 = b0 ,

c′ = UcU † , c̄′ = Uc̄U † , c∗
′

= c∗ ,

c′0 = c0 , c̄′0 = c̄0 , A∗
′
µ = UA∗µU

† . (27)

Thus the resulting identity associated to the SU(2)L local transformations
is (x-dependence is not shown)

(WΓ )a ≡ −
1

g
∂µΓVaµ + εabcVcµΓVbµ −

1

g
∂µΓAaµ

+εabcAcµΓAbµ + εabcbcΓbb +
Λ(D−4)

2
K0φa +

1

2Λ(D−4)
ΓK0Γφa

+
1

2
εabcφcΓφb + εabcc̄cΓc̄b + εabcccΓcb

+
i

2
τaLΓL −

i

2
L̄τaΓL̄ −

i

2
L∗τaΓL∗ +

i

2
τaL̄

∗ΓL̄∗

+εabcΘcµΓΘbµ + εabcA
∗
cµΓA∗bµ + εabcc

∗
cΓc∗b −

1

2
φ∗0Γφ∗a

+
1

2
εabcφ

∗
cΓφ∗b +

1

2
φ∗aΓφ∗0 = 0 , (28)

where the nonlinearity of the realization of the SU(2)L gauge group is re-
vealed by the presence of the bilinear term ΓK0Γφa . Since in the loop-
wise expansion ΓK0 is invertible, Eq. (28) entails that every amplitude with
φ-external leg (descendant amplitudes) can be obtained from those without.

This is a crucial property in order to tame the divergences of the model.
In fact, already at one loop level the Feynman rules in Eq. (18) give rise
to divergent Feynman diagrams with an arbitrary number of external φ-
legs. However at every loop order there is only a finite number of ancestor
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amplitudes, i.e. amplitudes which do not involve external Goldstone fields.
This property is referred to as the WPC. Consequently a finite number of
subtractions is required in order to make the theory finite at each loop order.

3. Anomalous couplings

Any U(1)R-invariant local functional built out of the components of
wµ, L̃, R, the Abelian field strength Fµν = ∂µBν − ∂νBµ and derivatives
thereof (covariant derivatives w.r.t. Bµ for U(1)R-charged fields, ordinary
derivatives for the neutral fields) is allowed on symmetry grounds.

We discuss here those invariants with dimension ≤ 4.
Many possibilities arise for the interaction terms. For the gauge bosons

self-interactions

a1

(
w+w−

)2
, a2

(
w+
)2 (

w−
)2
, a3

(
w+w−

)
w2

3 ,

a4w3ν∂
µw+νw−µ , a5 w3νw

+ν∂w− ,

a6w
ν
3w

+
µ ∂

µw−ν , a7w3ν∂w
+w−ν ,

a8w3ν∂
νw+

µw
−µ , a9w3νw

+
µ ∂

νw−µ . (29)

Hermiticity requires a∗4 = a6, a∗5 = a7 and a∗8 = a9. For the leptonic neutral
currents

gLu,0kj l̄uLkw/3l
u
Lj , gLd,0kj l̄dLkw/3l

d
Lj ,

gRu,0kj l̄uRkw/3l
u
Rj , gRd,0kj l̄dRkw/3l

d
Rj . (30)

A similar pattern applies to the quark neutral currents:

hLu,0kj q̄uLkw/3q
u
Lj , hLd,0kj q̄dLkw/3q

d
Lj ,

hRu,0kj q̄uRkw/3q
u
Rj , hRd,0kj q̄dRkw/3q

d
Rj . (31)

For the charged currents one has in the leptonic sector

gLu,+kj l̄uLkw/
+ldLj + h.c. , gRu,+kj l̄uRkw/

+ldRj + h.c. , (32)

and in the hadronic sector

hLu,+kj q̄uLkw/
+qdLj + h.c. , hRu,+kj q̄uRkw/

+qdRj + h.c. (33)

The anomalous gauge bosons couplings in Eq. (29) are not forbidden on
symmetry grounds, as well as the flavor-changing neutral currents generated
by the off-diagonal elements of the couplings matrices in Eqs. (30) and (31).
They are excluded by hand in Eq. (18) on phenomenological grounds. In
Sec. 4 we show that this choice is unique if one requires the weak power-
counting formula (34).
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4. The Weak Power-Counting

In the massive nonlinearly realized SU(2) Yang–Mills theory [8] and in
the Electroweak model based on the nonlinear representation of the SU(2)
⊗ U(1) gauge group [1] the number of divergent 1–PI amplitudes involving
the Goldstone fields is infinite already at one loop. However these ampli-
tudes are uniquely fixed order by order in the loop expansion by the LFE
in Eq. (28) once the 1–PI amplitudes not involving the Goldstone fields
(ancestor amplitudes) are known. We call this property hierarchy among
1–PI Green functions. It holds in the nonlinear sigma model in the flat con-
nection formalism [3]. The tools for the integration of the LFE have been
developed in [9]. Hierarchy among 1–PI Green functions has been studied
for the massive nonlinearly realized SU(2) Yang–Mills theory in [4].

The WPC [10] amounts to the request that only a finite number of di-
vergent ancestor amplitudes exists at each loop order. This restricts the
number of allowed tree-level interaction vertexes.

Let G be an arbitrary n-loop 1–PI ancestor graph with I internal lines,
V vertexes and a given set {NA, NB, NF , NF̄ , Nc, NV , NΘ, Nφ∗0

, NK0 , Nφ∗a ,

NA∗ , Nc∗ , NL∗ , NL̄∗} of external legs. F, F̄ are a collective notation for
the fermion and anti-fermion matter fields, which can be treated in a uni-
fied manner. Then the superficial degree of divergence of the graph G is
bounded by

d(G) ≤ (D − 2)n+ 2−NA −NB −Nc −NF −NF̄ −NV −Nφ∗a

−2
(
NΘ +NA∗ +Nφ∗0

+NL∗ +NL̄∗ +Nc∗ +NK0

)
. (34)

The proof of this formula is given in Appendix B by exploiting the symmetric
formalism where the original fields (Aaµ, Bµ) are used instead of the mass
eigenstates W±µ , Zµ, Aµ. The propagators in the symmetric formulation are
summarized in Appendix A.

The validity of the WPC formula forbids the appearance of the anoma-
lous gauge bosons self-interactions in Eq. (29) into the tree-level vertex func-
tional Γ (0) in Eq. (18). In fact, the terms in Eq. (29) would give rise upon ex-
pansion in powers of the Goldstone fields to quadrilinear interaction vertexes
with two gauge bosons, two Goldstone legs and two derivatives. Therefore at
one loop level there would exist an infinite number of divergent amplitudes
with external gauge boson legs, associated to graphs like the one in Fig. 1.
Therefore the WPC would be maximally violated already at one loop level.

The only allowed combination is the Yang–Mills action, as was pointed
out in [4]. On the other hand, the WPC does not put any constraint on the
gauge boson mass invariants. In the nonlinearly realized electroweak model
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the hypercharge U(1)R invariance allows for the two independent mass terms
in Eq. (11).

Fig. 1. Logarithmically divergent one-loop graphs with an arbitrary number of
external gauge boson legs (solid lines denote Goldstone propagators).

According to the WPC formula in Eq. (34) the fermionic fields have
UV degree 1 (instead of 3/2 as in power-counting renormalizable theories).
This is a peculiar feature of the electroweak model based on the nonlinearly
realized gauge group SU(2) ⊗ U(1). It is easy to see that the UV degree of
massive chiral fermions in the nonlinearly realized theory cannot be greater
than 1. In fact, the invariant fermionic mass terms in Eq. (12) contain
couplings generated by the expansion of the nonlinear constraint φ0 with
the following structure

mf

v
f̄fφ0 ∼ mf f̄f

[
1−

∞∑
k=1

1

k!

(2k − 3)!!

2k

(
φ2

v2

)k]
. (35)

The first interaction term on the r.h.s. contains a quadrilinear coupling
giving rise to graphs like the one in Fig. 2. Thus there are one loop loga-
rithmically divergent graphs with four external fermion legs and therefore
the UV degree of massive chiral fermions can be at most one. For massless
neutrinos the bond of Eq. (34) still works but one cannot associate their UV
dimension on the basis of the degree of divergence of the graphs in Fig. 2.

Fig. 2. Logarithmically divergent one-loop graphs with four fermion legs (solid lines
denote Goldstone propagators).
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If the symmetric interactions in Eqs. (30)–(33) are turned on, the UV
degree of the fermions is downgraded to one half. This is readily established
by expanding the invariants in powers of the Goldstone fields and by looking
at the graphs arising from the interaction vertexes involving two Goldstone
legs. An example is displayed in Fig. 3.

Fig. 3. Logarithmically divergent one-loop graphs with four fermionic external legs
and two gauge bosons legs generated by l̄uLkw/3l

u
Lj (solid lines denote Goldstone

propagators).

It is interesting to notice that fermions with UV degree equal to one half
are compatible with four fermion interactions generated in a symmetric way
by using invariant bleached variables, like for instance

l̄uRj l̃
u
Lj l̄

u
Rj l̃

u
Lj + h.c. (36)

which would generate the quadratically divergent one loop graph in Fig. 4.

Fig. 4. Quadratically divergent one-loop graphs with four fermionic external legs
generated by four-fermion interactions.

In the nonlinearly realized theory it turns out that one is the UV degree
for the fermion fields compatible with the invariant mass terms for chiral
fermions. As a consequence one recovers via the WPC the phenomenologi-
cally successful structure of the SM couplings in Eq. (12).

5. Functional identities and minimal subtraction procedure

Perturbation theory is carried out in the loop-wise expansion. Accord-
ingly the functional identities in Eq. (20), (21), (25), (26) and (28) are
developed order by order in ~. We denote by Γ (n) the n-th loop vertex



610 D. Bettinelli, R. Ferrari, A. Quadri

functional, i.e.

Γ =
∞∑
n=0

Γ (n) . (37)

By Eq. (25) Γ (n), n ≥ 1 is independent of ba. By Eq. (26) the dependence
of Γ (n), n ≥ 1 on c̄a only happens via the combination

Â∗aµ = A∗aµ + (Dµ[V ]c̄)a . (38)

At order n ≥ 1 in the loop expansion the STI in Eq. (20) is

S0

(
Γ (n)

)
+
n−1∑
j=1

(
Γ (n−j), Γ (j)

)
= 0 , (39)

where the classical linearized ST operator S0 is given by

S0Γ ≡
∫
dDx

[
Λ−(D−4)

(
Γ

(0)

Aµa

δ

δA∗aµ
+ Γ

(0)
A∗aµ

δ

δAµa
+ Γ

(0)
φ∗a

δ

δφa
+ Γ

(0)
φa

δ

δφ∗a

+Γ
(0)
c∗a

δ

δca
+ Γ (0)

ca

δ

δc∗a
+ Γ

(0)
L∗

δ

δL
+ Γ

(0)
L

δ

δL∗
+ Γ

(0)

L̄∗
δ

δL̄
+ Γ

(0)

L̄

δ

δL̄∗

)

+ba
δ

δc̄a
+Θaµ

δ

δVaµ
−K0

δ

δφ∗0

]
Γ . (40)

The bracket in Eq. (39) is

(X,Y ) =

∫
dDxΛ−(D−4)

∑
j

δX

δϕ∗j

δY

δϕj
, (41)

where ϕ ∈ {Aaµ, φa, ca, L, L̄} and ϕ∗j stands for the anti-field associated
to ϕj .

At order n ≥ 1 the LFE in Eq. (28) yields

(
W0Γ

(n)
)
a

+
1

2Λ(D−4)

n−1∑
j=1

δΓ (n−j)

δK0(x)

δΓ (j)

δφa(x)
= 0 , (42)

where W0 is the classical linearized version of W:

(W0Γ )a ≡

(
−1

g
∂µ

δ

δVaµ
+ εabcVcµ

δ

δVbµ
− 1

g
∂µ

δ

δAaµ
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+εabcAcµ
δ

δAbµ
+ εabcbc

δ

δbb
+

1

2Λ(D−4)

δΓ (0)

δK0

δ

δφa

+
1

2Λ(D−4)

δΓ (0)

δφa

δ

δK0
+

1

2
εabcφc

δ

δφb
+ εabcc̄c

δ

δc̄b
+ εabccc

δ

δcb

+
i

2
τaL

δ

δL
− i

2
L̄τa

δ

δL̄
− i

2
L∗τa

δ

δL∗
+
i

2
τaL̄

∗ δ

δL̄∗

+εabcΘcµ
δ

δΘbµ
+ εabcA

∗
cµ

δ

δA∗bµ
+ εabcc

∗
c

δ

δc∗b
− 1

2
φ∗0

δ

δφ∗a

+
1

2
εabcφ

∗
c

δ

δφ∗b
+

1

2
φ∗a

δ

δφ∗0

)
Γ . (43)

It is straightforward to prove that

[S0,W0] = 0 . (44)

5.1. Bleached variables

The LFE in Eq. (42) can be explicitly integrated (with no locality re-
strictions) by using the techniques developed in [9].

The first step is to extend the bleaching technique in order to generate
variables invariant under W0. This has been done for massive SU(2) Yang–
Mills theory in [4]. Here we provide the extension to the case of chiral
fermions.

Along the lines of [4] we introduce the bleached partners of c and of the
external sources:

vµ = gΩ†VµΩ − g′Bµ
τ3

2
+ iΩ†∂µΩ , Θ̃µ = Ω†ΘµΩ ,

Ω̃∗ = Ω†Ω∗ , c̃ = Ω†cΩ ,˜̂
A∗µ = Ω†Â∗µΩ , c̃∗ = Ω†c∗Ω ,

L̃∗ = L∗Ω , ˜̄L
∗

= Ω†L̄∗ . (45)

The invariance of the above variables underW0 follows directly from Eq. (27).
Moreover it can be proved [4] that the following combination isW0-invariant:

K̃0 =
1

v

(
ΛD−4 v

2K0

φ0
− φa

δ

δφa

(
Γ (0)

∣∣∣
K0=0

))
. (46)

The bleached variables in Eq. (8) are W0-invariant. The operator W0 takes
a particularly simple form in the bleached variables:

(W0Γ )a = Θab
δ

δφb
Γ , (47)
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where the matrix Θab is defined as

Θab = 1
2φ0δab + 1

2εabcφc . (48)

At one loop order the LFE reads

Θab
δΓ (1)

δφb
= 0 . (49)

Since the matrix Θab is invertible the above equation implies that the depen-
dence on the Goldstone fields is only via the bleached variables. At higher
orders one has to take into account the inhomogeneous term in Eq. (42).
In addition to the dependence through the bleached variables (implicit de-
pendence), an additional explicit dependence of Γ (n) on φa arises [9]. The
integration can be explicitly carried out in an elegant way by introducing
the homotopy operator associated with W0, as discussed in [9].

The bleached variables wµ, L̃, ˜̄L as well as R, R̄ and the U(1) connection
Bµ are bothW0- and S0-invariant. Moreover, by Eq. (44) the S0-transforms
of bleached variables are bleached.

The solution of the linearized STI can thus be studied in the space
spanned by the bleached variables. Since the theory is non-anomalous, the
dependence on the bleached ghost c̃, on the bleached anti-fields, on the
bleached background gauge source vµ and its BRST partner Θ̃µ in Eq. (45)
and on K̃0 in Eq. (46) is confined to the cohomologically trivial sector of
S0-invariants which are of the form S0(X), where X is a local functional
with ghost number −1 [11].

This allows us to classify the possible invariant solutions by the same
technique developed in [4] for the SU(2) case. This strategy has been applied
in order to obtain the complete set of one loop counterterms for the massive
nonlinearly realized SU(2) Yang–Mills theory in [12] .

We briefly illustrate the procedure at the one loop level (the full algebraic
analysis is beyond the scope of the present paper and will be developed
elsewhere). By the WPC formula in Eq. (34) the one-loop invariants can
have at most dimension 4. According to the classification described above,
they fall into two categories: the first (cohomologically non-trivial sector) is
spanned by the Lorentz-invariant electrically neutral monomials in wµ, L̃,
˜̄L, R, R̄ and ordinary derivatives thereof with dimension ≤ 4.

The second class contains the cohomologically trivial electrically neu-
tral invariants with dimension ≤ 4. As an example, we write the allowed
cohomologically trivial invariants involving the bleached anti-field ˜̂A∗aµ

J1 =

∫
dDxS0

(˜̂
A∗aµw

µ
a

)
, J2 =

∫
dDxS0

(˜̂
A∗3µw

µ
3

)
,
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J3 =

∫
dDxS0

(˜̂
A∗aµv

µ
a

)
, J4 =

∫
dDxS0(

˜̂
A∗3µv

µ
3 ) . (50)

Notice that each invariant of the form
∫
dDxS0(Mab

˜̂
A∗aµw

µ
b ) and

∫
dDxS0

(Nab
˜̂
A∗aµv

µ
b ), with Mab, Nab real matrices, would be allowed on the basis of

the STI in Eq. (20). The requirement of invariance under the Abelian STI
in Eq. (21) leaves only the four invariants in Eq. (50).

5.2. Minimal Subtraction procedure

The superficial degree of divergence in Eq. (34) shows that the number of
divergent amplitudes increases order by order in the loop expansion, though
it remains finite at each order. Therefore the theory is not power-counting
renormalizable even if we restrict to ancestor amplitudes. This item has
been considered at length by the present authors. The extensive discussion
is in Ref. [6], where we argue in favor of a particular Ansatz for the subtrac-
tion procedure which respects locality and unitarity (at variance with the
algebraic renormalization which in the present case leads to finite symmetric
renormalizations which cannot be reinserted back into the tree-level vertex
functional).

In this approach Eq. (28) is used as a guide in order to work out the
procedure of the removal of divergences. Dimensional regularization provides
the most natural environment. Let us denote by

Γ (n,k) (51)

the vertex functional for 1–PI amplitudes at n-order in loops where the
counterterms enter with a total power k in ~. In dimensional regularization
we can perform a grading in k of Eq. (28). Thus if we have successfully
performed the subtraction procedure satisfying Eq. (28) up to order n − 1
the next order effective action

Γ (n) =

n−1∑
k=0

Γ (n,k) (52)

violates Eq. (28) since the counterterm Γ̂ (n) is missing. The breaking term
can be determined by writing Eq. (28) at order n at the grade k ≤ n − 1
and then by summing over k. One gets

W0Γ
(n) +

1

2Λ(D−4)

n−1∑
n′=1

(
δΓ (n−n′)

δK0

)(
δΓ (n′)

δφa

)

=
1

2Λ(D−4)

n−1∑
n′=1

(
δΓ (n−n′,n−n′)

δK0

)(
δΓ (n′,n′)

δφa

)
. (53)
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The first term in the l.h.s. of Eq. (53) has pole parts inD−4 while the second
is finite, since the factors are of order less than n, thus already subtracted.
The breaking term contains only counterterms Γ̂ j = Γ (j,j), j < n. This
suggests the Ansatz that the finite part of the Laurent expansion at D = 4

1

Λ(D−4)
Γ (n) (54)

gives the correct prescription for the subtraction of the divergences; i.e. one
has to divide both members of Eq. (53) by Λ(D−4) and remove only the pole
parts (Minimal Subtraction). Thus the counterterms have the form

Γ̂ (n) = Λ(D−4)

∫
dDx

(2π)D
M(n)(x) , (55)

where the integrand is a local power series in the fields, the external sources
and their derivatives (a local polynomial as far as ancestor monomials are
concerned) and it possesses only pole parts in its Laurent expansion atD=4.

A similar argument applies to the STI in Eq. (39) since the bracket in
Eq. (41) has the same prefactor Λ−(D−4). The U(1) identity in Eq. (59),
being linear in Γ , does not pose any problem. Compatibility of the STI and
the LFE follows from Eq. (44).

In this subtraction scheme one extra free parameter enters, i.e. the overall
mass scale Λ for the radiative corrections.

In this scheme the γ5 problem is treated in a pragmatic approach (for
a similar treatment see e.g. [13]). The matrix γ5 is replaced by a new γD
which anti-commutes with every γµ. No statement is made on the analytical
properties of the traces involving γD. Since the theory is not anomalous such
traces never meet poles in D − 4 and therefore we can evaluate at the end
the traces at D = 4.

In practice there are two ways to proceed in the regularization proce-
dure. One can use the forest formula and use Minimal Subtraction for every
(properly normalized) subgraph. It is possible, as alternative, to evaluate
the counterterms for the ancestor amplitudes and then obtain from those all
the necessary counterterms involving the Goldstone boson fields ~φ.

6. The neutral sector

The existence of two equations (STI and LFE), together with the LGE,
allows to derive a surprisingly rich set of results for the neutral sector. We
focus on those that are relevant for the identification of the photon field
after radiative corrections. In this section and in the attached Appendix C
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we use a simplified notation

WA1···An =
δnW

δJA1 · · · δJAn
= i(n−1)〈0|T (A1 · · ·An)|0〉 , (56)

where JA1 is the source for A1. Moreover we use the conventions

MA (57)

for an S-matrix element on which the functional derivative with respect to JA
has been taken and all external sources have been put to zero. The states
resulting from the reduction formulas are not displayed, if not necessary.
Finally the Â indicates that the external leg attached to A has been removed.
For instance

M
Â
. (58)

By taking the appropriate linear combination of the Abelian STI in
Eq. (21) and the third component of the LFE in Eq. (28), the bilinear term
ΓK0Γφ3 can be removed. This yields

− 1

g′
Λ(D−4)2b0 +

(
− 1

g′
∂µ

δ

δBµ
− 1

g
∂µ

δ

δA3µ
− 1

g
∂µ

δ

δV3µ

+A2µ
δ

δA1µ
−A1µ

δ

δA2µ
+ iQL

δ

δL
− iL̄Q δ

δL̄
+ iQR

δ

δR
− iR̄Q δ

δR̄

+φ2
δ

δφ1
− φ1

δ

δφ2
+ b2

δ

δb1
− b1

δ

δb2
+ c2

δ

δc1
− c1

δ

δc2

+c̄2
δ

δc̄1
− c̄1

δ

δc̄2
+ V2µ

δ

δV1µ
− V1µ

δ

δV2µ
+Θ2µ

δ

δΘ1µ
−Θ1µ

δ

δΘ2µ

+A∗2µ
δ

δA∗1µ
−A∗1µ

δ

δA∗2µ
+ φ∗2

δ

δφ∗1
− φ∗1

δ

δφ∗2
+ c∗2

δ

δc∗1
− c∗1

δ

δc∗2

−iQL∗ δ

δL∗
+ iL̄∗Q

δ

δL̄∗

)
Γ = 0 , (59)

where Q is the electric charge of the component of the multiplet. In terms
of the fields

Zµ =
1√

g2 + g′2

(
gA3µ − g′Bµ

)
,

Aµ =
1√

g2 + g′2

(
g′A3µ + gBµ

)
, (60)



616 D. Bettinelli, R. Ferrari, A. Quadri

the neutral boson part in Eq. (59) takes the form

− 1

g′
∂µ

δ

δBµ
− 1

g
∂µ

δ

δA3µ
= −

√
g2 + g′2

gg′
∂µ

δ

δAµ
. (61)

The term −1
g∂µ

δ
δV3µ

takes into account that the fields of the photon and
of the Z0, as superposition of (A3µ, Bµ), are modified by the perturbative
corrections.

In the generic S-matrix elements the insertion of Vaµ is zero for physical
states. The proof makes use of the STI in Eq. (20) written for the connected
amplitude

SW ≡
∫
dDx

[
Λ−(D−4)

(
−WA∗aµJaµ −Wφ∗aKa +Wc∗a η̄a

+WL∗ ξ̄ +WL̄∗ξ
)

+ ηaWba +ΘaµWVaµ −K0Wφ∗0

]
= 0 , (62)

where JaµA
µ
a + Kaφa + η̄aca + c̄aηa + L̄ξ + ξ̄L are the source terms. One

takes the functional derivative with respect to Θaµ and subsequently applies
the procedure of deriving with respect to the field sources and finally applies
the reduction formulas. On the physical states one obtains

MVaµ... = 0 , (63)

where the dots . . . indicate the physical state variables. Consequently from
the WTI (59) (written for the connected amplitudes) we get

2Mb0... = 0 . (64)

A further important identity can be derived from Eq. (62). By differentiating
with respect to η3 and by constructing a physical S-matrix element, one gets

Mb3... = 0 . (65)

6.1. The two-point functions

In this subsection we determine the most general form of the two-point
functions in the Landau gauge. For this purpose we use the STI, LFE, and
LGE, where we drop all the terms that cannot produce any contributions.
Moreover we impose the condition

Γ W = −II . (66)

The explicit calculation is given in Appendix C and the results can be dis-
played in a matrix form both for Γ and W .
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Summary for the two-point function Γ

Aµ3 Bµ b3 b0 φ3

Aν3 ΓAAT
∏µν+ΓAAL pµpν

p2
ΓABT

∏µν+ΓABL pµpν

p2
iΛD−4pν 0 −i 2p

ν

v′g′ Γ
AB
L

Bν ΓBAT
∏µν+ΓBAL pµpν

p2
ΓBBT

∏µν+ΓBBL pµpν

p2
0 iΛD−4pν −i 2p

ν

v′g′ Γ
BB
L

b3 −iΛD−4pµ 0 0 0 0
b0 0 −iΛD−4pµ 0 0 0

φ3 i 2p
µ

v′g′ Γ
BA
L i 2p

µ

v′g′ Γ
BB
L 0 0 p2

(
2
v′g′

)2

ΓBBL


.

(67)
Summary for the propagator W

Aµ3 Bµ b3 b0 φ3

Aν3 −ΓBBT
∆T

∏µν ΓABT
∆T

∏µν −i pν

ΛD−4p2
0 0

Bν
ΓABT
∆T

∏µν −ΓAAT
∆T

∏µν 0 −i pν

ΛD−4p2
0

b3 i pµ

ΛD−4p2
0 0 0 − v′g′ΓABL

2ΛD−4p2ΓBB
L

b0 0 i pµ

ΛD−4p2
0 0 − v′g′

2p2ΛD−4

φ3 0 0 − v′g′ΓABL
2ΛD−4p2ΓBB

L

− v′g′

2p2ΛD−4 Wφ3φ3


,

(68)
where

∆T = ΓAAT ΓBBT − ΓABT ΓBAT ,
∏µν = gµν− pµpν

p2
, v′ = Λ−D+4ΓK0 . (69)

We see from Eq. (67) that the field

Aµ ≡ 1√(
ΓBBL

)2
+
(
ΓABL

)2(− ΓBBL Aµ3 + ΓABL Bµ
)

(70)

decouples from φ3. While the corresponding orthogonal combination

Zµ ≡ 1√(
ΓBBL

)2
+
(
ΓABL

)2(ΓABL Aµ3 + ΓBBL Bµ
)

(71)

remains coupled to φ3. Moreover again from Eq. (67) we see that the longi-
tudinal part of the 1–PI two-point function of Aµ is zero while it remains non
zero for Zµ. This is due to the fact that ∆L = 0. In fact, from Appendix C,
Eq. (C.31) we have

ΓAAL
ΓABL

=
ΓBAL
ΓBBL

= − 2p2

v′g′
Γc3φ∗3
Γc3c̄3

. (72)
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The above equation (72) shows also that the Nakanishi–Lautrup Lagrange
multiplier for Aµ

bA ≡
1√(

ΓBBL
)2

+
(
ΓABL

)2(− ΓBBL b3 + ΓABL b0

)
(73)

decouples from φ3.

6.2. Decoupling of the unphysical modes in the neutral sector at p2 = 0

At p2 = 0 there are some unphysical modes in the neutral sector. They
show up in the propagator of the Zµ in the Landau gauge and in the prop-
agator of the φ3. There is a further p2 = 0 unphysical pole in the photon
propagator.

We have Eq. (64) which follows from the WTI (59) and (63). In the limit
p2 = 0 only the pole parts survive. By using the relations in Eq. (68) the
WTI (64) yields [

ipµM
B̂µ··· −

v′g′

2
M

φ̂3···

]
p2=0

= 0 . (74)

Now we use Eq. (65). The multiplication by the square of the external
momentum and its limits to zero selects only the pole parts. From Eqs. (C.2),
(C.4) and (C.7) in Appendix C and Eq. (72)

lim
p2=0

p2Mb3··· = lim
p2=0

(
ipµM

Âµ3 ···
− v′g′

2

ΓABL
ΓBBL

M
φ̂3···

)
= 0 . (75)

By removing the contribution of φ3 between Eqs. (74) and (75) we get

lim
p2=0

pµ
(
M

Âµ3 ···
−
ΓABL
ΓBBL

M
B̂µ···

)
= 0 (76)

which guarantees that longitudinally polarized photons decouple from phys-
ical states. Now we consider the massless modes present in the Zµ sector.
The combination of Eqs. (74) and (75) orthogonal to the one in Eq. (76) is

lim
p2=0

(
ipµΓABL M

Âµ3 ···
+ipµΓBBL M

B̂µ···−
v′g′

2

(ΓABL )2+(ΓBBL )2

ΓBBL
M

φ̂3···

)
=0 .(77)

The Z–Z propagator (68) written for the linear combination (71) is

WZµZν =
∏µν

∆T

[(
ΓABL

)2
+ (ΓBBL )2

]
(
− ΓBBT ΓABL ΓABL + 2ΓABT ΓBBL ΓABL − ΓAAT ΓBBL ΓBBL

)
. (78)
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Now we require that the two-point functions Γ be non singular at p2 = 0,
i.e. [5]

lim
p2=0

(
ΓXYT − ΓXYL

)
= 0 , (79)

WZµZν |p2∼0 =
∏µν[(

ΓABL
)2

+
(
ΓBBL

)2](− ΓBBL )
. (80)

Eqs. (77) and (80) imply

lim
p2=0

p2M∗
Ẑµ···

WZµZνMẐν ··· = lim
p2=0

M∗
φ̂3···

(g′v′)2

4ΓBBL
M

φ̂3···

= − lim
p2=0

p2M∗
φ̂3···

Wφ3φ3Mφ̂3··· . (81)

The last term cancels the φ3 contribution coming from the full propaga-
tor (68).

7. Conclusions

The electroweak model based on the nonlinearly realized SU(2) ⊗ U(1)
gauge group can be consistently defined in the perturbative loop-wise ex-
pansion. In this formulation there is no Higgs in the perturbative series.

The present approach is based on the LFE and the WPC. The LFE
encodes the invariance of the path-integral Haar measure under local SU(2)L
transformations and provides a hierarchy among 1–PI Green functions by
fixing all amplitudes involving at least one Goldstone leg. The ancestor
amplitudes (i.e. those with no Goldstone legs) obey the WPC theorem.

There is a unique classical action giving rise to Feynman rules compatible
with the WPC formula in Eq. (34). In particular the anomalous couplings,
which would be otherwise allowed on symmetry grounds, are excluded by
the WPC. Two gauge boson mass invariants are compatible with the WPC
and the symmetries. Thus the tree-level Weinberg relation is not working in
the nonlinear framework.

The discovery of the LFE suggests a unique Ansatz for the subtraction
procedure which is symmetric, i.e. it respects the LFE itself, the STI (nec-
essary for the fulfillment of the Physical Unitarity) and the LGE (controlling
the stability of the gauge-fixing under radiative corrections). A linear Ward
identity exists for the electric charge (despite the nonlinear realization of
the gauge group). The strategy does not alter the number of tree-level pa-
rameters apart from a common mass scale of the radiative corrections. The
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algorithm is strictly connected with dimensional regularization and the sym-
metric subtraction of the pole parts in the Laurent expansion of the 1–PI
amplitudes.

The theoretical and phenomenological consequences of this scenario are
rather intriguing. A Higgs boson could emerge as a non-perturbative mech-
anism, but then its physical parameters are not constrained by the radiative
corrections of the low energy electroweak processes. Otherwise the energy
scale for the radiative corrections Λ is a manifestation of some other high-
energy physics.

Many aspects remain to be further studied. We only mention some of
them here. The issue of unitarity at large energy (violation of Froissart
bound) [14] at fixed order in perturbation theory when the Higgs field is
removed (as in [15–17]) can provide additional insight in the role of the
mass scale Λ. The electroweak model based on the nonlinearly realized
gauge group satisfies Physical Unitarity as a consequence of the validity of
the Slavnov–Taylor identity. Therefore violation of the Froissart bound can
only occur in evaluating cross sections at finite order in perturbation theory.
This requires the evaluation of a scale at each order where unitarity at large
energy is substantially violated.

The phenomenological implications of the nonlinear theory in the elec-
troweak precision fit have to be investigated.

Finally the extension of the present approach to larger gauge groups (as
in Grand-Unified models) could help in understanding the nonlinearly real-
ized spontaneous symmetry breaking mechanism (selection of the identity as
the preferred direction in the SU(2) manifold) and the associated appearance
of two independent gauge boson mass invariants.
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warm hospitality. Useful discussions with S. Dittmaier and D. Stöckinger
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Appendix A

Propagators in the Landau gauge

We summarize here the propagators in the Landau gauge evaluated in
the symmetric formalism. It is convenient to rescale the Goldstone fields
according to



The SU(2) ⊗ U(1) Electroweak Model Based on the Nonlinearly . . . 621

φ1,2 →
v

2M
φ1,2 , φ3 →

v

2M(1 + κ)1/2
. (A.1)

This ensures the common normalization of the Goldstone propagators. We
define the Weinberg angle via the relation

tan θW =
g′

g
. (A.2)

The sine and cosine of the Weinberg angle are denoted by

c = cos θW , s = sin θW . (A.3)

We also define the masses of the charged and neutral gauge boson mass
eigenstates:

M2
W = (gM)2 , M2

Z =
(gM)2

c
(1 + κ) . (A.4)

By inverting the two-point functions in Γ (0) in Eq. (18) one finds (the com-
mon pre-factor Λ−(D−4) is always left understood)

∆A1µA1ν = ∆A2µA2ν =
i

−p2 +M2
W

Tµν , ∆A1µA2ν =∆A1µA3ν =∆A2µA3ν =0 ,

∆A3µA3ν =
i

−p2 +M2
Z

Tµν , ∆A3µBν = cs
( i

−p2
− i

−p2 +M2
Z

)
Tµν ,

∆A1µBν = ∆A2µBν = 0 , ∆BµBν =
(
c2 i

−p2
+ s2 i

−p2 +M2
Z

)
Tµν ,

∆φaφb = δab
i

p2
,

∆biAjµ = −pµ
p2
δij , ∆bibj = 0 , ∆biφj = −iδij

MW

p2
, i, j = 1, 2 ,

∆B3A3µ =
−pµ

p2
, ∆B3Bµ = 0 , ∆B3φ3 = −icMZ

p2
, ∆B3B3 = 0 ,

∆b0A3µ = 0 , ∆b0Bµ = −p
µ

p2
, ∆b0φ3 = is

MZ

p2
, ∆b0b0 = 0 ,

∆c̄acb = δab
i

p2
, ∆c̄0c0 =

i

p2
. (A.5)

The mixed A− φ propagators are zero.
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The relation with the mass eigenstates is given by

Aµ = cBµ + sA3µ , Zµ = −sBµ + cA3µ . (A.6)

In the fermion sector the propagators are

∆f̄f =
i

p/−mf
, (A.7)

where mf is the mass of the fermionic species f .

Appendix B

Proof of the weak-power counting formula

In this Appendix we prove the weak power-counting formula in Eq. (34)
by extending the analysis carried out for massive SU(2) Yang–Mills theory
[4] to the electroweak model based on the nonlinearly realized SU(2)L ⊗
U(1)R gauge group.

Let G be an arbitrary n-loop 1–PI ancestor graph with I internal lines,
V vertexes and a given set {NA, NB, NF , NF̄ , Nc, NV , NΩ, Nφ∗0

, NK0 ,

Nφ∗a , NA∗ , Nc∗ , NL∗ , NL̄∗} of external legs. F, F̄ are a collective notation
for the fermion and anti-fermion matter fields, which can be treated in a
unified manner.

We do not need to consider ∆b0B since there are no vertexes involving b0.
By Eq. (A.5) all the remaining propagators behave as p−2 as p goes to
infinity, with the exception of ∆bA ∼ p−1.

Let us denote by Î the number of internal lines associated with propa-
gators behaving as p−2, by Ib the number of internal lines with propagators
∆bA and by IF the number of internal fermionic lines. One has

I = Î + Ib + IF . (B.1)

According to the Feynman rules generated by the tree-level vertex func-
tional in Eq. (18) the superficial degree of divergence of G is

d(G) = nD − 2Î − Ib − IF + VAAA

+
∑
k

VAφk +
∑
k

VBφk + 2
∑
k

Vφk + Vc̄cA + Vc̄cV . (B.2)

In the above equation we have denoted by VAAA the number of vertexes in
G with three A-fields, with VAφk the number of vertexes with one A and k
φs and so on.
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By using Eq. (B.1) we can rewrite Eq. (B.2) as

d(G) = nD − 2I + Ib + IF + VAAA

+
∑
k

VAφk +
∑
k

VBφk + 2
∑
k

Vφk + Vc̄cA + Vc̄cV . (B.3)

The total number of vertexes V is given by

V = VAAA + VAAAA +
∑
k

VAφk +
∑
k

VBφk +
∑
k

Vφk

+VbV A + Vc̄cA + Vc̄cV + Vc̄cV A + Vc̄AΘ + Vφ∗0φc

+
∑
k

Vφ∗aφkc + VA∗Ac + Vc∗cc +
∑
k

VK0φk

+VF̄FA +
∑
k

VF̄Fφk + VF̄FB + VL̄∗L̄c + VL∗Lc . (B.4)

Euler’s formula yields

I = n+ V − 1 . (B.5)

Moreover, since b only enters into the trilinear vertex Γ (0)
baVbµAcν

, the number
of bV A vertexes must be greater than or equal to the number of propagators
∆bA

Ib ≤ VbV A . (B.6)

On the other hand, the number of internal fermion lines fulfills the following
bound

IF ≤ VF̄FA + VF̄FB +
∑
k

VF̄Fφk . (B.7)

By using Eqs. (B.4), (B.5), (B.6) and (B.7) into Eq. (B.2) one gets

d(G) = (D − 2)n+ 2 + Ib + IF − VAAA −
∑
k

VAφk −
∑
k

VBφk −Vc̄cA −Vc̄cV

−2

[
VAAAA + VbV A + Vc̄cV A + Vc̄AΘ + Vφ∗0φc +

∑
k

Vφ∗aφkc + VA∗Ac + Vc∗cc

+
∑
k

VK0φk + VF̄FA + VF̄FB +
∑
k

VF̄Fφk + VL̄∗L̄c + VL∗Lc

]
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≤ (D − 2)n+ 2

−VAAA −
∑
k

VAφk −
∑
k

VBφk − Vc̄cA − Vc̄cV − VbV A − VF̄FA − VF̄FB

−
∑
k

VF̄Fφk − 2

[
VAAAA + Vc̄cV A + Vc̄AΘ + Vφ∗0φc +

∑
k

Vφ∗aφkc

+VA∗Ac + Vc∗cc +
∑
k

VK0φk + VL̄∗L̄c + VL∗Lc

]
. (B.8)

Clearly, one has

Vc̄AΘ = NΘ , Vφ∗0φc = Nφ∗0
,

VA∗Ac = NA∗ , Vc∗cc = Nc∗ ,∑
k

Vφ∗aφkc = Nφ∗a ,
∑
k

VK0φk = NK0 ,

Vc̄cV + VbV A + Vc̄cV A = NV ,

VL̄∗L̄c = NL̄∗ , VL∗Lc = NL∗ . (B.9)

Moreover,

VAAA +
∑
k

VAφk + 2VAAAA + VF̄FA +
∑
k

VBφk + VF̄FB +
∑
k

VF̄Fφk

+Vc̄cA + Vc̄cV A +
∑
k

Vφ∗aφkc ≥ NA +NB +Nc +NF +NF̄ . (B.10)

In fact, the quadrilinear vertex VAAAA can give one or two external A lines
and the vertexes VF̄FB, VF̄FA can give rise to at most one external B and
A line, respectively.

By using Eqs. (B.9) and (B.10) into Eq. (B.8) we obtain in a straight-
forward way the following bound:

d(G) ≤ (D − 2)n+ 2−NA −NB −Nc −NF −NF̄ −NV −Nφ∗a

−2
(
NΘ +NA∗ +Nφ∗0

+NL∗ +NL̄∗ +Nc∗ +NK0

)
. (B.11)

This establishes the validity of the weak power-counting formula.

Appendix C

Two-point functions results

The results of this Appendix are valid for a generic value of p2.
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From the U(1) LGE

−Jb0 = Λ(D−4)∂µWBµ (C.1)

we get

WBµb0 = −i pµ

Λ(D−4)p2
, WBµb3 = 0 , WBµφ3 = 0 ,

pµWBµAν3
= 0 , pµWBµBν = 0 . (C.2)

From the SU(2) LGE (25)

−Jb3 = Λ(D−4)∂µ
(
WAµ3

− V3µ

)
(C.3)

we get

WAµ3 b0
= 0 , WAµ3 b3

= −i pµ

Λ(D−4)p2
, WAµ3φ3

= 0 ,

pµWAµ3A
ν
3

= 0 , pµWAµ3B
ν = 0 . (C.4)

From the U(1) STI (21)

−Λ
(D−4)

g′
2Wb0 +

1

g′
∂µJBµ +

v′

2
Jφ3 = 0 , (C.5)

where

v′ ≡ 1

Λ(D−4)
ΓK0 , (C.6)

we get

Wb0A
µ
3

= 0 , Wb0Bµ = i
pµ

Λ(D−4)p2
, Wb0φ3 = − v′g′

2Λ(D−4)p2
,

Wb0b0 = 0 , Wb0b3 = 0 . (C.7)

From the SU(2) STI (62)∫
dDx

(
−WA∗aµJaµ −Wφ∗aKa + Λ(D−4)ηaWba

)
= 0 (C.8)

we get

Wb3b0 = 0 , Wb3Bµ = 0 , Wb3A
µ
3

=
1

Λ(D−4)
Wc̄3A∗aµ ,

Wb3φ3 =
1

Λ(D−4)
Wc̄3φ∗3

, Wb3b3 = 0 . (C.9)
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Eqs. (C.4) and (C.9) imply the interesting result

Wc̄3A∗aµ = i
pµ

p2
. (C.10)

We now consider the 1PI two-point functions. From the U(1) LGE

Γb0 = Λ(D−4)∂µBµ (C.11)

we get

Γb0Bµ = −iΛ(D−4)pµ , Γb0Aµ3 = 0 , Γb0b3 = 0 ,

Γb0φ3 = 0 , Γb0b0 = 0 . (C.12)

From the SU(2) LGE (25)

Γba = Λ(D−4)
(
Dµ[V ](Aµ − Vµ)

)
a

(C.13)

we get

Γb3Aµ3 = −iΛ(D−4)pµ , Γb3Bµ = 0 , Γb3b3 = 0 ,

Γb3φ3 = 0 , Γb0b3 = 0 . (C.14)

From the U(1) STI (21)

− 2

g′
Λ(D−4)2b0 −

2

g′
∂µΓBµ −

1

Λ(D−4)
ΓK0Γφ3 = 0 (C.15)

we get

pµΓBµφ3 = −iv
′g′

2
Γφ3φ3 , pµΓBµAν3 = −iv

′g′

2
Γφ3Aν3 ,

pµΓBµBν = −iv
′g′

2
Γφ3Bν , =⇒ p2ΓBBL =

(
v′g′

2

)2

Γφ3φ3 . (C.16)

From the SU(2) STI (20)∫
dDx

[
Λ−(D−4)

(
ΓA∗aµΓAµa + Γφ∗aΓφa

)
+ baΓc̄a

]
= 0 (C.17)

we get

pµΓc(p)A∗3µ = iΓc(p)c̄ ,

ΓcA∗3µΓA
µ
3φ3

+ Γcφ∗3Γφ3φ3 = 0 ,

ΓcA∗3µΓA
µ
3B

ν + Γcφ∗3Γφ3Bν = 0 ,

ΓcA∗3µΓA
µ
3A

ν
3

+ Γcφ∗3Γφ3Aν3 = 0 . (C.18)
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From Eqs. (C.16) and (C.18) we get

ΓcA∗3µ = i
pµ

p2
Γcc̄ ,

ΓAµ3φ3 = i
pµΓcφ∗3
Γcc̄

Γφ3φ3 ,

ΓABL = ipν
Γcφ∗3
Γcc̄

Γφ3Bν = −p2 2

v′g′
Γcφ∗3
Γcc̄

ΓBBL = −v
′g′

2

Γcφ∗3
Γcc̄

Γφ3φ3 ,

ΓAAL = ipν
Γcφ∗3
Γcc̄

Γφ3Aν3 = p2

(
Γcφ∗3
Γcc̄

)2

Γφ3φ3 . (C.19)

From the condition in Eq. (66) we get the following constraints

(Γ W )Aµφ = 0 , =⇒ 2

v′g′
ΓBAL Wφφ = ΛD−4Wb3φ , (C.20)

(Γ W )Bµφ = 0 , =⇒ ΓφφWφφ = −1 , (C.21)

(Γ W )Ab0 = 0 , =⇒ ΓABL − ΓBAL = 0 , (C.22)

(Γ W )Ab3 = 0 , =⇒ 1

p2ΛD−4
ΓAAL +

2

v′g′
ΓABL Wφb3 = 0 , (C.23)

(Γ W )BA = 0 , =⇒ ΓBAT WAA
T + ΓBBT WBA

T = 0 , (C.24)
(Γ W )AB = 0 , =⇒ ΓAAT WAB

T + ΓABT WBB
T = 0 , (C.25)

(Γ W )AA = −II , =⇒ ΓAAT WAA
T + ΓABT WBA

T = −1 , (C.26)
(Γ W )BB = −II , =⇒ ΓBAT WAB

T + ΓBBT WBB
T = −1 . (C.27)

From Eqs. (C.20) and (C.23) we can deduce the following identity

ΓAAL
p2

=

(
2
∣∣ΓABL ∣∣
v′g′

)2
1

Γφ3φ3
. (C.28)

Subsequently we use Eq. (C.19)

ΓAAL =
∣∣ΓABL ∣∣2 1

ΓBBL
, (C.29)

i.e. the 2× 2 determinant

∆L ≡ ΓAAL ΓBBL −
∣∣ΓABL ∣∣2 = 0 (C.30)

and moreover, again from Eq. (C.19)

ΓAAL
ΓABL

=
ΓBAL
ΓBBL

= − 2p2

v′g′
Γc3φ∗3
Γc3c̄3

. (C.31)
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Appendix D

*
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