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This paper analyzes the pitchfork and Hopf bifurcations of a new 3-D
four-wing quadratic autonomous system proposed by Qi et al. The cen-
ter manifold technique is used to reduce the dimensions of this system.
The pitchfork and Hopf bifurcations of the system are theoretically ana-
lyzed. The influence of system parameters on other bifurcations are also
investigated. The theoretical analysis and simulations demonstrate the rich
dynamics of the system.

PACS numbers: 05.45.—a

1. Introduction

Research on bifurcations can benefit many fields such as electricity, com-
munication, information science, medical science, etc. Up to now, many
positive research results have been achieved [1-5]. Chaotic systems, with
complex topological structures and their applications have been studied with
increasing interest in recent years. Generalizing Chua’s circuit [6] having
multi-scroll attractors and generalizing the Lorenz system [7]| having double-
wing attractors are two examples for this research.
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The generation and analysis of four-wing chaotic attractors have been
attracting more and more attention. Qi et al. found that by adding a
quadratic term to a 4-dimensional (4-D) system, the number of equilibrium
classification can be increased from 3 to 5, and four-wing attractors can be
generated [8-10]. More recently, Qi et al. proposed a new 3-D quadratic
autonomous system [11], generating a four-wing chaotic attractor with very
complicated topological structures over a large range of parameters. The
disordered dynamics has been demonstrated by the large positive Lyapunov
exponent and the extremely broad frequency bandwidth. However, there
is no theoretical analysis about the route to chaos through period-doubling
bifurcations, such as the pitchfork and Hopf bifurcations.

The bifurcation analyze for the generalized Lorenz systems with double
wings and the generalized Chua systems have been extensively investigated
[12]. It is very significant to study pitchfork and Hopf bifurcations of this
new 3-D four-wing chaotic attractor to investigate more complex properties.
In this paper we discuss the local bifurcations for the Qi 3-D four-wing
system. The conditions under which pitchfork and Hopf bifurcations exist
are developed in detail by using the center manifold theorem and bifurcation
theory. Numerical simulations and mathematical analysis exhibit the rich
dynamical characteristics of the system.

2. Pitchfork bifurcation at the origin
The Qi 3-D four-wing system [11] is described as
= aly—z)+eyz,
Yy = cx++dy —xz,
z = —bz+uay, (1)
where a, b, d are all real positive constant parameters and c, e are real

constant parameters.
The Jacobian matrix system (1), evaluated at (z*,y*, 2*) is

—a a+ez* ey*

J=| c—2* d —z* |. (2)

y*ox* —b
When ¢ > —d, the system has five equilibria, when ¢ < —d, the system
has three equilibria. The equilibrium Sy = [0, 0, 0] of system (1) undergoes

a pitchfork bifurcation on the hyper-plane where parameters ¢ = —d. The
characteristic equation at Sy is
FO) = +b) (A + (a—d)X — (ad + ac)) . (3)

It is obvious that —b is one of the roots of (3), and the other two roots do not
always have negative real parts according to the Routh—Hurwitz condition.
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2.1. Analysis on the pitchfork bifurcations

From Eq. (3) with ¢ = —d and d < a, we have Ay =0, Ay =d —a < 0,
A2 = —b < 0 and the corresponding eigenvectors

vp=[1 1 0%, w=[a d 0F, w=[0 0 1J7. (4

According to the center manifold theorem [13], let parameter ¢ be the lo-
cal bifurcation parameter at —d, the system (1) could generate pitchfork
bifurcation when Ay = 0 and Ao, A3 < 0. In the following its existence and
condition are investigated.

In the domain of ¢ = —d, and d < a, let ¢ = —d + &£, with £ sufficiently
small. Using the Taylor expansion, we then have

d—a
2

ag
(a —d)

By utilizing the eigenvectors in Eq. (4) as the basis of new coordinates
(u,v,w)", system (1) becomes

A = +0(&%) . (5)

1
+ 5\/a? + 2ad + d? + 4a(—d + &) =

U 0 0 0 u g1

v | =0 (d—a) O v+ 9 |, (6)
w 0 0 —=b w g3

where
1
e ((de + a)uw + (d%e + a*) vw) ,
1
g2 = —m((1+e)uw+(a+ed)vw),

g3 = u?+ (a+ d)uv + adv®.

Because A\ = 0, A9, A3 < 0, there exists a center manifold which is tangent
to the u axis. The center manifold is expressed as

we(so) = {(wv,w) € Blo=mu),  w=ha(u),
lu| < 6,hi(0)=0,  Dhi(0)=0, i= 1,2}. (7)
For ¢ sufficiently small, the center manifold W¢(Sp) can be found. Since
h;(0) = 0,Dh;(0) = 0,7 = 1,2, hy(u) and ha(u) can be expressed in these
forms

v = hl(u):alu2+b1’u,3+clu4+... ,
w = h’Q(U) = a2u2 —I—b2u3+02u4+ cee (8)
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Substituting (8) into (6) and comparing the coefficients of u?, u3, u*, we

have

=0 b —L =0
al_ Y 1_(d—a)21)7 Cl_ 9
1 2(a2+ade—d2e)+ab—ad

az = 57 bQ:Ov Cy = (d—a)2€3 (9)

Thus the following center manifold equations are obtained

2
v = hl(u) = mu3+0(u5) s
1 2 (a?® + ade — d?e) + ab — ad
w = ha(u) = 5u2+ ( (d—a)zz?’ u4—{—0(u5) . (10)

Finally, substituting (10) into (6), an 1-dimensional (1-D) reduced vector
field
a& de+a

— 3 5\ _ 3 5
(a+1)bu +0(u)_a—du+(d—a)bu +o(u),

is obtained. Eq. (11) can be used to investigate the bifurcation of system (1).

By letting @ = f(u, &) = 0, and ignoring the term o(u®) in Eq. (11), we
have

u = )\1U+

of B orf
875(070) - 07 W(O7O)_Oa
o0 f _a o3 f ~ 6(de +a)
ue 0 = o=a?% 0= 70 (12

According to the theorem [13], the equilibrium point (u,&) = (0,0) under-
goes a pitchfork bifurcation at v = 0. Furthermore, let

a& de +a

3
prm— 1
a—du+(d—a)bu 0, (13)
leading to u; = 0,ug3 =+ dilfa-

Hence, about the equilibria of Eq. (11), we have

(1) when £ < 0, i.e. ¢ < —d, the reduced 1-D system Eq. (11) has only
one equilibrium at origin u; = 0 because ug 3 are a pair of imaginary
numbers;
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(2) when £ > 0, i.e. ¢ > —d it has three equilibria at u; = 0, ug3 =

+ d‘;lfa, respectively. Furthermore, we have
ou T a—d <0, £<0.
8f<£7 U) _2a§
5 lu=u = 0 5 0. 15
= T2 <0, £ (15)

Therefore, when £ < 0, the only equilibrium u; of system (11) is a sink. At
£ =0, ie c= —d, system (11) generates a pitchfork bifurcation and the
equilibria to increase to three. When & > 0, the equilibrium u; becomes
a source, and another two equilibria us3 are sinks. From Eq. (11), it is
seen that the range of £ changes in accordance with a change in system
parameters.

The following theorem for the original system (1) is therefore obtained:

Theorem 1: Under condition d < a and £ sufficiently small, on the

hyper-plane ¢ = —d, system (1) undergoes a pitchfork bifurcation at origin
So =10,0,0]. For ¢ = —d+ £ and & < 0, there are three equilibria and Sy is
a sink. For ¢ = —d + £ and £ > 0, two new equilibria emerge and are sinks

while Sy becomes a source.

2.2. Verification of pitchfork bifurcations

In this section, we present some numerical simulations to verify the math-
ematical analysis. The stability of equilibrium points are studied near the
pitchfork bifurcation point.

Let a = 16, b = 43, d = 10, e = 4, the equilibria and stabilities of
(11) are shown in Fig. 1 (a), where the arrows represent the flow direction.
When £ < 0, the reduced system only has one sink u;. At £ = 0, the system

(a) 1 To
/ 3 /f/

it —0.5 0 iO' 15 2 - -10.5 -10 -9.5 -9 -85 -8
c

Fig.1. Pitchfork bifurcation diagram (a) near & = 0 of system (11); (b) near
¢ = —d = —10 of system (1).
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undergoes a pitchfork bifurcation and the equilibria increase from one to
three. When & > 0, the equilibrium w; becomes a source, and another
two equilibria ug 3 are sinks. The relationship between system (1) and its
reduced center manifold system (11) can be demonstrated in Fig. 1 (a) and
Fig. 1 (b). In Fig. 1 (b), parameter d = 10 is fixed, and ¢ = —d + £ changes
with £ increasing. As ¢ < —10, there is only one sink at the origin. As
c > —10, Sy becomes a source equilibrium, and another new two equilibria
Ss, Sy are sinks. To demonstrate the bifurcation evolution more clearly,
three equilibria in 3-D are shown in Fig. 2 where equilibria S; and Sy are
omitted. The dotted parabola is composed of the new two stable equilibria
S3, S4. The equilibria change with an increasing £ as shown by the arrows.
When ¢ < 0, the origin is a sink which can be seen from the system orbit
convergence. In the range £ € (0,2], the origin repels the orbits starting
around it, so the orbits move away from the origin but are attracted into
the upper sink S3 or lower sink Sy in terms of initial domains as shown in
Fig. 2 where the two orbits converge to the two equilibria of the dotted
parabola. The simulation verified Theorem 1.

0.7
0.6
0.54
0.4
0.34
0.24

0.14

X
_5 _
~10 5 25 0 -25 °

Fig. 2. Pitchfork bifurcation diagram of system (11).

When d is fixed, we analyzed the pitchfork bifurcation above. In fact,
the 3-D four-wing system has more complex pitchfork bifurcation on the
hyper-plane of ¢ = —d. Taking d € [0,10], the 3-D pitchfork bifurcation
surface generated from Eq. (13), is shown in Fig. 3, which includes the
special case at d = 10 in Fig. 1 (a). The number of surfaces change from
one for ¢ < —d to three for ¢ > —d. The blue surfaces are all sinks and
the red one all sources. It can be seen that the pitchfork bifurcation is not
parabola, but a saddle surface. The bifurcation line is determined by ¢ = —d
and u = 0.
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Fig. 3. Pitchfork bifurcation diagram of system (11).

3. Hopf bifurcation of Sy
3.1. Analysis of Hopf bifurcation

In this section, we deal with another kind of bifurcation at the origin
So = 10,0,0] of system (1) using an analytical method. From Eq. (3), we
have the three eigenvalues

(d —a=+ Va2 + 2ad + d? + 4ac)

A3 =—d 1
2 9 3 ) (6)

A2 =

at the origin. The existence of Hopf bifurcation at a equilibrium is subject
to the three following conditions [13]:

(1) There is a pair of imaginary eigenvalues with the rest located on the
left half part of s-plane.

(2) Index number A # 0.

(3) ;p = di‘l&d)\d:a # 0, where a(d) denotes the real part of A\, d is

bifurcation parameter, which means the root loci A1 2 must be across
the imaginary axis.

Suppose the characteristic equation (3) has pure imaginary roots \j 2 =
+iw (w > 0). It is easy to show that when d = dy = a the Jacobian
matrix of system (1) has a pair of imaginary eigenvalues and one negative
real eigenvalue, i.e.

Al,2 = Fiwg , (wo = w(dg) = \/— (a® +ac), (a® + ac) < 0) , A3=—b,
(17)
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with the corresponding eigenvectors
, T
1q:[<?w+®¢@ ,
. T
v — [(WW,LO} 7
vy = [0,0,1]. (18)

By utilizing the real generalized eigenvectors as the basis of new coordinates,
system (1) becomes

71 0 —w 0 1 f!
1| = w 0 0 v+ (19)
4 00 —b 21 f?

where

1
ft= E(wy1+dw1)z1,

9 c’e + d? d
f = T T121 — —Yi~1,
cw c
3= —cdex% — cwlziy; .

According to the center manifold theorem, there exists a center manifold for
Eq. (19), which could be represented locally by

WC(Sl) = (1131,?/1,21) € R3|Z1 = h(‘rlayl)’
lz1, 1] <0, h(0,0) =0, Dh(0,0) =0, (20)

where d is sufficiently small. We assume that

21 =h(z1,y1) =di2? + doz1yy + dsy} + dyxd + dsadyy + dex1ys +dry + - .

(21)
The center manifold can be approximately computed by substituting (21)
into (19). Comparing the coefficients of the first equation and second equa-
tion of (19), we obtain

P (be — 2¢cd)w* — cdb?w? & — —(bc + 2cd)w?
te b (b2 + dw?) ’ 2T R4
—(bc + 2cd)w?
b= S a hobhmdEn
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Therefore, the 3-D vector field is reduced to the following 2-dimensional
(2-D) center manifold

HE R

where

fany) = sy @),
f2($17y1) = f2($1,y1,h($1,y1)). (24)

Now we calculate index number A by the following formula:

1 1 1 2 2
Ay = E[ 12121 + fm1y1y1 + ffrlfrlyl + y1y1y1}

1 1 1 1
+16w0 [ T1Y1 ( r1x1 + fy1y1)

2 2 2 1 2 1 2
_fx1y1 ( szt y1y1) — Jaie Jze T fy1y1 y1y1]
1 [(w?—c?e—d?
= —(—— | do. 25
16 < cw ) 2 (25)
To meet the condition of index number A # 0, we have
wr—cte—d*#0. (26)

From Eqgs. (17) and (26), we obtain the conditions for the Hopf bifurcation
as follows:

d=a,a< —c,w?>—ce—d®>#0. (27)
From Eq. (16), we have

do(d) 1

— = . 2
p1 7d |d=a 5 (28)

So under condition (27), a Hopf bifurcation exists at the origin.

Theorem 2: If the parameters of system (1) meet condition (27), system
(1) undergoes a Poincare-Anddronov—Hopf bifurcation (Hopf bifurcation) at
the origin Sy = [0,0,0]. A transition from sink to periodic motion occurs.
Moreover, since p; = % > 0, the periodic solution emerging after d > a, is
stable if A < 0, and is unstable if A > 0.
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3.2. Simulation of Hopf bifurcation

When a = 16,b = 43,d = 16,e = —1,¢c = —18, we have A = —7.5873
from Eq. (25). According to Theorem 2, a stable periodic orbit emerges from
zero equilibrium with d > a in the neighborhood d = a. Taking [0.5,0.5,0.5]
around Sp as an initial point, when d = 15.9 < a, Sy is sink, as shown in
Fig. 4 (a). But when d = 16.1 > a, Sy becomes a stable periodic orbit,
as shown in Fig. 4 (b). In the meantime, the zero equilibrium is a source.
So we can easily see the transition from the stationary state to the periodic
state at the equilibrium point with d changing.

0.6 ; 4

ol

—0. 4 . . . .
—8.5 0.5 -3 -2 -1 1 2 3

X Oor

Fig.4. Hopf bifurcation of system (1) according to theorem 2 (a) d = 15.9 < a,
the zero equilibrium is a sink, (b) d = 16.1 > a, the system orbit is attracted to a
stable period orbit in the mean time, the zero equilibrium is a source.

4. Bifurcation analysis related to changes in system parameters

In this section, we investigate how the dynamics of the origin changes
with a change of the system parameters. From the characteristic polynomial
(3), the polynomial can be written as

N4 (a+b—d)N + (ab— ad — ac — bd)\ — b(ad + ac) = 0. (29)
To get the marginal stability, the Routh-Hurwits criterion is used, we have

ab—ad —ac—bd — blad + ac)

a =0, &0

With condition (29), the Hopf number on the bifurcation line [12] is given by

co  blad + ac)
c2 a+b—d (31)

If 4 is given, we can distinguish among the following four different situations:
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(1) if @ is real and < 0, the Hopf bifurcation will occur,
(2) if 0 is real and > 0, the real Hopf bifurcation will occur,

(3) if @ is undetermined, there is more complex situations (e.g. double
Hopf),

(4) if 6 = 0 the Takens-Boganov point exists.

When a—d = 0 is satisfied and 6 < 0, the trial steady state undergoes a Hopf
bifurcation. For example, when a = 16, b =43, d = 16, e = —1, ¢ = —18,
we have a — d = 0 and 6 = —32, which verifies the existence of Hopf bifur-
cation in Sec. 4. If a — d # 0 is not satisfied, let ac + ad — ab + bd — b*> = 0
in (30). By submitting this condition into (31) and hence § = b2, so
ca+da—ab+bd—b*> =0 and § < 0 cannot be satisfied simultaneously. The
Hopf bifurcation can therefore occur only under the condition ¢ —d = 0 and
0 <0.

When a =16, b =43, c = —16, d = 16, e = 4, then 6 = 0 and A\ 2 = 0,
the trial steady state is a Takens-Boganov (TB) point which is a special of
pitchfork bifurcation case. The TB bifurcation indicates the presence of a
branch of homoclinic bifurcation.

From (31), when ¢ > —d and a +b > d, then # > 0 and real. The
origin undergoes a real Hopf bifurcation, a situation in which two purely
real, symmetric eigenvalues are present. The real Hopf situation surface of
ac+ ad —ab+bd —b?> = 0 plays an important role in formation of the chaotic
region and the system in which homoclinic bifurcation exists.

5. Conclusion

In this paper, the pitchfork and Hopf bifurcations of the Qi 3-D four-wing
system have been investigated. We have analyzed some basic properties of
the system. The stability of fixed points when pitchfork bifurcations oc-
cur have been rigorously analyzed from a theoretical point of view. The
bifurcation of the period cycle emerging from the zero equilibrium as can
be seen from the Hopf bifurcation analysis. Finally, the influence of system
parameters on other bifurcations have also been investigated. Using numer-
ical mathematical analysis and simulations, we detected the coexistence of
a stable limit cycle and a chaotic attractor which verified rich dynamics of
the Qi 3-D four-wing system.
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