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Ten Abelian twist deformations of acceleration-enlarged Newton—Hooke
Hopf algebra are considered. The corresponding quantum space-times are
derived as well. It is demonstrated that their contraction limit 7 — oo
leads to the new twisted acceleration-enlarged Galilei spaces.
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1. Introduction

The two Newton—Hooke cosmological algebras NH were introduced in
the framework of classification of all kinematical groups [1]. Both alge-
bras contain the characteristic cosmological time scale 7 which can be inter-
preted in terms of the inverse of Hubble’s constant for the expanding universe
(NH.) or associated with the “period” for the oscillating case (NH_). For
time parameter 7 approaching infinity we get the Galilei group G acting on
the standard (flat) nonrelativistic space-time.

Recenﬂz, there were proposed two acceleration-enlarged Newton—Hooke
algebras NHy (see [2,3]), which contain, apart from rotation (/;;), boost
(K;) and space-time translation (P;, H) generators, the additional ones de-
noted by Fj;, responsible for constant acceleration. Of course, if all gen-
erators F; are equal zero we obtain the Newton-Hooke algebras NHy [1]
(see also [4-6]), while for time parameter 7 running to infinity we get the
acceleration-enlarged Galilei group G proposed in [7].

In this article we discuss the role which can be played by the accelera-
tion-enlarged Newton—-Hooke symmetries in a context of noncommutative
geometry. The suggestion to use noncommutative coordinates goes back to
Heisenberg and was formalized by Snyder in [8]. Recently, there were also
found formal arguments based mainly on Quantum Gravity [9,10] and String
Theory models [11,12] indicating that space-time at Planck scale should be
noncommutative, i.e. it should have a quantum nature.

(1889)
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Recently, the Abelian (Reshetikhin) twist deformations (see [13-15]) of
the (ordinary') Newton—Hooke Hopf algebras Uy(NH)? have been proposed
in [16]. It has been shown that the corresponding quantum space-times are
periodic or expanding in time for Uy(NH_) or Uy(NH, ) algebras, respec-
tively. Besides, it was also demonstrated that for cosmological time param-
eter T approaching infinity, we get the twisted Galilei quantum groups and
the corresponding canonically, Lie-algebraically and quadratically deformed
nonrelativistic space-times [17,18].

In this article we consider ten Abelian twist deformations of the accelera-
tion-enlarged Newton—-Hooke Hopf algebras Uy(NH4). In such a way we
investigate the impact of the cosmological time 7 as well as the impact of
the additional generators F; on the structure of quantum space. Particularly,
we demonstrate that due to the presence of parameter 7, the corresponding
space-times can be periodic or expanding in time for Z/{O(ﬁﬁ_) or Z/{o(ﬁﬁ+)
Hopf algebras, respectively. Moreover, we also provide twisted acceleration-
enlarged Galilei quantum groups and the corresponding space-times, as the
7 — 00 limit of the considered acceleration-enlarged Newton—Hooke Hopf
structures. Surprisingly, the obtained in such a way acceleration-enlarged
Galilei quantum spaces provide (due to the presence of generators F;) the
new cubic and quartic type of space-time noncommutativity, i.e. they take
the form

[Ty, my | =iy, P ay, (1)

where x¢ = ct, with n = 3 and 4, respectively>.

It should be noted that two kinds of such obtained space-times appear
to be quite interesting. First of them (see formula (33)) provides the defor-
mation parameter § with dimension [ 5] = [ acceleration x acceleration |,
while the second one (see formula (36)) provides the parameter 3 with
dimension [ #’ ] = [ acceleration |. Such a result indicates that there can ap-
pear a direct link between noncommutativity and the intensively studied in
the last time, so-called MOND model [19], which assumes that there exists
in nature observer independent acceleration parameter ag*. Consequently, it
looks sensible to consider the simple classical (Newtonian) models associated

! By “ordinary” we mean the Newton—Hooke algebra without additional F; generators.

2 The Newton-Hooke Hopf algebras Uo(NH.) are given by algebraic commutation
relations for NH. groups, supplemented by the trivial coproduct sector Ag(a) =
a®1l+1®a.

3 There was considered in the literature only canonical (n = 0), Lie-algebraic (n = 1)
and quadratic (n = 2) type of space-time noncommutativity.

4 MOND model in a simple way explains the movies of galactic’s arms at long distance
scale. However, the proper modification of Newton equation as well as the acceleration
parameter ao are introduced into model without any principal (theoretical) rules.
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with the above acceleration-enlarged quantum space-times. In the case of
ordinary twisted Galilei symmetry such investigations have been performed
in [20] and [21], respectively.

Finally, it should be mentioned that considered acceleration-enlarged
Newton—Hooke Hopf algebras and the corresponding quantum space-times
play a special role. By the proper contractions limit (7 — oo or/and F; — 0)
of such structures one can derive (or reproduce) the quantum spaces associ-
ated with: the twisted acceleration-enlarged Galilei Hopf algebras, the twist-
deformed Newton—Hooke quantum groups [16], and twisted Galilei Hopf al-
gebras [17,18|. For this reason, the considered spaces can be treated as a
“source” for other Abelian twist-deformed nonrelativistic space-times.

The paper is organized as follows. In Section 2 ten Abelian classical
r-matrices for twisted acceleration-enlarged Newton—Hooke Hopf algebras
are considered. The corresponding ten quantum space-times are provided
in Section 3, while their 7 — oo contractions to the acceleration-enlarged
Galilei spaces are discussed in Section 4. Finally, two contractions leading
to the well known (ordinary) Newton—-Hooke and Galilei space-times are
mentioned in Section 5. The final remarks are presented in the last section.

2. Twisted acceleration-enlarged Newton—Hooke Hopf algebras

In accordance with Drinfeld twist procedure [13-15|, the algebraic sec-
tor of twisted acceleration-enlarged Newton—-Hooke Hopf algebra remains
undeformed

. 7
[Mij, Mig] = i (6i Mjx — 650 Mg, + 656 My — 0. Mj1) [H, P = L
(M, K| =i (05 K — 0ir K) [Mij, Py| =i (05 Py — 0ir. Pj)
(M;;,H) = [K;, K;]| = [K;, Pj] =0, [K;,H| = —iP;, [P;,P]]=0,
[F5, Fy] = [F;, Pj] = [F}, K] =0, [Mij, Fy] = i (65 Fs — 0ix F)
[H, F;] = 21K, (2)

while the coproducts and antipodes transform as follows
Ag(a) — A(a) = F. o Ag(a) o FL, S.(a) =u. So(a)ut, (3)

with Ag(a) = a®1+1®a, So(a) = —a and u. =} f(1)S0(f(2)) (we use
Sweedler’s notation F. = ) f(1) ® f(2)). Present in the commutation rela-
tions (2) parameter 7 denotes the characteristic for Newton-Hooke algebra
cosmological time scale (in the limit 7 — oo we get the acceleration-enlarged

~

Galilei Hopf structure Up(G)). Besides, it should be noted, that the twist
factor F. € U.(NH1) ® U.(NH) satisfies the classical cocycle condition

f12~(A0®1)f:f23-(1®A0)f, (4)
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and the normalization condition
(e®1) F=(1®e¢ F.=1, (5)

with Fio=F ®1and Foz3 =1 F.. -
It is well known, that the twisted algebra U.(NH4 ) can be described in

terms of so-called classical r-matrix r € U.(Nﬁi) ®U. (Nﬁi), which satisfies
the classical Yang-Baxter equation (CYBE)

H T H = [7".12,?".13 + 7.03 ] + [ 7.13,7.93 } =0, (6)

where symbol [[ -, - ]] denotes the Schouten bracket and for r =) . a; ® b;

TlQZZCLi@bi@l, 7’13:Zai®1®bi, T23221®a,~®b¢.

In this article we consider ten Abelian twist-deformations of accelera-
tion-enlarged Newton—Hooke Hopf algebra, described by the following

r-matrices®

(i) e = SR AR [ =—pl], (7)
(i) s =SB FE AR B =g ], (8)
(i) g = SO AR [ A =—pl ], ©)
() rg, = BaFm N My [m,k, | —fixed, m#k,/1], (10)
(v) 1o = 38BAR | B =B ], (11)
(vi) = 308 KoAR A=A ] (12)
(vii) 1g = LBEKLAK [ - —ﬂé’“} : (13)

(viii) 1y = PBsKm A My [m,k,l—fixed, m#k,1], (14)
(ix) rgy = PoPm A My [m,k, | —fixed, m#k,l], (15)

(:IZ) T8y = ﬁlgMZ‘j/\H. (16)

Sanb=a®b—b®a.
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Due to Abelian character of the above carriers (all of them arise from the mu-
tually commuting elements of the algebra), the corresponding twist factors
can be obtained in a standard way [13-15], i.e. they take the form

Fp, = exp(irg,) ; k=1,2,..,10. (17)

Let us note that first four matrices include acceleration generators Fj;, while
the next six factors are the same as in the case of Galilei and ordinary
Newton-Hooke Hopf algebra, considered in [17] and [16], respectively. Of
course, for all deformation parameters (3; approaching zero the discussed
above Hopf structures Up, (Nﬁi) become classical, ¢.e. they become unde-
formed.

3. Quantum acceleration-enlarged Newton—Hooke space-times

Let us now turn to the deformed space-times corresponding to the twist-
deformations (i)—(z) discussed in pervious section. They are defined as the
quantum representation spaces (Hopf modules) for quantum acceleration-
enlarged Newton—Hooke algebras, with action of the deformed symmetry
generators satisfying suitably deformed Leibnitz rules [22-24].

The action of generators M;;, K;, P;, H and F; on a Hopf module of
functions depending on space-time coordinates (¢, x;) is given by

Hi f(4LF) =i f(LE), P> f(7) = iCs C) of(LE),  (18)

My f(07) = (00 - 2,00 f(t.3). Ko f(t.7) =ir S () 00 f(0.7).

(19)

and .
Fio> f(t,T) = +2ir2 <Ci <> — 1) Xif(t,T), (20)

T
with Cy [£] = cosh [£], C_[L] = cos [L], S4[L] = sinh [£], S_[L] = sin [£].
Moreover, the x-multiplication of arbitrary two functions is defined as follows
J(t,7) %5, 9(6,7) = wo (F3l o (L7 @ (1)) | (21)

where symbol Fp, denotes the twist factor (see (17)) corresponding to the

proper acceleration-enlarged Newton—Hooke Hopf algebra and wo(a®b) =a-b.
In such a way we get ten quantum space-times

(i) [t2aley, =0,

2
. t
[Za, b ]uy, = 4iBFT" (C:t (7) - 1) (8ak0br — Sa1lbk) » (22)
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(il) [t2alsy, =0,
t t
[Tas b Jup, = = +iphir? ( + (7’) - 1) C+ <7_) (0akOb — ardvk) , (23)
(i) [t2a]sy, =0,
t t
[Tay T |ap, = = +ip5 73 (Cﬂ: <T> - 1) St (7_) (0akObi — 0atdbr), (24)

(iv) [t, ;Ua]*54 =0,

[Tas b Jug, = +4iBy7> (Ci (f_) - 1)

X [ Oma (06 — 2100k) — Omp (Tr0ar — T10ix) | (25)
(U) [ta xa]*ﬁs :07
. t
[Za, @ ey, = i05 C3 (T) (akdbt — arlbk) , (26)
(vi) [t,zalss, =0,
okl t 3
[Ta, @b ag, =106 7Cx - St - (6akObt — Sarlbk) (27)
(vii) [t,2alsy, =0,
t
[Tas Tp Jup, = =ipir? S <T> (0akObr — 0arObk) 5 (28)

(vigd) [t, :z:a]*[38 =0,
. t
[Tas @b |4g, = 20fsT St (7’)
X [ 6ma (k06 — T10bk) — Omp(Tr0al — Zidak) | » (29)
(ZLL’) [t3 xa]*,{;g :07
= 2139 C. ¢
[%a,2b ]ap, = 2009 O | —
X [ Oma (k06 — 10bk) — Omp (k00 — 10ak) | , (30)

(I) [ta xa]*gw = 27;510 [ 51'(11'3' - l'i(sja } ’
[xaaxb]*glo = Oa (31)

associated with matrices (i)-(z), respectively.
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Let us note that due to the form of functions C[£] and S [£] the spatial
noncommutativities (i)-(iz) are expanding or periodic in time respectively.
Moreover, all of them introduce classical time and quantum spatial direc-
tions. The last type of space-time noncommutativity provides the quantum
time and classical spatial variables. It should be also noted that spaces (i),
(ii), (iv), (v), (vii) and (iz) are invariant with respect to time reflection
t — —t, while space-times (i), (i), (v), (vii) and (z) — with respect to
Z — —Z transformation.

Of course, for all deformation parameters (3; approaching zero, the above

quantum space-times become commutative.

4. Twisted acceleration-enlarged Galilei Hopf algebras —
the 7 — oo limit
In this section we provide twisted acceleration-enlarged Galilei Hopf al-
gebras uﬁi(é\) and corresponding quantum space-times, as the 7 — oo limit
of Hopf structures discussed in pervious sections. In such a limit the commu-
tation relations (2) become 7-independent, i.e. we neglect the impact of the
cosmological time scale 7 on the structure of the considered Hopf algebras.
First of all, we perform the contraction limit 7 — oo of the formulas (2)
and (7)-(16). Consequently, the corresponding classical r-matrices remain

~

the same as (7)-(16), while the algebraic sector of all considered Ug,(G)
algebras takes the form

[ M;j, My ] =i (05 My — 050 My + 01, My — 03 M) [H,P;]=0,
[ Mij, Ky | = i (61 Ki — 0ur Kj) [ Mij, P ] =i (61 P — 0ar. )
[Mij, H] = [K;, Kj] = [Ki, Pj] =0, |Ki,H] = —iP;, [P, P;j] =0,
[Fy, Fy) = [F;, Pl =[F, K;] =0, [ Mij, By | = i (6 Fi — 6ur Fy)
[H,F;] = 2K; . (32)

The corresponding coproduct sectors can be obtained by application of the
formulas (3) and (17).
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Let us now turn to the corresponding quantum nonrelativistic space-
times. One can check (see 7 — oo limit of the formulas (22)—(31)) that they
look as follows®

(i) [t %alus, =0, [Tar T ]xp, = i7" t* (SakObr — SarOpr),  (33)
(1) [t.%aley, =0,  [Ta,p]uy, = %ﬂ%l t* (BakOer — atber) ,  (34)
(iii) [t %)y, =0,  [Ta,@pluy, = 53 £ (SakOu — dardpr) s (35)
(iv) [t,@alsy, =0, [Za, Zp Jug, = 2i 04t

X [6ma (k00 — 210k ) — Ot (T kOt — Z10ak)] 5 (36)

(v) [t@aliy =0, [Tar @b Jxg, = 105 (SakObi — arbek) , (37)
(Vi) [t.%alg, =0,  [Ta, L, = i85 t (OakObr — 0utOoi), (38
(vii) [t,Zales, =0,  [Za,@pluy, = i85 t* (BakObt — Satdor),  (39)
(viid) [t 2aley, =0, [0 31 )ey, = 2ifat

X [Oma (k06— 160k ) — Ot (Th0at — T1dak)] + (40)
(i0) [t7aleg, =0, (a2 ]ey, = 2is

X [Oma (k06— 100k ) = Omb (Th0at — Tidak)] 5 (41)
(z) [t 2alis, = 20610 [ dia®j — Tibja | [Za,Tpla,, =0, (42)

in the case of Up, (é), .U, (§ ) Hopf algebras respectively. One can easily
see, that space-time (i) provides the deformation parameter § with dimen-
sion [ #] = [acceleration x acceleration |, while the deformation (iv) —
with [ 3] = [acceleration |. Due to the reasons already mentioned in In-
troduction both quantum spaces appear to be quite interesting from the
physical point of view.

6 Tt should be noted that the commutation relations (33)—(42) can be also derived with
use of the formula (21) and differential representation of acceleration-enlarged Galilei
generators [7].
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Obviously, for all deformation parameters §; approaching zero the above
Hopf algebras become classical, while the corresponding quantum space-
times — commutative.

5. Twisted Newton—-Hooke (and Galilei) Hopf algebras —
the F; — 0 (and 7 — oo0) limit

It should be noted, that;a\part from provided in pervious section contrac-
tion limit 7 — oo of Z/lg (NH.) Hopf algebras, there exist two other con-
tractlons First of them is defined by F; — 0 limit and leads to the twisted
Usg, (NHi) S Us,, (NHi) Newton-Hooke Hopf algebras and corresponding
quantum space-times, introduced in paper [16]. The second contraction
is given by F; — 0 and 7 — oo limit, and provides the twist-deformed
Ups(G),...,Up,(G) Galilei Hopf algebras, proposed (together with corre-
sponding quantum spaces) in the articles [17] and [18].

6. Final remarks

In this article we consider ten Abelian twist-deformations of acceleration-
enlarged Newton—Hooke Hopf algebras. Besides, we demonstrate that as
in the case of ordinary twist-deformed Newton—Hooke Hopf algebra, the
corresponding spaces can be periodic and expanding in time for Ug,(NH_)

and L{gi(ﬁI?Lr) quantum groups, respectively. In 7 — oo limit we also
discover new twisted acceleration-enlarged Galilei Hopf algebras and ten
quantum space-times (33)—(42).

It should be noted that present studies can be extendg(i in various ways.
First of all, one can find the dual Hopf structures Dg,(NH4) with the use
of FRT procedure [25] or by canonical quantization of the corresponding
Poisson—Lie structures [26]. Besides, as it was already mentioned in Intro-
duction, one should ask about the basic dynamical models corresponding to
the acceleration-enlarged Newton—Hooke and Galilei space-times
(22)—(31) and (33)—(42). Finally, one can also consider more complicated
(non-Abelian) twist deformations of acceleration-enlarged Newton—Hooke
Hopf algebras, i.e. one can find the twisted coproducts, corresponding non-
commutative space-times and dual Hopf structures. Such problems are now
under consideration.

The author would like to thank J. Lukierski for valuable discussions.
This paper has been financially supported by the Polish Ministry of Science
and Higher Education grant NN202318534.
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